


Introduction

A number of recent papers (Krugman (1988), Miller and Weller (1988), Froot
and Obstfelt (1989a) and Flood and Garber (1989)) make use of continuous time
stochastic rational expectations models to analyse the operation of currency bands.
Although this type of model yields a unique solution for the exchange rate when a
currency band is in operation, there appear to be many possible solutions when the
exchange rate is allowed to float freely. In deterministic rational expectations models
there are also many possible solutions to a free float regime - but only the stable
manifold has the property that the asset price is the integrated discounted value of
fundamentals. For this reason the stable manifold is usually regarded as the
"fundamental” solution in deterministic models (see Blanchard and Fischer (1989)).
By contrast, the other solutions are referred to as "bubbles” solutions because at any
point in time the current exchange rate is sustained by future capital gains or losses

rather than any consideration of fundamentals.

The linear stable manifold is also one of the possible solutions to a stochastic
model and this paper shows that, as in deterministic models, it is the only solution
which yields a value for the asset price that is the integrated discounted value of
(expected) fundamentals. It is argued, therefore, that the stable manifold is the
fundamental solution to stochastic models in exactly the same sense as it is the
fundamental solution to deterministic models. By implication the other stochastic
solutions can be regarded as involving bubbles’. Although these bubbles appear very

different from deterministic bubbles they nevertheless possess the property that the

! Froot and Obstfeld (1989b) called these bubbles "intrinsic bubbles" and tested for

their presence in US stock prices.
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g(v)= Ce o

where C is a constant. Also notice that, for any given values of A and v, b(v) is
strictly increasing in 1/A. Thus, to prove the proposition it is sufficient to prove that

Var(b) is infinite for 1/A=0. Setting 1/A=0 reduces b(v) to

Define H(v) to be [b(v)]’g(v). H(v) is symmetric about v=0 and strictly positive for
finite v. It will be shown that H'(v) is positive for all positive v and, therefore, the

integral of H(v) must diverge. The derivative of H(v) is as follows

H'(v) =2Ah(z)g(v)b(v)
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From the series definition of the CHG function the following series representation

of h(z) can be constructed
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where A= —{

A=xy+A
A } and KY
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and where it is assumed that m=i*=0. The matrix A is assumed to have one stable
eigenvalue and one unstable eigenvalue. Notice that the term a;, ensures that the

dynamics of the price level depend on the level of the exchange rate.

As in the previous sections, a mapping from the asset price to the
fundamental (here the goods price level) is postulated and the following differential

equation is obtained

2

anP+af(p) = a,pf (p)+ a,f(p)f (p) +'(p) -

This equation is non-linear and does not have closed form solutions. However, it is

simple to check that the solutions can be written in the following form
f(p)=6p+b(p) (16)

where 6 is the slope of the stable eigenvector of matrix A and b(p) satisfies
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2
a,b(p) = a,,pb'(p) + a,,b(p)b'(p) + 92_b~(p)

It again seems reasonable to restrict consideration to solutions which pass through
the point of equilibrium and these are illustrated in Figure 1la (see Miller and Weller
(1988) for further discussion of this picture). As in the previous sections there are an
infinite number of free float solutions. But consider the solution given by setting

b(p)=0 for all p,
f(p)=0p. (17)

This is the stable manifold and, as in the simpler models, it is the fundamental
solution or the solution that gives the asset price as the integral of the discounted

value of fundamentals. That is, the solution for which the following is true,

oo

s(t) = -E, [e™2"a, p(t)dr. (18)

~t

This is easily checked by substituting s=0p into the equation for the dynamics of p

and solving for the expected future path of prices, which is
E.p(1)= p(t)e(all+3126)(t—t) .

Substituting this into integral (18) and evaluating yields (17).
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Proving that the stable manifold is the unique fundamental solution is
slightly more complicated than before because, in this model, the expected path of
the price level depends on the stochastic solution being considered. The proof of
uniqueness can be illustrated with reference to Figure 2 where SS is the stable
manifold. Suppose the current price is p(t,) and that the exchange rate is on a
stochastic solution below the stable manifold - such as AA. Notice from the sign of
ar; that a lower exchange rate at a given level of p implies that the price level is
expected to return more quickly to equilibrium and thus the expected path of prices
is lower than if the exchange rate were given by the stable manifold. Integral (18)
must, therefore, be higher (less negative) than on the stable manifold. But the
current exchange rate is lower on AA so this cannot be a fundamental solution. A
similar argument works for solutions above the stable manifold. The stable

manifold is therefore the unique fundamental solution.

Having established this result it is again possible to argue that the set of free
float solutions represented by equation (16) is made up of the unique fundamental
solution plus an infinity of bubbles solutions, where b(p) is the bubbles term. It is
now necessary to consider the explosive properties of these bubbles solutions. As in

Section 2 the asymptotic variance of the bubbles term is investigated. It is given by

Var(b) = [[b(p)Pg(p)dp

where g(p) is the asymptotic density function of p.
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reduces the amount of price variability. That this is a powerful effect can be seen if

(22) is rewritten as follows

(atan0)p 2ang0) g
glp)=|Ce * e where B(p)=_[b(s)ds.
0

The first bracketed term is the Normal density function that would arise if there
were no bubble. The expression shows that the density function is compressed by a
factor (the second bracketed term) which depends on the integral of the bubble. This
powerful tendency for Type 2 bubbles to stabilise the price level is obviously

sufficient to make the variance of the bubble finite.

The fact that the variance of Type 2 bubbles is finite implies that they do not
explode in the same sense as the bubbles in the model of Section 2. It is therefore
necessary to turn to some alternative notion of explosiveness in order to justify
ruling out Type 2 bubbles. One possible route is to argue that the fact that Type 2
bubbles explode with at least a non-zero probability is sufficient to rule them outin a
rational market. This argument is made considerably stronger by noting that, as
illustrated in Figure 3, Type 2 bubbles explode at a finite level of the fundamental.
Indeed, in this respect they are more explosive than the bubbles in the other models
which only explode as the fundamental tends to infinity. The consequences of an
exploding bubble are also much more far reaching in this model than in the
previous models. For instance a bubble which drives the exchange rate to an

extreme value will also drive output to an extreme value. The fact that this happens
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at a finite level of the fundamental is surely so unreasonable that a rational market

will rule it out by avoiding Type 2 bubbles solutions.

Conclusion

This paper has examined three stochastic rational expectations models of the
exchange rate. It was found that the multiplicity of free float solutions which these
models possess is made up of a unique fundamental solution plus an infinity of
bubbles solutions. The fact that a fundamental solution exists and that it is unique

shows that there is a clear theoretically preferred free float solution.

The paper also considered the asymptotic properties of the bubbles solutions in
the various models, to determine whether there was a case for assuming that a
rational market would rule them out. In the monetary model of Section 1 (where

the fundamental follows Brownian motion) bubbles were seen to explode with

certainty as time tends to infinity. With mean-reverting fundamentals, as shown in
Section 2, the same model produces bubbles with an absolute value that explodes in
expectation as time tends to infinity. In the Miller and Weller model, where the
fundamental does not follow an autonomous process, it was found that some
bubbles do not explode in expectation. Nevertheless, it was argued that a strong case

still exists for ruling out these bubbles in a rational market because they explode with

some non-zero probability at a finite level of the fundamental and with devastating

consequences for the real economy.
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