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1. INTRODUCTION

Most macroeconomic models with quantity rationing regard agents
as very naive, for despite successive periods of rationing they continue
to behave as if they have had no such experience.i/ This behaviour is
logical sinée quantity adjustment is assumed costless and frictionless.

However if we are to challenge the validity of the price tatonnement it

is perhaps strange to allow free frictianless quantity adjustment.

In this model quantity adjustment costs are introduced in the
form of resources consumed in the adjustment process. Agents are aware
of adjustment costs, but have to state initial transaction demands before
the state of the world iskknown, consequentiy they base initial trades
upon the maximisation of Von Neumann-Morgenstern ohjective functions.

On learning the true state of the world agents then adjust optimally away

from their initial trade vector.

This model will be shown tc behave significantly differently
from the standard Malinvaud (1977) type treatments in three major respects.
Firstly it will be shown that agents initial transaction demands will
responnd discontinuously to changes in éhe models parameters, a marginal
rise in the probability of unconstrained trade may, for example, legd
to a large upward jump in consumer demand. Secondly tramnsaction levels
will be shown to be less variable than in standard treatments, and

thirdly we shall show that the comparative static properties of the short-

1/ Pioneering contributions such as Malinvaud (1977) leave expectations
implicit, but it may be argued that money balances carried forward
‘contain the awareness of past and possible rationing. Notice nowever
that such a treatment considers agents response pre-price announcement
our treatment is’ part-price announcement.



run equilibria will be considerably modified by our treatment.
We shall analyse only the "Keynesian" cases, however a very
similar treatment may be used to examine the "repressed inflation"

possibilities of our model.

2, THE CONSUMER PROBLEM

We consider a'representative consumer who holds a subjective
probability distribution over the amount of labour he will be able to
sell to a representative.firm at the end of the quantity tatonnement.
Theéé;levels of labour sales charactérise states of the world fgr the
consumer. If f£f(L) is the consumers probability density function over

1/
states, then Figure 1 describes the states he may encounter.

‘f(L)
W"
-
0 L U
-
3 standard deviations
FIGURE 1

1/ The form of the distribution is not important.



The employment level 1 is the level of labour sales that the consumey/
worker would choose at given prices in the absence of uncertainty and

adjustment costs. We may thus define

o0
€ = J f(n)dan the probability of being unrationed
c
L
Lc .
l-g = £(L) dL the probability of being rationed

-0

and

£(L~u)

E(L) = L = TR Foom the expected ration level

F(L-u) 4is the normalised cumulative density function.

We now argue that the cénsumer behaves as if there are two
possible states of the world, a good state hereafter laveled i
characterised by L 2 L° to which is attached the probability €,
and'a bad state labelled j characterised by L = L with an attached

probability 1-€.

Our consumer faces a two—stage maximisation problem. First
maximise expected utility, and state initial transaction'demands.
Second having learned the true state of the world, maximise utility

subject to the cbsts of adjusting away from the initial trade vector.



o Stage ]l {fUExpected Uility Maxi

sation Initial Transactions Demands

We assume the consume¥ maximises a Von Neumann-Morgenstern
1/

utility function of the following form:

ey} & Fo i Pddaclowa g¥y, . LD S L=
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+ {1-g) g;u.sg{ximggx X )+ log(T-I) + mgMjI (2.1)

{1} M. 4+ wL = pxi + M, (2.2)

(2.3)
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wheréﬂvﬁé,*“T€?“p§“5W§**§r3ﬁ§araé§fgr§ représenting initial money balances
total work time, good and labour prices respectively. X and M are
‘variables representing goods and’ final money balances. ¢ is the

adjustment cost parameter (1 2 ¢ 2 0) and superscript * indicates

“initial travsactions demand.
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To make ‘the programme (2.1} (2.3) differentiable we note that
2/

.
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1/ The functional form is chosen for expositional ease.

2/ A simple proof is given in Appendix A.



We form the Lagrangian expressicn from (2.4)-(2.6) differentiate and from

the Kuhn-Tucker condition it can he shown that there are three cases of
1/

interest. These are

&
(i) X, > X » X,
L 3

&
(ii) X, =X » ¥,
i ) 3

k4
(iii) X, > X = X,
i 3

We now consider the parameter ranges over which each of these cases is

relevant.

(L) ¥, » X% > X,

From the Xuhn-Tucker first order condition we obtain

% 1 -
= oo MoBem2) + wh(3e(lee)) - wrlw(l-e) (1-e))] + M /b (2.7)
* ..
. {M{} + wT oy 2% ]
X, o= e - (:me) | (2.8)
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Using (2.7}-(2.9) we may define the range of parameter values over which

*
Xi > X > Xj holds, these are given by (2.11).

1/ The case Xi = X = Xj is the other possibility but is clearly

uninteresting.



M. + wT
0 5¢=2 - € (1l+c) - (1-¢) (1-0)
S — ) (l1-c) > MO Ec_——(2-s)+ J] + wL PE————(2+E) J wT [z-c—---—-——-(2+€) J >

(2.11)

We may now interpret (2.7)-(2.10) as follows. If (2.11) holds then
* . : . N '
X is initial goods demand, L initial labour supply, and xi and

Xj are the anticipated optimal goods adjustment pcints once the state

of the world has been revealed.

i
>
v
>

(ii) xi

Again from the Kuhn-Tucker first order condition we obtain
2[ 3 ‘ | ' 2 - ,
Xi p (l+c) (2e+2(1l-c)+1) - 2(1l+e)p| + Xi (1+c)p ((MO+wL)(2€—£(l~c)+wl)
+ (s+l»c)(2MO + 4wT)) =~ (l«e)(BMO + 4wT{]+ {%-l+€](l+c)é(Mo+wi)

(ZMO + 4wT) = 0 (2.12)

Expression (2.12) will be assumed to have only one positive real root,
denoted R,, which we assume to be increasing in w, M_, T, L and €,
1 (8]

and decreasing in p and c.

The range of parameter values over which this case obtains

are given when the left-hand inequality in (2.11) is wviolated.



(iidi) Xi > X =X

From the Kuhn-Tucker first order condition we obtain

2 2 3 ) 4 2

Xj [;[Z(l+c) + (1-€)e)3p” - 3p~ + ep]] + Xj[Zl+c) + (l—e)é]p
EcEdo + wi} - 6(1~c) [MO + w'I—‘]AI - p26(l-—c) (MO + wT) - ec(Mo + wi)] +
[14e) + (1-e)c][M, + wi][6(1-c) [M, + wrlp] = o (2.13)

(2.13) will be assumed to have one positive real root,

denoted Rj' which we will assume increasing in w, MO, T, L, € and

¢ and decreasing in p.

The range of parameter values over which this case obtains

3
are given when the right-hand inequality in (2.11) is violated.

We have thus established the first of our results, since a
small change in one of the parameter values may cause one of the
inequalities in (2.11) to be reversed, this will cause our consumer to
make a discontinuous response in his level of initial goods demand |,
switching from (2.7) to (2.12) or (2.13) in determining X*. We

illustrate this result with a brief example.

Examgle

Let ¢ =% and consider small changes in €, « We rewrite



(2.11) to obtain

| 24wr-6M
a = s
33M0+90wL+17wT
Thus (2.7)
*
x = {(2.12
{2.13)

We represent this case diagramatically in Figure 2.
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l/ In general we cannot ensure Ob, Oa-0b or 1-0a to be non-zero

ranges ,



As Figure 2 demonstrates if € is in the neighbourhood of
b or a then a small change in the probability attached to the good
state of the world will induce a large jump in consumers initial goods

*
demand X .

In general we observe that variatioms in the parameters of

the problem will induce discontinuous responses from the variable.

Stage 2 : Final Transactions

Having determined the consumers initial transaction demands
we now have to examine how these will be revisedonce he has learned the
true state of the world. We recall that L was the consumers subjective

mathematical expectation of the rationing level, which need not be
l/ ~
correct. We denote the actual level of rationing L.

To discover how the consumer revises his trades in response to

~

L. define his maximand as below

* ~
Max U = log(X +X.-X ~cxl~cX2)+log(T»L) + log Ml - (2.14)

2 172
Xlx2 O

~

*
S.T. M., + wL = p(X + X

o — Xz) + M (2.15)

1 1

The two new variables Xl and X2 represent upward and down-

*
ward adjustments from X respectively. We require these variables to

-~

identify the range of L over which the consumer will choose to revise

trades upwards, downwards or not at all.

Substituting (2.15) into (2.14) differentiating and evaluating



the Kuhn-Tucker conditions at Xl = X2 =

1-c P <
* - ~ * Y
X M_+wL~pX
l+c p <
- * ~ * o
X MO+WL—pX

Rearranging (2.16) and (2.17) we obtain

10.

O we obtain

(2.16)

(2.17)

*
* - o~ o1 /x *
[ xN <LS=|p/[f—4+x )\ -m
wE(x ("""1 m)) MOJ w [(lﬂ: ) o] (2.186)

Expression (2.18) defines the range of ration levels

L over

which the consumer chooses his different possible responses.

~

If we define LL

~

and L as the levels of IL at which
u.

equalities hold with the left and ritht-hand terms in (2.18) we may

make the following statements:

(1) If L > 1L

U

The consumers maximand becomes

Max U =
X

1/ In fact the probability of exactly L

* ~ ~
log(X-c(X~X )) + log(T-L) +,log(MO+wL-pX)

The consumer will revise his goods
purchased upwards -

(2.19)

is zero.



which yields

~ *. )
M + wL X
- 10 - [<
X = 2[ 5 CL_C) J (2.20)

(ii) If L 2L 2L Then the consumer will leave his goods

u
L purchased unaitered.
*
hence X = X. (2.21)
(iid) If L < LL The consumer will revise his goods

purchased downwards.
The consumers maximand becomes

* ~ ~
Max u = log(X-c(X -X)) + log(T-L) + log(Mo + wlL - pX) (2.22)
X

which yields

— *
M. + wlL X
_ 110 C ' ‘
X = 2{— 5 + (;+C> 1 (2.23)

Expressions (2.20), (2.21) and (2.23) describe the consumers response to

the whole range of L which he regards as constraining his behaviour.

It is possible that the consumer will be unconstrained, L does not

bind, in which case we write his maximand

*
Max u = log(c-c(X~X )) 4+ log(T-L) + 109(M0+wL—pX) (2.24)
X, L

11.



which yields

M  + wT 2X
110 c
X = — -
3 o 1o (2.25)
1 /‘ . X*
= 2 lawm - 1 _RB /LC (2.2¢)
and L 6w[§wT ZMO] el mc)

We note that (2.25) and (2.26) are the same as (2.8) and (2.10). This
allows us to state that the consumers anticipated optimal upward adjust-

~

ment point is realised when L does not bind.

Using (2.20), (2.21) and (2.25) we may now represent the
consumers labour constrained goods demand curve diagramatically, viz.

Figure 3.

The effects of uncertainty and adjustment costs upon the
representative consumers behaviour are clearly illustrated by our
diagram. The broken diagonal line represents the labour constrained

goods demand curve that the consumer would express in the absence of
1/
uncertainty and adjustment costs. The heavy line is the goods demand

~

curve developed above. For the range O—LL the consumer goods demand
curve is given by expression (2.23). We notice immediately that the
effects of uncertainty and adjustment costs are to increase goods

~

purchases, for any L in the range, above the level that would be

l/ This demand curve is found by rearranging the first order conditions
of the following programme.
Max u = log X + log(T-L) + log MO + wL - pX.
X
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Differentiating (3.3) and examining the Kuhn-Tucker first

Y

order conditions cur producer considers the two following cases.

The production constraint binds in both

expected states of the world.

(l) qi & q ) > O
From the first crder conditions
0= W o YA
g, o= YAn
L., = ¥/a
]
J
. ~ X . i
L., o e———
i S 2¢ (1Y)
- Kt‘jh
% wr { o
2¢ (1Y}
* ® ¥ i "
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(3.8)

(3.9

(3.10)

{3.11}

{3.12)

{3.13)

(3.14)
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We may represent the producer goods constrained labour demand
curve as in Figure 5,

LA

X
¥ pPA-w
—4 —}.m
L L 53
yd
pd _
4 E3
L+L., =L - w/2/¢
h
FIGURE 5

Having now established consumer and producer behaviour given that each
anticipated a Keynesian Unemployment regime in the forthcoming market
period, we may now turn our attention to the equilibria this behaviour

generates.

4, MARKET PERICD ECQUILIBRIA

We define a market period equilibria as the state where both
agents achieve mutually consistent trades upon both markets. Where
the labour constrained gooés demaﬁdxcurve cuts the effective demand
constrained labour demand curve. Canbining Figures 2 and 4 we may now

define and illustrate six different Keynesian ocutcomes.

19.
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TYPE 1

This equilibria jEl is defined by

A *
+
= E.MO wL +('c )X _ %
2 P L 1+c
X ~
L—X—L

The other equilibria depicted E, represents the outcome that would

1/
have been achieved in the absence of adjustment costs and uncertainty.

We clearly observe that uncertainty and adjustments costs give rise to both

higher employment and output levels than would occur otherwise.

X A

TYPE 2

1/ This equilibria Ec "is that that would have been achieved in the

Muellbauer and Portes (1978) or Malinvaud (1977) structures.



21.

This equilibria E_, is defined by

2

In this type of equilibria we cannot state unequivocally that trades

are above or below their level that would be achieved in the absence of

uncertainty and adjustment costs.

¢

IS
>

g
7

" TYPE 3

This equilibria Eq is defined by

Here out introduction of adjustment costs and uncertainty causes lower

transactions levels on bothmarkets than would have been achieved in their

absence (Ec)



A\ 4
=

TYPE 4

This equilibria E, is defined by

~ *
‘= }. M0+wL X
2 P 1+c
* w ”~
L = L - EE- = L

Here our equilibria E4 displays a higher level of goods demand than the
costless certainty equilibria Ec, but due to labour hoarding, i.e.
extra output being cbtained by switching hoarded labour into productive

labour, no extra employment is cbtained.

TYPE 5

22,



This equilibria, ES is defined by

L - w20

t
]

Whether ES yields higher or lower transaction levels than E will

depend upon E5‘5~exact location in X,L spagce.

- TYPE 6

The equilibria E is defined by




24,

Here goods purchases are lower in the uncertainty, adjustment cost
ecquilibria E6’ however employment is the same in both Ec and E6

since the producer does not lay off workers but simply hoards them.

Our six equilibria types establish our second major‘result
that transactions levels are less variable when adjustment costs and
uncertainty are present. We saw that when transactions levels are
low, types one and four, then output is higher in the presence of
adjustment costs and uncertainty, whilstemployment is higher if there
is no labour hoarding. When transaction levels are high, then, as
we observe from types 3 and 6, adjustment costs and uncertainty reduce

goods purchases, and depress employment if there is no labour hoarding.

We now examine the comparative static effects of changes in

agents expectations. Our earlier analysis ensures.

> 0 (4.1)

59X AL 9X 9L

Thus Y ' 9V ' Be ! Be
take the sign of . , 8L 23X 3L
3x ax 3L AL

From our definitiom of equilibria we obtain:



* * * *
IX/OX AL/oX X/ 3L 2L/3L
1/ c
1] = f 1 (’c
2 {1+cv T 1+C) 0 0
1
2 1 X (0] O
1 c 1 c
3 - 2 (l.-c T 2n (l-c) © ©
1 c 1 w
113 l+c) © 2 p 1
5 1 0] O 1
1 c l w
6 |- 5'(lfc/ ° 2 p !

We concentrate our interest on equilibria types 2 and 4, since these

illustrate our model's novel comparative static properties.

In Type 2 equilibria an optimistic revision of expectations
by our producer induces no change in either output or employment,
whilst an increase in consumer optimum (a rise in ¢) will push the
equilibria out along the boundary of the production set increasing
both employment and output. Thus in Type 2 equilibria only consumers

expectations matter.

In Type 4 equilibria an increase in producer optimum (a rise
in ¥) increases both output and employment with employment rising by
exactly the same amount as initial labour demand rises. Increases in
consumer optimum only increase output, since this extra output is

achieved by putting hoarded workers to use.



The comparative static properties of our equilibria are both
realistic and Keynesian in spirit. Our model's behaviour is heavily
modified by the existence of rigidities within the system, but these
rigidities are not ad hoc impositions, but rather the result of agents

behaving optimally in the face of adjustment costs and uncertainty.

5. CONCLUS ION

In this model we examined the behaviour of agents who are
aware of uncertainty and adjustment costs. We demonstrated that they
will base initial transactions upon the maximisation of VYon Neumann-
Morgenstern objective functions. Then we examined how they will adjust
their trade vectors when the true state of the world has been revealed.
We found that to allow our agents to behave in this sophisticated manner
gives the model several new features. We noticed that initial tran-
sactions responded discontinuously to changes in parameters, for
example we saw how small chénges in the probability attached to the good
state of the world (unconstrained trade), by the consumer lead to large
changes in initial and final goods demands. Also we saw how adjustment
costs and uncertainty altered the shape of the constrained demand
curves for both éoods and labour. We derived six different Keynesian
short=run equilibria which were shown to be characterised by different
transaction levels and/or different comparative static properties than
those to be found in the literature. Further we cobserved that these
comparative static properties were caused by rigidities which were
not imposed ad hoc. It is thus argued that our results are very much

in the spirit of both reality and Keynes.
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APPENDIX A

*
We wish to establish X, 2 x =z Xj'

We know Xi 2 Xj ¥ p,w since Xi represents unconstrained

trade and we do not allow forced consumption. Hence to establish our
*
proposition we need only demonstrate X falls within the range

OX, - 0X,.
L J

Define OX, - OX, as A.
1 J

Let us choose a point outside the range labelled a and a

point inside the range labelled b, such that

£u Ec(aﬂ = ech(b)l

The expected utility loss of adjusting back to Xi from each of the

two points is equal.

If we now consider the expected utility loss of adjusting

back to Xj from a and b we may write

(l-—e)ch(A+a)] + guE—c(a)] < (l-—e)uE—c(A-—b)] + euf_:c(b)]



Hence any point above

range OX, - OX..
1 J

Hence X, 2 X 2> X.

X,
i

is clearly dominated by a point inside the

clearly follows if we use the sane
argument applied to points below Xj.

28.
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