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Abstract
This paper introduces a parametric class of Kreps Porteus preferences
that yleld closed form solutions to dynamic stochastic choice problems. These
preferences are applied to a simple stochastic macroeconomic model which
relaxes the representative agent assumption. This example {s designed to
fllustrate one of the many possible ways in which these preferences may be

useful to both theoretical and applied researchers.



1. Iotroduction

preferences that should be useful in a wide range of theorerical and applied
situations. Thege preferences are rtepresentative of rhe choices of g decision
maker whose behavior obeys the Kreps Porteus axiows (1978), henceforcth XP.

The axioms characterize sequential rational cholce In situations where the
passage of time may directly influence decisi{ons and they are referred to by
Kreps and Porteus as temporal wvon Neumann-Morgenstern (VNM) preferences.

The liiterature on temporal choice under uUncertainty is extensive
although, to date, most applications to economic problems have directly
applied the von Neumann“Morgenstern axioms to intertemporal consuwption
sequences. Luce and Raiffa (1957) provide an excellent discussfon of the VNM
axioms in an atemporal context and the survey paper by Machina (1982) ig a
good introduction to the possible ways {in which one might relax thege
assumptions.

The key papers, on which wy own contribution ig founded, are by Kreps and
Porteus (1978, 1979;1, 1979;2) who provide an ax{omatiec foundation and a
representation theorem for the {unctlonal specification that I suggest
below. Related Papers by Selden (1978, 1979) deal with a two perfod analysis
of the same ptoblem, and an alternative axiomatization and s treatment of the
Infinite horfzon case {s found {n Epstein (1986). Related work and a

discussion of the Kreps Porteus Structure can be found in Chew and Epstein

(1987;1, 1987;2).

2. General Discussion
I shall be exclusively concerned with the problem faced by a mortal

consumer who must make g finite sequence of savings decisions when the future



a

is uncertafn. In the standard representation of this problem one assumes thac
rational choice is characterized by the solution to a dynamic programming

problem of the following type:

T
1) Max E ) 8 u(c )
- t =0 t
{c } T
t =0
2) S.C. 8 4y " Rtat + NE - <, t=0,1,...,T .
3) ag = ag -
K 4) apy 20 -
T C
The function u = 2 8 u(cc) may be interpreted as a von Neumann-
t=0

Morgenstern uctilicy index defined over the space of consumption sequences

T
(c(}c-O where the consumption set is taken to be EE. The tildas over the

variables RL and u& are used to denote the assumption that they are random

varfables and the interpretation of che sequence of constraints (2) is cthac

the individual receives endowments {;c)czl which may be invested in a single

risky asset. The asset a, is assumed to pay a gross return ﬁ; and in
general 1 shall allow for the possibility that the sequences

~ '1‘ ~
{ui}(-l , (R(}czl are jointly disctributed random variables that may take

values in W%T. The expectatlon operator that appears in equation (1) has the

incerprectation of an expectation taken over the joint probability distribution

of (me'Rs gmp+] conditional on the realizations of (& ,R) for all

s <t .

A solution to P {8 represented by a number, ¢ and a sequence of

0'

-~ -

functions c, ¢ mi(c—l) : +* R, e=1,...T, where . i8 interpreted as a



contingent plan. I¢ represents a l{st of actions, one for every possible

realization of pagt values of w and R » which the consumer proposes to

undertake In perfod ¢ .

consumer's probleq. The axioms of atemporal expected utilicy theory are
typically juscified by an appeal to simple thought experiments in which it s
suggested that a violation of one or other of the von Neumann~Horgenstern
ax{oms would be 1rrationalg the discussion of the Allais paradox in Raiffa

(1970, page B0 ff) {5 a good example of thig approach. But {in a temporal

framework provides a racionalization of 4 violation of the VNM axiome that can

be traced explicicly to the sequential nature of decisions.

axioms. The fequence of VNM rational choices 1s wedded together with a time
consistency axfom. Kp also provide a second formulation which ig equivalent
to an axiomatization of cholce over the set of {intercemporal consumption
fequences. For the gake of completeness I provide g brief description of this
second formulat{on.

To describe the axioms {t {g necessary to Introduce some notation. Leg

hc E (CO,Cl.ean,cc) be a consumption history. Let pt(ht) be a jotnt



conditional probability distribution over future consumpcion sequences

T
(Cs}s-t+l conditional on the history that has occurred being hoo Lec P
be the set of all conditional discributions pc(hc) » and P be the set of

T
all jJoint distributions over sequences ¢ }

. p
s gm0 An element of ¢ is,

therefore, a conditional distribucion of an element of P for gome
realization of a consumption hiscory hc .

The key difference between the KP and VNM representations hinges on the
timing of the resolution of uncertainty. Imagine standing at cimge zero, and
choosing between two elements of P (h ) for some ¢ > 0. One 1s being
asked to rank alternative consumption lotteries each of which contains
identical consumption sequences up until time ¢ , buc possibly different
distribucions over consumption from r+] up to T . Now think of mixing any

two of these condicional distributions by flipping a cotn which comes up heads

with probabilicy a and tails with probabilicy (1-a) bur flip the coin at

date k < ¢ . This new mixture is also an element of P (h ) which will be
denoted (k,t;p,p') when P and p' are elements of P (h ) . A decision
maker whose preferences admic an eéxpected utility tepresentation over
Intertemporal consumption lotteries must be {ndifferent to the timing of the
coln flip in the experiment described above. A KP individual may, on the
other hand, prefer elther early or late resolution of uncertainty.

The folloving three axioms characterize Kp choice:

Al. There exists 4 complete transitive ordering, Z_ » over the elements
of P ,

A2. The relation >~ 18 concinuous on P,

Ad. If p,p' € Pt(hc) satisfy p> p' then (c,o5p,p") > (c,o5p',p™)

for all a € (0,1) and p" € Pt(hc)



The key axiom {s (A3) which ts a temparal version of the independence of
frrelevant alternatives. Kp show (1978, Theorem 2, Bage 195) that axioms Al,
A2 and A3 imply that there exists a8 sequence of ordinal utility functions and
8 sequence of value functions which 16 defined fecursively by maximizing the
value of utility over period ¢ consumption choices. Unlike the standard VNM
approach, the one period ordinal utility function need not be linear in
probabllities. The relationship with von Neumann—Horgenstern preferences ig
given by the following axiom which, in conjunction with the other three
axioms, implies the existence of a single VNM utility index over intertemporal
ctonsumption lotteries.

A4. For all ¢ , ht s @ €[0,1] and p,p' € Pc(hc) .

(C.G;P.P') ~ (t—l,ﬂ;p,p') °

This implies that the difference between KP and VNM preferences hinges solely
on the f{ssue of preference for, or {ndifference to, the timing of the temporal

resolution of uncertaincy.

4. The Value Function Approach

In this section I introduce the fdea that KP preferences are
tepresentable by g sequence of value functions that may be non-linear {n
probabilicies. Thig discussion sets the stage for the parametric form which
1s introduced in section §.

Von Neumann-Morgenstern preferences have held center stage {n
macroeconomics for at least twenty years in spite of their Intractabiifcy fn
many applicatfons. For example, consider problem P cthat wasg fntroduced

above. It {s known that one may recursively define a sequence of wvalue



T
functions (VL(B )}c~0 » where Ve fepresencs the value of cthe optimal
Program to a decision maker who owns assets 8 at date ¢ . Thig 8equence

is defined by the formulae

5) vT(aT) z u(RTaT + uT)
6) Vt(ac) z max[u(cc) + 8E(vc+l(ac+l)]]
C [
t
7) §. C. ac+l - Rcac + h% T €=0,1,...,1-] .

Preferences thar are usually referred COl as constanc relative rigk avers{on;
i.e. U(Cc) = c: . On the other hand wich only addic{ve Uncertainty

(randon endowment byc decerministic interest rates) one can solve the

quadrat{c case. But the general case of random fnteregt and random endownmentsg

follows:



8) VT(aT) z uT(RTaT + u%)

9) vt(at) Z max U(Ct'E[vc+l(8c+l)l)
C C
t
10) S. t. 841 = Rcat tu - Ces t=0,1,...,T-1 .

Equation (9) differs from the VNM approach (equation (6)) in that ve 1s

non-linear in the expectation operator E This generalization would appear
t
to complicate the problem and make things more, rather than less, difficule.

However, by choosing wu(-) correctly one can find a class of decision problems

that yleld closed form solutions in a wide variety of cases.

5. Parametric Forms

Let the functions uT and vT be defined as follows:

12) VT = max Efc_]

T
CT T-1

13) s.t. <r < RTBT + W .

-1
Now define the sequence of functions (vt):_o by the recureive rule described

{n equation (9) where wu(-) : R% + R, {s given by

1
(x® + %%° o400

ulx,y) =
14)
u(x,y) = xuy8 if p= 0,



and u(*) 1s subject to the parametric restrictions

Before providing explicit funccional forms for the sequence of value functions

T

T
(v } and for the decision rules that determine {CC)['O

. ic helps to

introduce some additional notation. Define the functions F and

G : R+ + R+
e 1 -0
( F(x) = (x —pBl—p + alﬂp) P R p¥ 0
16)
{
F(x) = a®85%8 b =0
R
1-p
a
G(x) = 7 5 N , o # 0
17) { (Bl—oxl—o + al—p)
G{x) = a , p =0 .

The decistion rule for consumption is most conveniently expressed in terms of
two variables that resemble a compounded interest rate and a human wealth
term. However, this analogy is not exact since the "human wealth" variable
{nvolves che parameters of the function wu(-) . More precisely, define the

sequences of variables (Q } T . {h} T as follows
t t=0 € t=0



i8) F(QT) -1,

19  q - Slﬁwﬂo )1 TTI SN

t+l

20) hT = u\r

h .. F(Q_,,)
21) hc -u t E[_t..tl._.&*_L_

t 9

) t=!,...,T-1 .

Further, lec v, be given by

22) w ZRa + h t=0,1,...,T .

One may think of the term v, as "percelved wealth" because of the analogous
role that it plays to market wealth {n the non-stochastic case. v, consists
of the market value of physical assets, plus the subjectively discounted value
of future endowments, ht » Where the subjective discount factors are embodied
In the updating rules (19) and (21). Given these definitions it is easy to

check that the decision rules (cc}czo and the value functions {VC}CIO are

given by
23 c =G w
) Q) ’

24) v = F(Qt)wt . t=0,1,...,T .
The system of equations (18-22) gives explicit rules for determining the
values of the varfables Qc and w in terms of the conditional moments of

t
~ A T
the joint endowment/return process (w ,R

AL T One may therefore
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summarize the behavior of ap agent with preferencesg of this type by keep{ny
track of two rather simple functional equations, (19) anpd (21). 1t s ¢o be
hoped that thig rather simple form WAy prove useful {n g variety of contexts,

one of which {g discussed 1in section 7.

6. Some Posaible Objections

I would like ¢o raise two {gsues that may be foreseen by the alert
reader. The firge of these deais with the consigtency of intertemporal plans
tf agents do not have VNM Preferences. Thig 1ssue has arisen in the
literature on estimating l{fecycle consumption equations. Some authors have
noted that preference Specifications which are typlcally applied to data are
unable to distinguish the co-efficient of relative rigk aversion from the
intertemporal elasticity of substitution. Thig has led to work by Hall (1985)

and by Z{n (1986) who use non VNM specifications of choice {n an attempt to

plans., One should note, houever, that some care must be taken when adopting
this approach since some specifications of chofce under uncertainty may lead

to incons{stent deci{sion rules in the absence of conm{tment.

approach the agents' preferences over consumption sequences may be
1nconei§tenc, but thisg inconsistency will be recognized and corrected for by
an optimal plan. Although thisg approach may be fruftfyl one might prefer to

take the gtand that cousistency should be ax{omatic, Kreps and Porteus take



this latter route by providing an alternac{ve characterfzation of their
approach unaer which time conststency is one of the basic axioms. The
preference structure described {n section 5, therefore, generates decisfion
rules that are fully time consistent.

A second {ssue that may be of interest to the reader involves the
particular acttictude of the decision maker to temporal resolution of
uncertainty that is {mplied by t¢he funccional form suggested above. One may
show that 1If the function u(C,E{V]) 1s convex (concave) {n {tg second
argument then the individual prefers early (late) resolution. Since the
function described 1n equacion (14) 1s concave i{n its second argument, che
preferences that I have described always lmply a preference for lace
resolution. How is one to Interpret this property? One may come up wich
plausible {llustracions of arguments under which one may favor either early or
late resolucion. (See, for example, the discussion in Cheyw and Epstein
(1987)). 1t is lmportant to recognize, however, that che preference for early
or late resolution refers to distributions of consumption sequences and not to
distributions of exogenous uncertain events. Ip particular, this means that
early resolution of uncertainty i{s of no use in aiding optimal plans. Bearing
this in mind, there 1is 4 sense in which preference for late resolution may be
[nterpreced as a kind of self ingurance. The individual described above has a
positive rate of t{ime preference . Thac s, {f w. and R. are non-
stochastic then the marginal rate of substitution between consumption 1in
adjacent perfods {is tilted towards the present for all «a,8,p ., By putting
off the resolution of uncertainty, the individual {s able to atcaln a
(temporary) insurance over uncercain events. Since the decision maker weighcs
the present more heavily than the future this ability to postpone resolucion

will always have positive value,



7. An Application to Hacroeconomics

{s designed to fllustrate one of the possible useg that other tesearchers may
have for the parametric structure that I have introduced 1in this paper.

For the 1last couple of decades there has been a growing interest i{n the
idea that macroeconometric work should be given microeconomic foundations.

One of the key assumptions of this approach to macroeconomics {s the idea that
the stochastic disturbances that arise fn applied work should be matched with
theoretical constructs in the form of shocks to the underlying preferences and
technologles of a model economy. In practice, this methodology has led
applied researchers ¢o adopt a representative agent assumption as a practical
solution to certain problems that arise when one attempts to {mplement the
approach, In particular, the Tepresentative agent assumption provides a
solution to the problems that are posed by the difficulty of finding VNM
preferences that can be aggregated in simple ways. But, as I shall {llustrace
below, this solution does not come without cost.

Let us suppose that one wishes to model an economy in which a single
agent, Robinson Crusoe, lives for T periods and has VNM preferences of cthe
type that were described {n section 2. Robinson Crusoe receives iz random
endowment each perfod which he may invest {n a "fruic tree" technology that
ylelds a random return. For concreteness, assume that the endowment sequence
and the return sequence are independently distributed random varfables with an
exogenously speci{fied distribution.

The assumptions thar 1 have described have a number of observable
fmplications, one of which has been pursued in some depth in a series of
papers by Hail (1978), Flavin (1981) and ochers.a This 1literature observes

thae, {f aggregate consumption can be described by the solution to an
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individual's o timizing problem, then the data should obe 4 stochastic Euler
p y

equation of the following kind:

25) u‘(Cc) --EIBRc+ u'(c .

C

1 c+l

where Cc represents aggregate consumption. However, attempts to escimate
equations of this form, using time series data, are typically rejecced rather
forcefully.

There are many possible reasons why thise approach might be expected to
fail, one of which arfses directly from potential difffculcies with che
representative agent ass;mpclon. The following alternacive assumptions are
suggested by work on non-stochastic economies by Blanchard (1985) and by Weil
(1986). The assumptions made by Blanchard and Weil cannot be direccly applied
o stochasctic economies, if one assumes VNM preferences, because of the
difficulcies of finding closed form so}utions that can be easlly aggregated.
The preferences thac I have discussed above, however, stoplify matters
considerably.

Assume that, {nstead of a representative agenc econoay, one has a new
Beneration of {ndividuals born in each period. To make aggregation simple,
assume that each generation faces the same terminal date, T » irrespeccive of
date of birch. Generations born lacer, therefore, have shorcer 1ife spans.

Agents are tdentical, except for date of birch, and each Individual makes

Under these assumpcions one obtains a rather slwple closed form relationship
that links 4ggregate consumption bectween periods. For the case of p=20

(the KP equivalent of logarithmic ucilicy), chis relationship takes the form
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26) C

i (
S ) :'[CH!F(QLH)] Yo oY,

where Yt 1s aggregate f{ncome and Y 1s the population growth faccor.s The
variable Q(+l is the subjective discount factor which {s found recursively
using the updating rule described above by equation (19). This discount
factor is the same for all individuals because of the assumption of a common
terminal dace.

Notice that ounly for the case of no growth, vy = | » does equation (26)
resemble an individual‘s Euler equacion. 1In all other instances one would
expect that {ncome might have Some explanatory power if one vere to run
regressions that were based on a representacive agent model. Campbell and
Deaton (1987) report that one of the ways the the Euler equation model {s
violated {s attributable to unaccountable addicional explanatory power chat is
found when fncome growth {s added to consumption growth regressions. It
therefore seems plausible that the above model may prove useful in applied
research in which one may hope to rescue equilibrium methedology by dropping

the representative agent approach.

Conclusion

The model that 1 have presented is designed to {llustrate one of the many
potential applications of the parametric specification presented in this
paper. There are presumably other i{nstances {n which closed form solutions
may be useful to both the theor{st and to the applied researcher. To the
theorist the ability to find simple examples may stimulate the genesis of
fgeneral theorems. To the applied researcher the ability to find convenient
parametrizations of aggregative models should facilitace the confrontacion of
theory with evidence. This paper represents a small contribution to both

areas.



Appendix 1

This appendix provides a skecch of the proof that the closed form
solucion to the value function described in the cext is valid. The proposed

solution for Ve 1s given by
= F .
Al) v (Qc)wC

Taking expectacions of Ve at -l using cthe tdencicy (22) and the asset

accumulation rule one obtains

A2) E (Vc) = E

t-1 ¢ lﬁ;F(Qc)] [Rc~lac~l * wc-l - C[—l] * ? [th(Qc)]

i t-1

which simplifies, using definftions (19) and (21), to

(w

' e-1

A3) ?l(vc) - Q(— t-1

t
By substitucing (A3) into equacion (9) and using the functional fornm (14) for
u(+) one obtains the first order conditions

1 p1
RO eel ) - Qo PBlQ ()= e )]

which may be rearranged to give che functional form (23) using che definition

of G(+*) given {n equacion (17). By substituting the solution for ¢ at

-1

a3 maximum (equacion (23)), tnto the funccion wy( ) » one attains the

expression



—1 6=

ASY v (R v

t-1
This establishes that {f (A1) {s a correct representation of the value
function at t , then it i{s also correct at t-1 . One completes the proof by

establishing chat vr.ip 1Is described by (Al) given the definition of vp in

equation (12).
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Footnotes
Since the parameter 0 also governs Intertemporal elascicicy of
substitution chis terminology is often confusing. 1n the Kreps Porcteus
case, risk aversion and Intertemporal elasticicy of substitution are not
the same thing.
Throughout this paper 1 maintain the assumption of payoff history
Independence. In Rreneral, KP preferences at a point in time may depend on
the entire history experienced by the consumer.
This is, essentlally, the strategy chat Pollak (1968) refers to as
“"sophisticated" Planning. Larry Epstein has suggested this strategy (in a
private communicacion) in relatfon to preferences that generalize Kreps
and Porteus by dropping time consistency.
See also cthe papers by Zeldes (1984) and by English, Ichimura and Wilcox
(1987).
Equation (26) is derived by defining aggregate human wealth and aggregate
physical wealch, and finding the equacions of motion of these aggregate

variables. These are Blven by the formulae:

A =R A + an -
t+l RcAc wcnc Cc
H
| c+lF(Qc+l)
H = pn + —‘L[——~—~—~—————].
4 t ¢ Y ¢ Q[

where n. 1is the number of {ndividuals alive at date ¢ . Equation (26)
follows afrer some simple algebra by tecognizing that {f everyone {s
{dentical (except for their ownership of physical wealth), chen (23) may
be applied to aggregate variables Cen H.o  and A, where A s

aggregate physical wealth; 1.e.,
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c, = GQ (R A+ M)

For the case p = 0, cthig simplifies since G(Qt) - a .
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