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Abstract

This paper considers a nonparametric panel data model with nonadditive unobserved
heterogeneity. As in the standard linear panel data model, two types of unobservables
are present in the model: individual-specific effects and idiosyncratic disturbances. The
individual-specific effects enter the structural function nonseparably and are allowed to
be correlated with the covariates in an arbitrary manner. The idiosyncratic disturbance
term is additively separable from the structural function. Nonparametric identification
of all the structural elements of the model is established. No parametric distributional
or functional form assumptions are needed for identification. The identification result is
constructive and only requires panel data with two time periods. Thus, the model permits
nonparametric distributional and counterfactual analysis of heterogeneous marginal effects
using short panels. The paper also develops a nonparametric estimation procedure and
derives its rate of convergence. As a by-product the rates of convergence for the problem
of conditional deconvolution are obtained. The proposed estimator is easy to compute and
does not require numeric optimization. A Monte-Carlo study indicates that the estimator

performs very well in finite sample properties.
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1 Introduction

The importance of unobserved heterogeneity in modeling economic behavior is widely recog-
nized. Panel data offer useful opportunities for taking latent characteristics of individuals
into account. This paper considers a nonparametric panel data framework that allows for
heterogeneous marginal effects. As will be demonstrated, the model permits nonparametric
identification and estimation of all the structural elements using short panels.

Consider the following panel data model:
Yie = m (X, a;) + Uy, i=1,...,n, t=1,...,T; (1)

where Xj; is a vector of explanatory variables, Yj; is a scalar outcome variable, scalar «; repre-
sents persistent heterogeneity (possibly correlated with X;;), and Uy is a scalar idiosyncratic
disturbance term.»? This paper assumes that the number of time periods 7" is small (T = 2 is
sufficient for identification), while the number of cross-section units n is large, which is typical
for microeconometric data.

This paper explains how to nonparametrically identify and estimate the structural func-
tion m (x, ) unknown to the econometrician. The paper also identifies and estimates the
conditional distribution of «;, given X;;, which is needed for policy analysis. The analysis
does not impose any parametric assumptions on the function m (z, «) or on the distributions
of a; and Uy;.

The structural function depends nonlinearly on «, which allows the derivative Om (x, o) /0x
to vary across units with the same observed x. That is, observationally identical individuals
can have different responses to changes in x. This is known to be an important feature of mi-
croeconometric data.? This paper shows, among other things, how to estimate the distribution
of heterogeneous marginal effects fully nonparametrically.

As an example of application of the above model, consider the effect of union membership
on wages. Let Y;; denote the (logarithm of) individual’s wage and X;; be a dummy coding
whether the i-th individual wage in ¢-th period was negotiated as a part of union agreement.
Heterogeneity «; is the unobserved individual skill level, while the idiosyncratic disturbances

U;: denote luck and measurement error. The effect of union membership for an individual with

! As usual, capital letters denote random variables, while lower case letters refer to the values of random
variables. The only exception from this rule is «;, which is a random variable, while « stands for its value.
This notation should not cause any confusion because a; is an unobservable .

2Tt is assumed that Uj; is independent of «;, conditional on X;;. The disturbance U;; does not have to be
independent of Xj:; only the standard orthogonality restriction E [U;+|X:t] = 0 is imposed. In addition, the
distribution of U;; does not have to be the same across time periods.

3A partial list of related studies includes Heckman, Smith, and Clements (1997), Heckman and Vytlacil
(1998), Abadie, Angrist, and Imbens (2002), Matzkin (2003), Chesher (2003), Chernozhukov and Hansen
(2005), Imbens and Newey (In press), Bitler, Gelbach, and Hoynes (2006), Djebbari and Smith (2008), and the
references therein.



skill «v; is then m (1, ;) — m (0, ;). Nonseparability of the structural function in « permits
the union membership effect to be different across individuals with different unobserved skill
levels. This is exactly what the empirical literature suggests.* On the contrary, a model
with additively separable «; (e.g., linear model m (X, o) = X/,8 + o) fails to capture the
heterogeneity of the union effect because «; cancels out.

Similar to the above example, the model can be applied to the estimation of treatment
effects when panel data are available. Assumptions imposed in this model are strong, but
allow nonparametric identification and estimation of heterogeneous treatment effects for both
treated and untreated individuals. Thus, the model can be used to study the effect of a
policy on the whole population. For instance, one can identify and estimate the percentage
of individuals who are better/worse off as a result of the program.

Another example is the life-cycle model of consumption and labor supply of Heckman
and MaCurdy (1980) and MaCurdy (1981). These papers obtain individual consumption
behavior of the form®

Cip= CWi, i) + Ui (2)
o Famction  measurement error

where Cj; is the (logarithm of) consumption, Wj; is the hourly wage, U;; is the measurement
error, and A; is the scalar unobserved heterogeneity that summarizes all the information
about individual’s initial wealth, expected future earnings, and the form of utility function.
The consumption function C(w,\) can be shown to be increasing in both arguments, but is
unknown to the researcher since it depends on the utility function of the individual. In the
existing literature, it is common to assume very specific parametric forms of utility functions
for estimation. The goal of these parametric assumptions is to make the (logarithm of)
consumption function additively separable in the unobserved A;. Needless to say, this may
lead to model misspecification. In contrast, the method of this paper can be used to estimate
model (2) without imposing any parametric assumptions.’

The nonparametric identification result of this paper is constructive and only requires two
periods of data (7' = 2). The identification strategy consists of the following three steps.
First, the conditional (on covariates X;;) distribution of the idiosyncratic disturbances Uy is
identified using the information on the subset of individuals whose covariates do not change
across time periods. Next, conditional on covariates, one can deconvolve U;; from Yj; to
obtain the conditional distribution of m (Xj, a;) that is the key to identifying the structural
function. The third step identifies the structural function under two different scenarios. One

scenario assumes random effects, that is, the unobserved heterogeneity is independent of the

1See, for example, Card (1996), Lemicux (1998), and Card, Lemicux, and Riddell (2004).

°I thank James Heckman for suggesting the example.

%1 have imposed an extra assumption that the rate of intertemporal substitution equals the interest rate.

"Similarly, restrictive parametric forms of utility functions are imposed in studies of family risk-sharing and
altruism, see for example Hayashi, Altonji, and Kotlikoff (1996) and the references therein.



covariates. The other scenario considers fixed effects, so that the unobserved heterogeneity
and the covariates could be dependent.® The latter case is handled without imposing any
parametric assumptions on the form of the dependence. Similar to linear panel data models,
in the random effects case between-variation identifies the unknown structural function. In
the fixed effects case one has to rely on within-variation for identification of the model. The
details of the identification strategy are given in Section 2.

The paper proposes an estimation procedure that is easy to implement. No numerical
optimization is necessary. Estimation of the model boils down to estimation of conditional
cumulative distribution and quantile functions. Conditional cumulative distribution func-
tions (conditional CDFs) are estimated by conditional deconvolution and quantile functions
are estimated by inverting the corresponding conditional CDFs. Although deconvolution has
been widely studied in the statistical and econometric literature, this paper appears to be the
first to consider conditional deconvolution. The paper provides the necessary estimators of
conditional CDFs and derives their rates of convergence. The estimators, assumptions, and
theoretical results are presented in Section 3. The rates of convergence of the conditional de-
convolution estimators of conditional CDF's are shown to be natural combinations of the rates
of convergence of the unconditional deconvolution estimator (Fan, 1991) and the conditional
density estimator (Stone, 1982). Finite sample properties of the estimator are investigated by
a Monte-Carlo study in Section 4. The estimator appears to perform very well in practice.

Several extensions of model (1) are presented in Evdokimov (2009). That paper (i) relaxes
the assumption of additivity of the disturbance U; in (1) by considering a nonparametric
panel transformation model with unobserved heterogeneity; (ii) develops a model where the
structural function does not have to be constant over time; (iii) relaxes the assumption of
scalar persistent heterogeneity «; by considering time varying oz = W}, 3;, where §; is a
vector of individual specific coefficients and W;; are observed time varying covariates; and
(iv) provides a new identification result for the multiple spell duration model that relaxes the
assumption of multiplicative separability of the unobserved heterogeneity.

The literature on parametric and semiparametric panel data modelling is vast. Traditional
linear panel models with heterogeneous intercepts are reviewed, for example, in Hsiao (2003)
and Wooldridge (2002). Hsiao (2003) and Hsiao and Pesaran (2004) review linear panel
models with random individual slope coefficients. Several recent papers consider fixed effect
estimation of nonlinear (semi-)parametrically specified panel models. The estimators for
the parameters are biased, but large T asymptotic approximations are used to reduce the
order of bias; see for example Arellano and Hahn (2006) or Hahn and Newey (2004). As an
alternative, Honoré and Tamer (2006) and Chernozhukov, Fernandez-Val, Hahn, and Newey
(2008) consider set identification of the parameters and marginal effects.

A line of literature initiated by Porter (1996) studies panel models, where the effect of

8See Graham and Powell (2008) for the discussion of the "fixed effects" terminology.



covariates is not restricted by a parametric model. However, heterogeneity is still modeled
as an additively separable intercept, i.e. Yi = g (Xit) + a; + Ui. See, for example, Hen-
derson, Carroll, and Li (2008) for a list of references and discussion. Since g (-) is estimated
nonparametrically, these models are sometimes called nonparametric panel data models. The
analysis of this paper is "more" nonparametric since it models the effect of heterogeneity «;
fully nonparametrically.

Conceptually, this paper is related to the work of Kitamura (2004), who considers non-
parametric identification and estimation of a finite mixture of regression functions using cross-
section data. Model (1) can be seen as an infinite mixture model. The assumption of finiteness
of the number of mixture components is crucial for the analysis of Kitamura (2004), and his
assumptions, as well as his identification and estimation strategies are different from those
used here. The method of this paper is also related to the work of Horowitz and Markatou
(1996). They study the standard linear random effect panel, but do not impose parametric
assumptions on the distribution of either the heterogeneous intercept or idiosyncratic errors.

For fully nonseparable panel models, Altonji and Matzkin (2005) and Bester and Hansen
(2007) present conditions for identification and estimation of the local average derivative.
Their results do not identify the structural function, policy effects or weighted average deriv-
ative in model (1). Altonji and Matzkin (2005) and Athey and Imbens (2006) nonparamet-
rically identify distributional effects in panel data and repeated cross-section models with
scalar endogenous unobservables. In contrast, model (1) clearly separates the role of unob-
served heterogeneity and idiosyncratic disturbances.

Chamberlain (1992) considers a linear panel data model with random coefficients, indepen-
dent of the covariates. Lemieux (1998) considers the estimation of a linear panel model where
fixed effects can be interacted with a binary covariate (union membership). His assumption
and model permit variance decompositions that are used to study the effect of union member-
ship on wage inequality. Note that model of this paper does not impose linearity and allows
for complete distributional analysis. In particular, the model can be applied to study how
the individual’s unobserved characteristics affect his or her likelihood of becoming a union
member; a result that cannot be obtained from a variance decomposition.

Recently, Arellano and Bonhomme (2008) and Graham and Powell (2008) consider the
analysis of linear panel models where the coefficients are random and can be arbitrarily
correlated with the covariates. The first paper identifies the joint distribution of the co-
efficients, while the second paper obtains average partial effect under weaker assumptions.
While developed independently of the current paper, Arellano and Bonhomme (2008) also
use deconvolution arguments for identification. At the same time, there are at least two im-
portant differences between the approach of the present paper and the models of Arellano and
Bonhomme (2008) and Graham and Powell (2008). The linearity assumption is vital for the

analysis of both papers. In addition, the identifying rank restriction imposed in these papers



does not allow identification of some important counterfactuals such as the treatment effect
for the untreated or for the whole population. The present paper does not rely on linearity
for identification and does provide identification results for the above-mentioned counterfac-
tuals. Finally, the very recent papers by Chernozhukov, Fernandez-Val, and Newey (2009),
Graham, Hahn, and Powell (2009), and Hoderlein and White (2009) are also related to the

present paper, but have a different focus.

2 Identification

This section presents the identification results for model (1). The identification results are
presented for the case T' = 2; generalization for the case 1" > 2 is immediate. Consider the

following assumption:

Assumption ID. Suppose that:
(i) T =2 and {X;,U;, oy} is a random sample, where X; = (X;1, Xi2) and U; = (Uj1, Usa);

(ii) fUit|Xit7ai»Xi(—t)uUi(—t) (ut’m’a’x(—t)’u(—t)) = fUit|X1it (u|) for all (ut,:L‘,Oz,l‘(_t),U(_t)) €
R x XYxR x XYxR and t € {1,2},°

(iii) E[Uy| Xy =2] =0, forallz € X and t € {1,2};'°

(iv) the (conditional) characteristic function ¢y, (s| Xy = x) of Uy, given X = x, does not
vanish for all s € R, x € X, and t € {1,2};!!

(v) Ellm(zt, a4)| | Xi = (z1,22)] and E[|Ui|| Xit = x¢] are uniformly bounded for all t and
(331,:132) eX x X;

(vi) the joint density of (Xi1, Xi2) satisfies fx,, x,, (z,2) > 0 for allz € X, where for discrete

components of X the density is taken with respect to the counting measure;
(vii) m (z,a) is weakly increasing in o for all x € X;
(viii) «; is continuously distributed, conditional on X; = (x1,x2), for all (x1,22) € X X X.

Conditional independence Assumption ID(ii) is strong; however, independence assump-
tions are usually necessary to identify nonlinear nonparametric models. For example, this

assumption is satisfied if Uy = o4 (Xit) §;;, where oy (x) are positive bounded functions and

9Index (—t) stands for "other than ¢" time periods, which in the case T'= 2 is the (3 — t)-th period.

107t is possible to replace Assumption ID(iii) with the conditional quantile restriction Qu,, 1x,, (qlz) = 0 for
some q € (0,1) for all z € X.

"'The conditional characteristic function ¢, (s|X =) of A, given X = z, is defined as ¢, (s|X =z) =
E [exp (isA) | X = ], where i= y/—1.



& are i.i.d. (0,1) and are independent of («y, X;). Assumptions ID(ii) rules out lagged de-
pendent variables as explanatory variables, as well as serially correlated disturbances. On
the other hand, this assumption permits conditional heteroskedasticity, since U;; does not
need to be independent of X;;. Moreover, the conditional and unconditional distributions
of Uj; can differ across time periods. Assumption ID(ii) imposes conditional independence
between «; and Uy, which is crucial for identification. The assumption of conditional in-
dependence between U;; and U_y) can be relaxed; Remark 7 below and Section 6.2 in the
Appendix explain how to identify the model with serially correlated disturbances U;. As-
sumption ID(iii) is standard. Assumption ID(iv) is technical and very mild. Characteristic
functions of most standard distributions do not vanish on the real line. For instance, As-
sumption ID(iv) is satisfied when, conditional on X;;, U;; has normal, log-normal, Cauchy,
Laplace, X2, or Student-t distribution. Assumption ID(v) is mild and guarantees the existence
of conditional characteristic functions of m (z, a;) and U;;. Assumption ID(vi) is restrictive,
but is a key to identification. Inclusion of explanatory variables that violate this assumption
(such as time-period dummies) into the model is discussed below in Remark 5. Assumption
ID(vii) is standard. Note that Assumption ID(vii) is sufficient to identify the random effects
model, but needs to be strengthened to identify the structural function when the effects «;
can be correlated with the covariates X;;. Assumption ID(viii) is not restrictive since function
the m (z,a) can be a step function in a. Finally, if the conditions of Assumption ID hold
only for some, but not all, points of support of X;; let X be the set of such points; then the
identification results hold for all z € X.

For expositional clarity, identification of the random effects model is considered first. Sub-
sequently, the result for the fixed effects is presented. Note that the random effect specification
of model (1) can be interpreted as quantile regression with measurement error (Uy).'2

The following assumption is standard in nonlinear random effect models:
Assumption RE. (i) a; and X; are independent; (ii) o; has a uniform distribution on [0, 1].

Assumption RE(i) defines the random effect model, while Assumption RE(ii) is a standard

normalization, which is necessary since the function m (z, ) is modelled nonparametrically.

Theorem 1. Suppose Assumptions ID and RE are satisfied. Then, model (1) is identified,
i.e. functions m(x,a) and fy,|x,, (u|r) are identified for allz € X, a € (0,1), u € R, and
te{1,2}.

The proof of Theorem 1 uses the following extension of a result due to Kotlarski (1967) .

Lemma 1. Suppose (Y1,Y2) = (A+ Uy, A+ Us), where the scalar random variables A, Uy,

and Us, (i) are mutually independent, (ii) have at least one absolute moment, (iii) E [U1] =0,

12T thank Victor Chernozhukov for suggesting this interpretation.



(iv) ¢y, (s) # 0 for all s and t € {1,2}. Then, the distributions of A, Uy, and Uy are identified
from the joint distribution of (Y1,Y2).

The proof of the lemma is given in the Appendix. See also Remark 8 below for the
discussion.
Proof of Theorem 1. 1. Observe that m (X1, ;) = m (X2, ;) when X;; = X;9 = x. For

any x € X,
Yi1
Y;

Assumptions ID(i)-(v) ensure that Lemma 1 applies to (3), conditional on the event X;; =

m(z, ;) + Ust
m (a;, Ozi) + Ujo

{Xﬂ = X0 = l’} = ( > ‘ {Xil = Xjp = :E} . (3)

X2 = z, and identifies the conditional distributions of m (z, ), U1, and Ujg, given X;1 =
Xio = =z, for all € X. The conditional independence Assumption ID(ii) gives
fui1xi,x0 (W|T, ) = fu,x,, (u|z) for t € {1,2}. That is, the conditional density fy,,|x,, (u|r)
is identified for all z € X', u € R, and ¢ € {1,2}.

2. Note that, conditional on X;; = x (as opposed to X;; = X;o = z), the distribution
of Yj is a convolution of distributions of m (z,a;) and Uy.'* Therefore, the conditional

characteristic function of Yj; can be written as

by, (8|1 Xit = ) = Spy(w,00) (81Xt = @) Py, (8| X = ) .

In this equation ¢y, (5| Xy = x) = E [exp (isYi) | X3 = ] can be identified directly from data,
while ¢y, (5| X = x) was identified in the previous step. Thus, the conditional characteristic

function of m (z, ;) is identified by

oy, (X = )
P, (51X =)’

¢m(z,ai) (S|Xit = x)

where ¢y, (5| X =) #0for all s € R, z € X', and t € {1,2} due to Assumption ID(vi).

3. The identification of the characteristic function ¢,,(; o, (s|Xit = ) is well known to be
equivalent to the identification of the corresponding conditional distribution of m (z, «;) given
Xt = x; see, for example, Billingsley (1986, p. 355). For instance, the conditional cumulative

distribution function F,(; o,)x,, (w|x) can be obtained using the result of Gil-Pelaez (1951):

X g—isw

1 .
Fm(x,ai)|X¢t (’w|{L’) - 5 — lim ¢m(a:,ai) (S‘Xit = CL‘) d87 (4)

x—oo )\ 2mis

for any point (w,x) € (R, X) of continuity of the CDF in w. Then, the conditional quantile
function @ (z.a,)|x,, (¢|2) is identified from F, ;0. x;, (w]T).

13 A random variable Y is a convolution of independent random variables A and U if Y = A+ U.



Finally, the structural function is identified for all x € X and « € (0, 1) by noticing that

Qm(m,ai)|X7;t (Oé|$) =m (:L’, Qai\Xn (Ot|ﬂ£')) =m (l‘, O£) ) (5)

where the first equality follows by the property of quantiles and Assumptions ID(vii), while
the second equality follows from the normalization Assumption RE(ii).!* W

To gain some intuition for the first step of the proof, consider the special case when Uj;
and Ujo are identically and symmetrically distributed, conditional on X;» = X;; = « for all

x € X. Then, for any x € X, the conditional characteristic function of Y;3 — Y;1 equals

¢Y1:2—Y1:1 (S|XZ'2 = Xil = .’L') =F [exp {is (ng — Y;l)} |XZ'2 = Xﬂ = .’L']
= E [exp {is (Uiz — Ui1)} | Xso = Xi1 = ] (6)
= ¢y (sla) gy (—slz) = ¢y (s]2)?,

where ¢ (s|z) denotes the characteristic function of Uy, conditional on X;; = x. Since Uy
has a symmetric conditional distribution, ¢ (s|x) is symmetric in s and real valued. Thus,
¢y (s|z) is identified, because ¢y, _y-, (s|Xs2 = X1 = ) is identified from data. Once ¢y, (s]z)
is known, the structural function m (z, ) is identified by following steps 2 and 3 of the proof.

Now consider the fixed effects model, i.e. the model where the unobserved heterogeneity
«; and covariates X;; can be correlated. A support assumption is needed to identify the fixed

effects model. For any event ¥, define S,, {} to be the support of «;, conditional on 9.

Assumption CRE. (i) m(x,«) is strictly increasing in «; (ii) for some T € X the normal-
ization m (T, o) = « for all « is imposed; (iii) Sa, {(XitaXz’(—t)) = (2,7)} = Sa, {Xi =z}
forallz € X and t € {1,2}.

Assumption CRE(i) is standard in the analysis of nonparametric models with endogeneity
and guarantees invertibility of function m (z, @) in the second argument. Assumption CRE(ii)
is a mere normalization given Assumptions ID(viii) and CRE(i). Assumption CRE(iii) re-
quires that the "extra" conditioning on X; = T does not reduce the support of «;. A
conceptually similar support assumption is made by Altonji and Matzkin (2005). Impor-
tantly, neither their exchangeability assumption nor the index function assumption of Bester
and Hansen (2007) are needed.

Theorem 2. Suppose Assumptions ID and CRE(i)-(ii) hold. Then, in model (1) the struc-

tural function m (z,a) and the conditional and unconditional distributions of the unobserved

!1n fact, the proof may be obtained in a shorter way. The first step identifies the conditional distribution
of m (x, o), given the event X1 = X2 = «, and hence identifies Qpn(z,a,)1x:1,%,5 (¢|7, ). Then, similar to (5)
one obtains

Qm(e,a)|Xi1, X2 (qlz,z) =m ('T’ Qa,|Xi1, X2 (az, 1’)) =m(z,a).

The proof of the theorem is presented in the three steps to keep it parallel to the proof of identification of

the correlated random effects model in the next theorem.



heterogeneity Fy, (a| Xt = ) and F,, (), and the idiosyncratic disturbances Fy,, (u| X = x)
are identified for all x € X, a € So, {(Xit, Xir) = (2, %)}, u € R, and t € {1,2}.

If in addition Assumption CRE(iii) is satisfied, the functions m (x,a) and Fy, (| Xs = )
are identified for all x € X, a € So, {Xit = x}, and t € {1,2}.

Proof. 1. Identify the conditional distribution of U;; given X;; exactly following the first step
of the proof of Theorem 1. In particular, the conditional characteristic functions ¢, (s| X = )
are identified for all ¢t € {1,2}.

2. Take any x € X and note that the conditional characteristic functions of Y;; and Y;s,

given the event (X;1, X;2) = (z,T) satisfy

Oy, 81 Xin =2, Xi2 =T) = bpy(xi,00) (81 Xit = 2, Xi2 = 7) ¢y, (5| X1 = 7)),
by, (5| X1 =2, X2 =7) = ¢, (5|Xi1 =2, X0 =7) ¢y, (5|Xi2 =7T),

where Assumption CRE(ii) is used in the second line. The conditional characteristic functions
of Y;; on the left-hand sides of the equations are identified from data, while the function
¢y, (s|Xix = ) is identified in step 1 of the proof. Due to Assumption ID(iv), ¢y, (s|x) # 0
for all s € R, z € X, and ¢t € {1,2}. Thus, we can identify the following conditional
characteristic functions:
Dn(won) (81Xi1 = 2, Xip =T) = Pvi ;SUDI(Z(IS&Z’fi)_ $)7 (7)
by, (8| Xi1 = 2, Xig = 7)

¢ai (S|Xi1 = :U>Xi2 = E) = ¢U. (S‘X‘Q _ j) : (8)

As explained in the proof of Theorem 1, these conditional characteristic functions uniquely

determine the quantile function Q4 q,) (¢|Xi1 = 7, Xj2 = ¥) and the cumulative distribution
function F,, x,, x,, (a|z,Z).

3. Then, the structural function m (z, «) is identified by

Qm(m,ai)lXil,Xiz (FailXil,Xiz (alz, ) |x,f)
= m (l‘, Qai|Xi1,Xi2 (Fai|Xi1,Xi2 (a|x,f) ‘3375)) =m (l‘, a) ’ (9)
where the first equality follows by the property of quantiles and Assumption CRE(i) and the
second equality follows from the definition of the quantile function and Assumption ID(viii).

Next, consider identification of Fy, (a|Xis = 2). Similar to step 2, function ¢y, (s|X;; = x)

is identified from data and hence

Dm(Xonsen) (51Xit = @) = by, (8| Xir = x) [ by, (s|Xie = ) (10)



is identified. Hence, the quantile function Q) x;,, (¢/z) is identified for all z € X, ¢ €
(0,1), and t € {1,2}. Then, by the property of quantiles

Qm(Xi,00)| X (@lT) =m0 (a:, Qo, X (q[a;)) for all ¢ € (0,1).

Thus, using Assumption CRE(i) the conditional distribution of «; is identified by

Qai\Xit (Q|$) = m_l (.’L‘, Qm(Xit,ai)\Xit (Q|$)) ; (11)

where m~! (z,w) denotes the inverse of m (z, @) in the second argument, which is identified for
all @ € Sy, {Xit = x} when Assumption CRE(iii) holds. Finally, one identifies the conditional
cumulative distribution function F,,x,, (a|z) by inverting the quantile function Q,,x,, (¢|7).

Then, the unconditional cumulative distribution function is identified by

/ Fo, (a|Xit = ) fx,, (z) dz,

where the conditional density fx,, (x) is identified directly from data. B

Remark 1. Function m (z,a) and the distribution of cy; depend on the choice of T. However,

it is easy to show that function

h(z,q) =m(,Qa, (9))

does not depend on the choice of normalization T. The function h(x,q) is of interest for
policy analysis. In the union membership example, the value h(1,0.5) —h (0,0.5) is the union

membership premium for a person with median skill level.

Remark 2. Assumption CRE(iii) may fail in some applications. In this case Theorem 2
secures point identification of function m (x, «) for all v € So,; {(Xi1, Xi2) = (2, @)}, but the set
Sa; {(Xi1, Xi2) = (z,T)} is a strict subset of the set So, {Xi1 = x}. However, it is likely that
[Qa, (¢|Xi1 =2), Qa, (@ X1 = )] C Sa, {(Xi1, Xi2) = (z,T)} for some small value q and a
large value q such that 0 < q <q < 1. In other words, it is likely that even when Assumption
CRE(iii) fails, one obtains the identification of the function m (x,a) (and correspondingly

h(z,q)) for most values of o (and q) except the most extreme ones.

Remark 3. The third steps of Theorems 1 and 2 can be seen as (the distributional gener-
alization of) between- and within-variation, respectively. The works of Altonji and Matzkin
(2005) and Athey and Imbens (2006) use distributional manipulations similar to the third
step of Theorem 2. However, their models contain only a scalar unobservable and hence the
quantile transformations apply directly to the observed distributions of outcomes. The method

of this paper instead filters out the idiosyncratic disturbances at the first stage, and only after
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that uses between- or within-variation for identification.

Remark 4. Time effects can be added into the model, i.e. the model
Yit = m (Xit, o) + g (Xir) + Uit (12)

is identified. Indeed, normalize n; (x) = 0 for all x € X, then for any t > 1 time effects n, (x)

are identified from
EYy —Yu|Xy = Xig = 2] = E[Uy +ny (Xat) — Unn| Xt = Xix = 2] =1 () .

Once the time effects are identified, identification of the rest of the model proceeds as described

above, except the random variable Y is replaced by Yir — n; (Xit).

Remark 5. The identification strategies of Theorems 1 and 2 require that the joint density of
(Xi1, Xi2) is positive at (z,x), i.e. fx,, x,. (x,z) >0, see Assumption ID(vii). In some situa-
tions this may become a problem, for example, if an individual’s age is among the explanatory
variables. Suppose that the joinl density f(z,, 7. ) (z,2) = 0, where Zj; are some explana-
tory variables, different from the elements of X;. Assume that «; and Z; are independent,
conditional on X;, and E [U;|X;, Z;]) = 0. The following model is identified:

Yie = m (X, i) + 9 (Xit, Zig) + Uiy

Note that the time effects n, (x) of the model (12) are a special case of g (x, z) with Zyy =t. To
separate the functions m(-) and g (-), impose the normalization g (z,z9) = 0 for some point
zo and all x € X. Then, identification follows from the fact that

g(z,2) =FE Yy — Y| Xit = Xir =2, Zit = 2, Zir = 2],

under the assumption that the conditional expectation of interest is observable. Then, define
Yi=Yy—g (Xit, Zit) and proceed as before with Yi; instead of Yi.

Remark 6. In some applications the support of the covariates in the first time period X1
1s smaller than the support of covariates in the second period. For instance, suppose X is
the treatment status (0 or 1) of an individual © in period t and no one is treated in the first
period, but some people are treated in the second period. Then, the event X;1 = X0 = 0 has
positive probability, but there are no individuals with X;1 = X2 = 1 in the population, thus
Assumption ID(vi) is violated. A solution is to assume that the idiosyncratic disturbances Us
are independent of the treatment status X;;. Then, the distribution of the disturbances Uy is
identified by conditioning on the event X;1 = X;o = 0 and the observations with X;1 = X2 =1

are not needed. Identification of the structural function m (x,«) only requires conditioning on
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the event {X,0 = 0, X;1 = 1}, which has positive probability.

Remark 7. Assumption ID(ii) does not permit serial correlation of the disturbances. It is
possible to relax this assumption. Section 6.2 in the Appendiz shows how to identify model
(1) when the disturbance Uy follows AR(1) or MA(1) processes. The identification argument
requires panel data with three time periods. It is important to note that the assumption of
conditional independence between the unobserved heterogeneity o; and the disturbances Uy s
still a key to identification. However, this assumption requires some further restrictions re-
garding the initial disturbance U;1. As discussed in Section 6.2, in panel models with serially
correlated disturbances, the initial disturbance U;1 and the unobserved heterogeneity oy can be
dependent when the past innovations are conditionally heteroskedastic. On the one hand, due
to conditional heteroskedasticity, the initial disturbance U;; depends on the past innovations
and hence on the past (unobserved) covariates. On the other hand, the unobserved heterogene-
ity a; may also correlate with the past covariates and hence with the initial disturbance Uy .
Section 6.2 provides assumptions that are sufficient to guarantee the conditional independence
of a; and Usy.

Remark 8. This paper aims to impose minimal assumptions on function m (x,«) and the
conditional distribution of m (x,«;). The original result of Kotlarski (1967) requires the as-

sumption that the characteristic function ¢p,(y o) (-|Xit = x) is nonvanishing. This assump-

T,0
tion may be violated, for instance, when m (x,«;) has a discrete distribution. Lemma 1 avoids

imposing this assumption on the distribution of m (x,a;).

3 Estimation

The proofs of Theorems 1 and 2 are constructive and hence suggest a natural way of estimating
the quantities of interest. Conditional characteristic functions are the building blocks of the
identification strategy. In Section 3.1 they are replaced by their empirical analogs to construct
estimators. Essentially, the estimation method requires performing deconvolution conditional
on the values of the covariates.

When the covariates are discrete, estimation can be performed using the existing decon-
volution techniques. The sample should be split into subgroups according to the values of
the covariates and a deconvolution procedure should be used to obtain the estimates of nec-
essary cumulative distribution functions, see the expressions for the estimators mpp (2, «)
and mogrg (r, @) below. There is a large number of deconvolution techniques in statistics
literature that can be used in this case. For example, the kernel deconvolution method is well
studied, see the recent papers of Delaigle, Hall, and Meister (2008) and Hall and Lahiri (2008)

for the description of this method as well as for a list of alternative approaches.!?

15The number of econometric applications of deconvolution methods in econometrics is small but growing; an

12



In contrast, when the covariates are continuously distributed one needs to use a conditional
deconvolution procedure. To the best of my knowledge this is the first paper to propose
conditional deconvolution estimators as well as to study their statistical properties.

Section 3.1 presents estimators of conditional the cumulative distribution functions and the
conditional quantile functions by means of conditional deconvolution. Section 3.1 also provides
estimators of the structural function m (z, o) and the conditional distribution of heterogeneity
«;. Importantly, the estimators of the structural functions are given by an explicit formula
and require no optimization. Section 3.2 derives the rates of convergence for the proposed
estimators. As a by-product of this derivation, the section obtains the rates of convergence
of the proposed conditional cumulative distribution and quantile function estimators in the
problem of conditional deconvolution.

In this section T' can be 2 or larger. All limits are taken as n — oo for T fixed. For
simplicity, the panel dataset is assumed to be balanced. To simplify the notation below,
xir stands for (zy,x;). In addition, the conditioning notation "|z;" and "|z;;" should be,
correspondingly, read as "conditional on X;; = z;" and "conditional on (X, X;7) = (x4, 2-)".

Thus, for example, Fy,(z, o) (W|Ttr) means Fiyq, o)X, x,, (@[T 27).

3.1 Conditional CDF and Quantile Function Estimators

Remember that the conditional characteristic function ¢y, (s|z¢) is simply the conditional
expectation; ¢y (s|z1) = E[exp (isYi)| Xit = x¢]. Therefore, it is natural to estimate it by

the Nadaraya-Watson kernel estimator!6
> i1 exp (isYiy) Kpy (Xis — 21)
Yoty Ky (Xip — a)

where hy — 0 is a bandwidth parameter, K, (1) = K (-/h) /h and K (-) is a standard kernel
7

Py, (slze) =

function.!
When the conditional distribution of Uy is assumed to be symmetric and the same across

t, formula (6) identifies its characteristic function. In this case ¢y (s|z) = ¢p, (5| Xt = x) is

incomplete list includes Horowitz and Markatou (1996), Li and Vuong (1998), Heckman, Smith, and Clements
(1997), Schennach (2004a), Hu and Ridder (2005), and Bonhomme and Robin (2008).

161n this section all covariates are assumed to be continuous. As usual, estimation in the presence of discrete
covariates can be performed by splitting the sample into subsamples, according to the values of the discrete
covariates. Naturally, the number of discrete covariates does not affect the rates of convergence. When the
model does not contain any continuous covariates the standard (unconditional) deconvolution procedures can
be used (see for example Fan, 1991).

7 As usual, the data may need to be transformed so that all the elements of the vector of covariates X;; have
the same magnitude.
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the same for all ¢ and can be estimated by

1/2

by (slz) = ‘ =1 g 2rey exp {is (Yie = Yir)} Ky, (Xt — @) Koy, (Xir — )
U - J—
ST S Kny (Xit — @) Kny (Xir — )

where bandwidth hyr — 0. If the researcher is unwilling to impose the assumptions of symme-
try and distributional equality across the time periods, an alternative estimator of ¢, (s|z;)

can be based on the empirical analog of equation (A.1):

T 1 p — .
(}AS (s|zs) = 1 ZeXp i/5 S Vet (Yie Y”)KhU (Xit — x¢) Kny (Xir — l‘t)dg
Uit T—1 p— 0 Z?:l eif(Yit*Yi-r)KhU (th _ xt) KhU (er _ xt)

7'7_£t

s > iy Yit Ky (Xit — 1) }
> iy Ky (Xit — x)

N ~S

In what follows an estimator of ¢, (s|z¢) is written as ¢, (s|z¢) and means either ¢, (s|z¢)
~AS

or ¢y, (s|r¢) depending on the assumptions that the researcher imposes about Uj;.

Using (10), the conditional characteristic function ¢, slzy) can be estimated by

ﬂﬁt,ai)(
Pm(as,z)(8lTt) = Dy, (swt) /Dy, (s|xe). Then, the goal is to estimate the conditional cumulative
distribution functions Fm(%ai)(wlmt) and the corresponding quantile functions Qm(xt,ai)(q]wt)

for each t. The estimator of F},,(;, 4,)(w|7:) can be based on equation (4):

. 1 00 gTisw by, (slzt)

o (wlat) 2 /_oo 2mis P () v, (S|xt)d87 (13
where ¢,, () is the Fourier transform of a kernel function w () and h,, — 0 is a bandwidth
parameter. The kernel function w (-) should be such that its Fourier transform ¢,, (s) has
bounded support. For example, the so-called sinc kernel wgip (s) = sin (s) / (7ws) has Fourier
transform ¢, (s) = I(]s| <1). More details on ¢,, () are given below. Use of the smooth-
ing function ¢, (+) is standard in the deconvolution literature, see for example Fan (1991) and
Stefanski and Carroll (1990). The smoothing function ¢,, (-) is necessary because deconvolu-
tion is an ill-posed inverse problem. The ill-posedness manifests itself in the poor behavior of
the ratio qAint (s|xt) /Q%Uu (s|z¢) for large |s|, since both ¢, (s|x¢) and its consistent estimator
qAbU“ (s|x;) approach zero as |s| — oo.

The estimator of Fj, (s, ,) (W|T¢r) is similar to (13). Define

S exp{isYi} Kny (Xit — a¢) Kpy (Xir — 1)
>y Kny (Xit — 24) Kpy (Xir — 27) '

EﬁYit (slzir) =

Then, the estimator Fm(wt’ai) (w]zer) is exactly the same as Fm(%ai) (w]zt) except gzﬁyit (s|zt)
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is replaced by (Abyl , (8|z¢r). Note that the choice of bandwidth hy is different for gzﬁyit (s|xy)
and &5}/“ (s|z¢r). Below, hy (d) stands for the bandwidth used for estimation of <§5Y1 , (s]z¢) and
QASY” (s|x¢r), respectively, when d = p and d = 2p, where p is the number of covariates, i.e. the
length of vector Xj;.

Conditional quantiles of the distribution of m (x4, ;) can be estimated by the inverse
of the corresponding conditional CDFs. The estimates of CDFs can be non-monotonic,
thus a monotonized version of CDFs should be inverted. This paper uses the rearrange-
ment technique proposed by Chernozhukov, Fernandez-Val, and Galichon (2007). Function
Fm(act,ai) (w|z¢) is estimated on a fine grid'® of values w and the estimated values of Fm(mt’ai)
are then sorted in increasing order. The resulting CDF is monotone increasing by construction.
Moreover, Chernozhukov, Fernandez-Val, and Galichon (2007) show that this procedure im-
proves the estimates of CDFs and quantile functions in finite samples. Define ﬁm(%ai) (w|zy)
to be the rearranged version of Fm(mhai) (wlxy).

The conditional quantile function @, (g|z;) can then be estimated by

Qm(mt,ai) (C_I|{L't) = Hgn {ﬁm(mt,ai) (O.)|.CL‘t) > Q} s

where w takes values on the above-mentioned grid. Estimation of Qy, (s, «,) (w|T¢r) is analogous
to estimation of Qy,(z,,a,) (W|T1)-

As always, it is hard to estimate quantiles of a distribution in the areas where the density
is close to zero. In particular, it is hard to estimate the quantiles in the tails of a distribution,
i.e. the so-called extreme quantiles. Therefore, it is suggested to restrict attention only to the
estimates of, say, 0.05-th to the 0.95-th quantiles of the distribution of m (x, c;).**

Once conditional CDFs and Quantile Functions are estimated, formula (5) suggests the

following estimator of the structural function m (x, «) in the random effects model:

T

. 1 A

MRE (.%', Od) = f Z Qm(az,ai) (a’Xit = .’IJ) y @€ (07 1) :
t=1

Note that compared to expression (5) the estimator mprp contains extra averaging across time
periods to improve finite sample performance. As usual x should take values from the interior
of set X to avoid kernel estimation on the boundary of the set X'. As mentioned earlier, one
should only consider "not too extreme" values of a, say a € [0.05,0.95]. At the same time,

one does not have to estimate the conditional distribution of ¢; since in the random effect

181n practice, it is suggested to take a fine grid is taken on the interval [Qy“p(“ (O|xe), Qymx“ (1- 6|wt)],

where Qy“‘xu (g|z¢) is the estimator of Qy,,|x,, (¢|xt), i.e. of the g-th conditional quantile of Yi; given Xy = x¢,
and ¢ is a very small number, such as 0.01. The conditional quantiles Qy;,|x,, (¢|®:) can be estimated by the
usual kernel methods, see for example Bhattacharya and Gangopadhyay (1990).

90f course, confidence intervals should be used for inference. However, derivation of confidence intervals
for extreme quantiles is itself a hard problem and is not considered in this paper.
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model Q,, (q|z¢) = q for all ¢ € (0,1) and z; € X by Assumption RE(ii).

In the fixed effects model it is possible to use the empirical analog of equation (9) to
estimate m (z,«). Instead, a better procedure is suggested based on the following formula
that (also) identifies the function m (z, ). Following the arguments of the proof of Theorem
2 it is easy to show that for all z € X', zo € X, ¢, and 7 # ¢, the structural function can be

written as

M@, @) = Quma0) X1 0r (Fnn,00) X 0r Qi) X7 (Fin(@on)|Xs o (0|T, 22) [T, 22) |2, 22) |2, 22),

where X 4, stands for (Xj, X;;) to shorten the notation. Note that 3 in the above formula
only enters on the right-hand side but not on the left-hand side of the equation. Thus, the

estimator proposed below averages over xs:

. 1 d 1
mere (T, a) = TT-1) tZ_;T;# leb (%) X (14)

/X Qw0 Xt (Fr(@asan)|Xior (@m@a,an) Xoor (Fm@an X, (@

T, xg) T, J:Q) x,x2)|x,$2)dx2,
for all x € X', where set X is a subset of X that does not include the boundary points of X,
and the normalization factor leb (?) is the Lebesgue measure of set X. Averaging over zs,
t, and 7 exploits the overidentifying restrictions that are present in the model. Once again,
the values of a should not be taken to be "too extreme". The set X is introduced to avoid
estimation at the boundary points. In practice, integration over x2 can be be substituted by
summation over a grid over X with the cell size of order hy (2p) or smaller. Then, instead of
leb (?), the normalization factor should be the number of grid points.2’

Note that the ranges and domains of the estimators in the above equations are bounded
intervals that may not be compatible. In other words, for some values of a and xo the ex-
pression Q (f (Q (ﬁ (a|z, xz2)| T, 932> ‘ T, x2> ‘ T, $2) cannot be evaluated because the value of
one of the functions F (-) or Q (-) at the corresponding argument is not determined (for some
very large or very small a). This can happen because the supports of the corresponding con-
ditional distributions may not be the same or, more likely, due to the finite sample variability
of estimators. Moreover, consider fixing the value of a and varying zs. It can be that for
some values of x5 the argument of one of the estimated functions F (-) or Q (-) corresponds
to extreme quantiles, while for other values of x5 the arguments of all estimated CDFs and
quantile functions correspond to intermediate quantiles. It is suggested to drop the values of
Q (ﬁ (Q (ﬁ (a|T, x2) - - ))) that rely on estimates at extreme quantiles from the averaging

20When X, is discrete one should substitute integration with the summation over the points of support of
the distribution of Xj¢.
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and adjust the normalization factor correspondingly.?!

Finally, using (11) the conditional quantiles of the distribution of «; is estimated by

If the conditional distribution is assumed to be stationary, i.e. if Qq, (¢|Xi: = ) is believed

to be the same for all ¢t then additional averaging over ¢ can be used to obtain

T
N 1 L a
Qai (q|Xit = $) = f E mC}{E <x7 Qm(x,ai)\XiT (Q|$)> .
T=1

Then, by inverting the conditional quantile functions one can use the sample analog of the
formula Fy, (o) = [ Fo, (o|xy) f (2¢) dzy to obtain the unconditional CDF E,, (a) and the
quantile function QAai (¢). Then, the policy relevant function h (z,q), discussed in Remark 1,

can be estimated by h (x,q) = McoRE (w, Qai (q))

3.2 Rates of Convergence of the Estimators

First, this section derives the rates of convergence of the conditional deconvolution estimators
Fm(xt’ai) (w|xt) and Fm(xt’ai) (w|xtr). Then, it provides the rates of convergence for the other
estimators proposed in the previous section.

Although the estimators of characteristic functions &5}/“ (-) and (%Uit (+) proposed in the
previous section have typical kernel estimator form, several issues are to be tackled when
deriving the rate of convergence of the estimators of the CDFs Fm(xt’al.) (). First, as dis-
cussed in the previous section, for any distribution of errors U;; the characteristic function
¢y, (s|z) approaches zero for large |s|, i.e. ¢y, (s|z) — 0 as [s| — oo. This creates a problem,
since the estimator of ¢, (s|z) is in the denominator of the second fraction in (13). More-
over, the bias of the kernel estimator of the conditional expectation E [exp {isYj:} | Xy = 2]
grows with |s|. Thus, large values of |s| require special treatment. In addition, extra care
also needs to be taken when s is in the vicinity of zero because of the term 1/s in formula
(13). For instance, obtaining the rate of convergence of suprema of |<;5Y1t (s|z) — oy, (s]z) |
and \&U“ (slz) — ¢y, (s|x) | is insufficient to deduce the rate of convergence of the estimator
Fm(act,ai) (1). Instead, the lemmas in the appendix derive the rates of convergence for the
suprema of \sil(qAbyit (s|lz) — ¢y, (s|z))| and ]sil(qAbU“ (slz) — ¢y, (s|z))| over the expanding
set s € [—h;l,O) U (O, h;l] and all z. Then, these results are used to obtain the rate of

convergence of the integral in the formula for Fm(ajt,ai) (+).

2INote that 7cre depends on the choice of Z. In practice, it is suggested to take the value of T to be the
mode of the distribution of X;; because the variance of the kernel estimators is inversely proportional to the
density of X;: at a particular point.
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The assumptions made in this section reflect the difficulties specific to the problem of

conditional deconvolution. The first three assumptions are, however, standard:

Assumption 1. F, g, o) (W|Tt) and Fiq, o) (W]Ter) have kp > 1 continuous absolutely in-

tegrable derivatives with respect to w for allw € R, all x4y € X X X, and allt, T # t.

For any set Z, denote Dz (k) to be the class of functions ¢ : Z — C with k continuous

mixed partial derivatives.

Assumption 2. (i) X CRP is bounded and the joint density f(x, x,)(Tir) is bounded from
above and is bounded away from zero for allt, T #t, and xi; € X X X; (i) there is a positive
integer k > 1 such that fx, (z;) € Dy (E) and fix, x,) (Ttr) € Daxx (E)

Assumption 3. There is a constant v > 2 such that sup,, cxxx E[|Yit|" |xir] is bounded for

allt and T.

Assumption 1 is only slightly stronger than the usual assumption of bounded derivatives.
The integer k introduced in Assumption 2(ii) is also used in Assumptions 4 and 5 below. The
value k should be taken so that these assumptions hold as well. It may be helpful to think of
k as of the "smoothness in z; (or z4,)".

The rate of convergence of deconvolution estimators depends critically on the rate of
decrease of the characteristic function of the errors. Therefore, for all positive numbers s it

is useful to define the following function:

X (5) = max sup 1/ oy, (s| X =)

LT (g e ]—5,5] x X [, (51X |
It is a well-known result that x (5) — oo as § — oo for any distribution of Uj;. Estimator (13)
contains 1/ gAbUi . (s|z¢) as a factor, hence the rate of convergence of the estimator will depend

on the rate of growth of x (5). The following two alternative assumptions may be of interest:

Assumption OS. x (3) < C (1 + |§|X> for some positive constants C and .

Assumption SS. x (5) < C; (1 + |§|62) exp <\§|X/€3> for some positive constants Cy, Co,

C3, and X, but x (3) is not bounded by any polynomial in |5| on the real line.

Assumption OS and SS are generalizations of, correspondingly, the ordinary-smooth and
super-smooth distribution assumptions made by Fan (1991). This classification is useful be-
cause the rates of convergence of the estimators of CDFs are polynomial in the sample size n
when Assumption OS holds, but are only logarithmic in n when Assumption SS holds.

The following example is used throughout the section to illustrate the assumptions:
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Example 1. Suppose that Uy = o1 (Xit) &, where oy (x) is the conditional heteroskedasticity
function and &;; are i.i.d. (across i and t) random variables with probability distribution Le.
Assume that infiex 1<t<7 01 (v) > 0 and sup,cx 1<i<7 0t (z) < 00. In this case ¢y, (s|r) =
e, (o¢ (2) ).

For instance, Assumption OS is satisfied for Example 1 when L¢ is a Laplace or Gamma
distribution. In the former case, ¢y, (s|z) = (1+ o7 (z) 52)_1, hence Assumption OS holds
with A = 2. Similarly, when Le¢ is a Gamma distribution with v > 0 and 6 > 0 the conditional
characteristic function has the form ¢, (s|z) = (1 —ifo; (x)s)” ", and hence Assumption OS
holds with X = ~.

When L is normal in Example 1, Assumption SS is satisfied with A = 2 because ¢y, (s|z) =
exp (—o7 (z) s*/2). Assumption SS is also satisfied with A = 1 when L has Cauchy or
Student-t distributions in Example 1.

Let o = (a1, ..., aq) denote a d-vector of nonnegative integers and denote |a| = a3 +...+
ag. For any function ¢ () that depends on z € Z C R? (and possibly some other variables)
define 0% (-) = 9%l (-)/ 92" ... 925%. Function ¢ : S x Z — C, S C R, Z C R? is said to
belong to class of functions D% (k) if it is k times continuously differentiable in z and there
is a constant C' > 0 such that sup,¢z max|,—; |07 (s,2)] < C(1 + |s|') for all I < k and all
s € S. The class of functions DE (k) is introduced because the k-th derivative of function

[0) o (s|z) with respect to x; contains terms multiplied by s!, with I no bigger than k.
m(ajtaaz)

Assumption 4. For allt and some constant < > 0, ¢y, (s|z¢) € D% (k) and Oy, (s|zi) /0s €
DL (k).

Assumption 5. For all t and T, ¢m($t7,ai) (s|lzy) € DE (E); Pon(4,005) (slzer) € DiR)éxX (E)’
¢m(xt,ozi)—m(xr,ozi) (slzer) € ,DE%XX (Jf)’ 8¢m(zt,oci) (slzt) /0s € ,DEY_QC} (k)f and
a‘bm(zt,ai)fm(xf,ai) (S|$t‘r) /65 € D[);;’)g(} (k) ’

The assumptions on the smoothness of functions ¢, .y (817t), im(zy.a0) (8[7tr), and
¢y, (s|r¢) are natural; these functions are conditional expectations that are estimated by
usual kernel methods. The presence of the terms containing s¥ in the k-th order Taylor
expansion of ¢y, (s|z;) and ¢, (s|z¢) causes the bias of estimators g%yit (s|x¢) and (E)Uit (s|xt)
to be proportional to |S|E for large |s|.

To see why an assumption on smoothness of function ¢,,(, a,)—m(a,,a,) (817tr) In @47 is
needed, consider estimator éﬁg (s|z) based on (6). The value of ¢y,(5, ai)—m(ar ;) (8Ttr) 18

close to unity when x; is close to z,. Thus, one can obtain ¢, g, (s|z¢) from the formula

¢Yit—Yir (3’ (Xita th) = mtT) = ¢Uit_Ui7‘ (S‘CUtT) ¢m(a:t,ai)—m(x7,ai) (3‘37157') .

he assumption on smoothness of function ¢, a,)—m(zra:) (s|zr) in x4 controls how fast

Pr(zs,00)—m(zr,a;) (S[Ter) approaches unity when the distance between z; and z, shrinks,
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which is necessary to calculate the rate of convergence of éi (s|z). Note also that in (13),
és}/it (s|x¢) is divided by s while s passes through zero. Then, the analysis of [g?)ylt (s|lxy) —
¢y, (s|zt)]/s requires assumptions regarding the behavior of derivatives 96,,(y, ,)(s|7t)/0s
and 9¢y,, (s|z¢)/ds in the neighborhood of s = 0 because ¢y, (s[2t) = Gy (z,.00) (8|21) P, (8]78).-

It is straightforward to check that Assumption 4 is satisfied in Example 1 if o (z) € Dy (k)
for all ¢ and L¢ is Normal, Gamma, Laplace, or Student-t (with two or more degrees of
freedom).

Sufficient conditions to ensure that Assumptions 4 and 5 hold are provided by Lemmas 2

and 3, respectively.

Lemma 2. Suppose there is a positive integer k, a constant C' and a function M (u,x) such
that fu,, (u|zi) has k continuous mized partial derivatives in xy and maxq <y, 102 fu, (ulzy) ‘2 /
fu, (ulxy) < M (u,zy) for all xy € X and for almost all u € R, and ffooo M (u,x)du < C for
all x € X. Suppose also that the support of Uy, conditional on X = x4, is the whole real line
(and does not depend on x;) and that E [UZ%|XZ-t = azt] < C. Then Assumption 4 is satisfied
with k = k.

For instance, the conditions of the lemma are easily satisfied by Example 1 when oy ()
has k bounded derivatives for all ¢t and all z € X, and L¢ is Normal, Gamma, Laplace, or
Student-t (with three or more degrees of freedom).

The idea behind the conditions of the lemma is the following. The conditional characteris-
tic function is defined as ¢y, (s|z¢) = fsupp(U,-,t) exp {isu} fu,,|x;, (u|7t) du, where Supp (Uy) is
the support of U;;. Note that |exp {isu}| = 1. Suppose that for some k& > 1, all mixed partial
derivatives of function fy,, x,, (u|zy) in 24 up to the order k are bounded. Also, suppose for a
moment that Supp (U;;) is bounded. Then all mixed partial derivatives of function ¢, (s|z¢)
in z; up to the k-th order are bounded. This is because for any « such that |a| < k one
has |92 ¢y, (s|lze)| < (fsupp(Uit) du) ‘aﬁthi”Xit (ulz;)|. However, this argument fails when
the support of Uj;; is unbounded since fSupp(Uit) du = oo. Thus, when U;; has unbounded
support one needs to impose some assumption about the relative sensitivity of the density
fu.1x:; (ulzt) to changes in x; compared to the magnitude of fy,|x,, (u|z:) in the tails. This
is the main assumption of Lemma 2.

Similar sufficient conditions can be given for Assumption 5 to hold:

Lemma 3. Denote w(s, z¢, o) = m(x, a) €™ . Suppose that functions m(z¢, @), fa,(alzs),
and fo, (a|zr) have k continuous mized partial derivatives in, correspondingly, x:, xt, and
w7 for all o and xr € X X X. Suppose that max,, <y, E[|8§‘tw (s,xt,ai)}z |z ] < C (1 + sk)Z
for some constant C and for all s € R and x4y € X X X. Suppose the support of fu, (c|xt) is
(¢ (1) , ¥y (1)), and that for each j € {l,h}, t, and x¢ € X either (a)¢; (1) is infinite, or (b)

(1) has k continuous mized partial derivatives in xy and max|q|<x—_1|02, fa, (c|zy)] }a:% ()=
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0. Suppose that maxXq|<k (agtfai (a‘mt))Z /fai (Oé|.’IJt) <M (aaxt) fO?“ all v € <¢l (.%'t) 7¢h (l’t)),
where fqu?;g:ﬁ) M (a,x)da < C for all x; € X. Finally, assume that analogous restrictions
hold for fa, (a|wir). Then Assumption 5 is satisfied with k = k.

Lemma 3 extends Lemma 2 by allowing the conditional (on z;) support of random variable
(cv;) to depend on x;. This extension requires assumptions on smoothness of support boundary

functions ¢; (x¢) and v, (z¢) in xy.

Assumption 6. Multivariate kernel K (v) has the form K (v) =[]}, K (v)), where K (€) is
a univariate k-th order kernel function that satisfies [ ]§|k1~((§) d¢ < oo, fI?Z (&) d¢ < 0,
and supgeg |0K (§) /0€] < .

Assumption 7. (i) K, (+) is a symmetric (univariate) kernel function whose Fourier trans-
form w (-) has support [—1,1]. (ii) w(s) = 1+ O(|s|*") as s — 0.

Assumption 7(ii) implies that K, (-) is a kp-th order kernel. For instance, one can take
w(s) = (1 — |s|*F)"1 (|s| < 1) for some integer r > 1.22

Assumption SYM. ¢y, (s|z) = ¢y, (—s|z) = ¢y, (s|z) for allt, 7, and all (s,xz) € R x X.

Assumption SYM is satisfied when Uj; have the same symmetric conditional distribution

~S
for all £. The estimator ¢, (s|z) is consistent when Assumption SYM holds and can be
plugged into the estimator Fm(mhai) (). If one is unwilling to impose Assumption SYM the

following assumption is useful:

Assumption ASYM. (i) There exist constants Cy > 0 and by > 0 such that for all s € R
it holds that

sup [01n ¢y, (s|x) /9s| < Cy (1 + Sb¢) ,
reX

and by = 0 when OS holds; (ii) function E [m (a:t,ozi)eis(m(“”t’ai)_m(“’ai))|9:t.r} belongs to
DY x (k) and 8¢y, (s|z:) /0s € DY (k).

Assumption ASYM is very mild. For instance, in Example 1 ASYM(i) is satisfied for L
being Gamma, Laplace, Normal, or Student-t distributions. Imposing the condition by = 0
appears not to be restrictive for ordinary smooth distributions. The rates of convergence
can be derived without ASYM(i) using the results of Theorem 3 below; however, this case
seems to be of little practical interest and its analysis is omitted. ASYM(ii) is a very minor
extension of Assumptions 4 and 5. The conditions of Lemma 3 are sufficient for ASYM(ii) to

hold. Below, for notational convenience, take by = 0 if Assumption SYM holds.

*2Delaigle and Hall (2006) consider the optimal choice of kernel in the unconditional density deconvolution
problem. They find that the kernel with Fourier transform w (s) = (1 — 52)3 I(]s| < 1) performs well in their
setting.
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In the results below it is implicitly assumed that the estimator Fm(m,ai) (+) uses &5“5 (s|z)
as an estimator of ¢, (s|z;) when Assumption SYM holds. When Assumption ASYM holds,
&5‘35 (s|z¢) is used to estimate ¢y, (s|z¢) in the estimator Fm(ajt,ai) (+). Thus, the derived rates
of convergence below are obtained for two different estimators of ¢, (s|x¢). The estimator
(255“ (s|x¢) requires symmetry, but its rate of convergence is (slightly) faster than the rate of
convergence of estimator &5‘;}5 (s|zt).

Note that the above assumptions allow the characteristic functions to be complex-valued
(under Assumption ASYM) and do not require that the characteristic functions have bounded
support.

Suppose that the bandwidths hy (p), hy (2p), hv, and h,, satisfy the following assump-

tion:23

Assumption 8. For d € {p,2p} the following hold: (i) min{nhy,nhy (d)} — oo,
max {hy, by (d) by} — 0, (i) [log (n)]Y? /712 max{h;?, [hy (d)]"¥*} — 0, (iii)
(log ()% byt max{ ), [hy (d)]2ynt/ 712 — 0, (iv) (log (n) / (nhi?)]Y?+hy " hl V'™
x x* (hy') — 0, and (v) if ASYM holds hy (p) = O (hy/hw) and hy = o(h;,/Q).

Assumptions 8(ii) and (iii) are used in conjunction with Bernstein’s inequality and essen-
tially require that the tail of Yj; is sufficiently thin compared to the rate of convergence below.
Notice that the larger v in Assumption 3 is, the easier it is to satisfy Assumption 8. As-
sumption 8(iv) ensures that [{qu (slz¢) — oy, (3]3:,5)] /v, (slxt) = op (1), which is necessary
because of the term qAbUi , (8|z¢) in the denominator in the formula for Fm(x way) (). Assumption
8(v) is very mild and assures that the second fraction in the definition of estimator g%gf ()
does not dominate the first one. Assumptions 8(i) and (iv) are necessary for consistency. On
the other hand, Assumptions 8(ii),(iii), and (v) are not necessary for obtaining consistency
and the rate of convergence can be derived without imposing these assumptions. However,
the resulting expression for the rate of convergence is more complicated.

The following theorem gives convergence rates for the estimators Fm(%ai) (w|xy) and

Fm(xt,ai) (w‘xtT)'

Theorem 3. Suppose Assumptions ID(i-vi), 1-8, and either SYM or ASYM hold. Then,

sSup o Fm(a:t,ai) (W|xt7) - Fm(xt,ai) (W‘:BtT) = Op (ﬁn (2p)) and
(w,xtr ) ERX XXX
sup o Fm($t;ai) (w’xt) - Fm(mt,ai) <w|xt>’ = Op (/Bn (p)) ’
(w,zt)ERX X

2In principle one can allow the bandwidths hy (d) and hy to depend on s. This may improve the rate
of convergence of the considered estimators in some special cases, although it does not improve the rates
of convergence in the leading cases. Allowing the bandwidths to depend on s is also unappealing from the
practical standpoint, since one would need to provide "bandwidth functions" hy (s) and hy (d, s), which appears
impractical.
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where

Bt =ty ([rowo) / (i @) ] 00 @) it )
+ (llog () /(b2 + by by ) maoe {1, B2 (k) }

where ¥ = k — 1 under SYM and 7 = k under ASYM, and the set X is any set that satisfies
X + BE, (0) € X, where BE, (0) is a p-dimensional ball around O with an arbitrary small

radius ey > 0.2

The rate of convergence 3,, (d) has three distinctive terms. The first term is the regu-
larization bias term. This bias is present because (13) is the inverse Fourier transform of
by (8) by, (), the regularized version of ¢,, (s|-), and not of the true characteristic function
& (8|°). The second and the third terms of 3,, (d) contain parentheses, which are the familiar
expressions for the rate of convergence of kernel estimators of ¢y (s|-) and (AbUit (s|z¢), corre-
spondingly. The k! and x (h;l) parts of the second term of 3,, (d) come from the integration
over s and division by &U“ (s|xt), respectively. The third term of j3,, (d) is the error from the
estimation of gAbUZ, , (s]z¢), i.e. essentially the error from estimation of the integral operator in
the ill-posed inverse problem. While the term qAbUit (s|z;) magnifies estimation error for large
s, larger kp helps reducing this error. Yet, these effects play a role only for large s, and not
for small s (the rate of convergence of &Uit (s|z¢) for s of order one does not depend on kf or
the function x (5)). This is the logic behind the max {...} part of the third term of 3, (d);
see also Remark 10 below.

Parameters d and 7 are introduced because the result of Theorem 3 covers four different
estimators: estimators Fm(xtm) (w]xer) and Fm(xtm) (w|z¢) (corresponding to d = 2p and
d = p, respectively), each using (ESU“ (s|lx) = éﬁit (s|z) (when Assumption SYM holds; 7 = k)
or ‘E’Uit (s|lz) = (%35 (s|z) (when Assumption ASYM holds; 7 = k — 1). Assumption ASYM
is more general than Assumption SYM. However, the corresponding estimator &5‘35 (s|x) con-
tains integration, while estimator ‘?’fh , (8|z) does not. As a result, the rate of convergence of
estimator &at (s|z) is slightly faster than the rate of convergence of estimator &535 (s|z). This
difference in the rates of convergence is reflected in the rate of convergence f,, (d).

The sole purpose of introducing set X in the statement of the theorem is to avoid con-
sidering estimation at the boundary points of the support of X;;, where the estimators are
inconsistent. For example, when X = [a,b] one can take X = [a +¢ex,b—cx], ex > 0. In
fact, it is easy to modify the estimators Fm(zhai) (w|x¢) and Fm(%ai) (w|x¢r) so that the rate
of convergence result will hold for all z;; € X x X. For instance, one can follow the boundary

kernel approach, see, for example, Miiller (1991).

24 Here set X + B, (0) is the set of points {m =x14+a2:01 €X, 22 € BL, (O)}
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The next theorem shows what the rate of convergence f3,, (d) becomes when the distur-
bances Uy have an ordinary smooth distribution and the bandwidths h,,, hy, and hy (d) are

chosen optimally. Define

kp (d)
kp

1+ X+ [2X(2p — d) + 2p7 — dk + 4p — d] / (2k + d) and
A(2k/p+1) +k—2—2r,

and note that for d = 2p under Assumption SYM, kp (d) simplifies to kp (2p) =1+ A. The
following assumption is a sufficient condition to ensure that Assumption 8 is satisfied by the
optimal bandwidths hy,, hy, and hy (d).

Assumption 9. (i) v > 6(p+1)(p+2)/(p+6); (ii) if p > 3 then, in addition, kp > k
when kp > kp (d), and X\ > k when kp < kg (d).?

Theorem 4. Suppose Assumption OS holds with X\ > 1, and also Assumptions ID(i-vi), 1-7,
9, and either SYM or ASYM hold. Then, with the appropriately chosen bandwidths,

sup o Fm(mt,ai) (w|xt7) - Fm(:vt,ai) (w’:EtT) = Op (/87?5 (2]7)) and
(w,ztr ) ERXX XX
50 [Poton) @120) = P wlan)| = 0, (8% ().
w,rt) ERXX
where
5OS (9p) — (log (n) /n)p’[{ , when kp < kp (2p) and kp < 2X +1,
" (log (n) /n)*» ) | otherwise,
(log (n) /n)”g . when kp <kp(p) and kp < 2X+1,
505 () = (log (n) /n)*»® | when kp > kg (p) and kp < 2X+ 1,
n W= (log (n) /n)?*®) | when kp < kp and kp > 2\ + 1,
(log (n) /n)”’[{ . when kp > kp and kp > 2X +1,
() = 2 L (15)
2kp+14+ A+ (k—1)d/ (2k+d) 2k +d
v o 1 kr 2k
Fn 2max {kp,2X+ 1} +1+7p/ (k +p) 2k +2p

ZThe above assumption is only a sufficient condition. The restriction on the number of bounded moments
v in fact corresponds to the least smooth case kr = 1; the necessary number of bounded moments 7 can be
reduced if Fp, (w|-) has more than one bounded derivative in w (i.e. kr > 1). Condition (ii) is technical and
does not appear to be restrictive. Note that condition kr < %F (d) means that A is relatively larger than kp,
therefore it appears that the condition X > k imposed in this case is mild.
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The corresponding values of hy, hy (d), and hy, are given in the proof of the theorem.

Remark 9. The rate of convergence (15) is intuitive. If one (formally) takes d = 0, the
rate of convergence becomes kr/ (2kp + 24 2X), which is the rate of convergence (except for
the log (n) factor) obtained by Fan (1991) for the unconditional deconvolution problem with
known distribution of errors Uy (see his Remark 3). On the other hand, suppose function
Fro(w,0,) (W]Te) s very smooth with respect to w, i.e. suppose that krp — oo while all the
other parameters in (15) are fized. In this case p, (d) — k/ (2k +d), which is the rate of
convergence obtained by Stone (1982) for nonparametric regression/density estimation. Thus,
formula (15) combines conditional (Stone, 1982) and deconvolution (Fan, 1991) aspects of

considered problem.

Remark 10. Some discussion of the different cases for the rate of convergence in Theorem
4 is in order. The error in estimation of Fy, (s, o) (+) comes from the estimation error of the
estimators (%}/it () and &5(]” (:). It will be convenient to write 3, (d) as 3, (d) = hEF +Ty (d)+
Ty, where the terms Ty (d) and Ty correspond to the stochastic errors of estimation of ¢y, (-)
and ¢y, (-), respectively. The rate of convergence p,, (d) corresponds to the case when Ty (d)
is larger than Ty (asymptotically). That is, the rate of convergence p,, (d) (and the implied
optimal bandwidth hy,) balances hE and Ty (d). Since the estimation error of (%Uit (s|zy) is
smaller in this case, the rate of convergence p, (d) is the same as in the hypothetical case
when the conditional distribution of Uy were known and (%Uit (s|lz¢) replaced by éy, (s|lze) in
(13). On the other hand, when Ty dominates Ty (d), the rate of convergence is p (i.e. pY
balances hEF and Ty ).

Consider the estimator Fm(%ai) (w|xir). When kp is small, the estimation error is given
by the error of estimation of ¢y, (s|v¢) (and the rate of convergence of Fm(a:t,ai) (w|zyr) is
pU ). Note that larger kr reduces Ty, but does not affect Ty (2p). Thus, for sufficiently large
kp the term Ty becomes small and the rate of convergence of the estimator Fm(%ai) (w]zer)
becomes p,, (2p).

The situation is slightly more complicated for the estimator Fm(ztm) (w|zy). As in the
previous case, the estimation error is dominated by Ty when kg is small, but is dominated by
Ty (p) for larger kp. However, in contrast to the previous case, for very large kp the rate of
convergence is again determined by Ty. To see why this is the case, note that for d = p the
term Ty (p) is "p-dimensional”, i.e. the rate of convergence in the parentheses of the second
term B, (p) corresponds to the estimation of a conditional mean, given Xy = x¢, where Xy
is p-dimensional. In contrast, the parentheses of the third term of B3, (p) correspond to the
estimation of a conditional mean, given X = Xir = x¢, thus the third term of 3,, (p) is "2p-
dimensional” and the parenthesis are converging to zero at a slower rate than the parentheses
in the second term of 3,, (p). Thus, higher kp helps reducing the term Ty, but only to some
limit (because of the max {...} term in Ty ); thus for kp > kp the Ty dominates Ty (p) and
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the rate of convergence of the estimator Fm($t7ai) (w|zy) is pY .26

Remark 11. Note that the results developed in the paper may also be applied to the pure
conditional deconvolution model Yy = o; + Uy (or more generally Yiy = m (X)) + o + Uy ),
where «; and Uy are independent conditional on X;:. In this model the estimators do not
change, although the rate of convergence improves. The rate of convergence is 525 (d), but
the terms (E — 1) d/ (2E+ d) and 7p/ (2E+p) in the denominator of the first fractions (the
"deconvolution" fractions) are absent. Model (1) subjects a; to transformation m (z,-), which
is responsible for the terms (E — 1) d/ (2% + d) and Tp/ (2% +p) appearing in the rate B9° (d)
of Theorem 4 as well as the terms hy i and hy," appearing in rate 3,, (d) of Theorem 8.

These terms do not appear in the corresponding rates of convergence in model Vi = c; + Uyz.
Now consider the case of (conditionally) super-smooth errors.
Assumption 10. v > 2+ 2p.

Theorem 5. Suppose Assumptions SS, ID(i-vi), 1-7, 10, and either SYM or ASYM hold.
Then, with the appropriately chosen bandwidths,

= O, (BES) and

sup L Fm(zt,ai) (w‘x”) - Fm(xt,ai) <w|xt7)
(w,ztr ) ERXX XX
sup . Fm(azt,ai) (w\xt) — Fm(xt,ozi) (w\xt)’ = Op (/BSS) 7
(w,zt) ERXX

where 555 = (In (n))_kF/X, The corresponding values of hy, hy (d), and hy, are given in the
proof of the theorem.

Remark 12. The rate of convergence is logarithmic and does not depend on the dimension
of the vector of the covariates X;:. This is similar to the nonparametric instrumental variable

estimation in the severely ill-posed case, see, for example, Chen and Reiss (2007).

Remark 13. One may also be interested in the pointwise (in xy) rate of convergence of
Fm(xt’ai) (s|z¢). In this case the definition of x (S) should be changed to x (5|x) = maxj<i<r
SUP(s)c[-53) 1/ ’qun (3|1:)‘, and the Assumptions OS and SS should be changed accordingly, so
that A becomes a function of x;. Then the pointwise rates of convergence are the same as the
rates given in Theorems 8, 4, and 5 with \ substituted by ) (z;), as long as the function \ ()

18 sufficiently smooth in x.

Corollary 6. Suppose there is a set Qg = {(wt,w) € XXR 1w, (2) <w < wyp (x)} and
positive numbers e < ex and § such that fo (e, o) (@|z1) > 0 for all (x4, w) € Qpy, + B2 (0),

26 As usual, the larger kr is, the slower is the rate of convergence of h., to zero, because it is easier to control
the regularization bias hIw(F for larger k.
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where ngl (0) is a p + 1-dimensional ball around OPT' with radius .. Suppose that the
conditions of either Theorem 3, or 4, or 5 hold. Then

sup Qe (@20) = Qe (@l1)] = O (1),
(@0)€ [ Frn(y.ap) @a @100 Fry 4 ) @b (@) |00 | x 2

where 1, is either B3, (p), or ,6’7?5 (p), or ﬁgs (p), respectively.

A similar corollary holds for the estimator Qm(xt’ai) (q|ztr). The derived rates of conver-

gence can be used to obtain the rates of convergence of estimators mrr and megrg.

Theorem 7. Suppose Assumption RE holds. Suppose that for some small 6 > 0 function
om (z, ) /Oa is bounded away from zero and infinity for all a € [6/2,1 — /2] and all z € X.
Suppose that the conditions of either Theorem 3, or 4, or 5 hold. Then

sup |meEe (z,) —m(z,a)| = Op (BffE) ,
(z,0)EX x[§,1-6]

where BEE is either B3, (p), or @‘35 (p), or B33 respectively.

n 7

Now consider the fixed effects model. Define functions

a(qlr) = {(tg;:itgh}mi;éfXQai|xmxﬁ (q|z, z2) and

sup Qu,|x;,, X, (A|T,2) .

YD =B

Also, define the set Spq (¥) = {(z,0) 2 € X, a € [a(V|z),a (1 —I|z)]}.
Theorem 8. Suppose Assumption CRE holds. Suppose that for some small § > 0 functions

foalxs (@Tt)s fo; X0, X0, (@@, 27) and Om (x4, ) /O are bounded away from zero and infinity
for all o € [a(6/2|ze),a (1 —0/2|xt)], (z¢,27) € X X X, t, and 7 # t. Suppose that the
conditions of either Theorem 8, or 4, or 5 hold. Then for all t,

sup |ricre (z,0) —m(2,0)] = Op (B7%F),
(x,0)€Sz,0/(0)
sup  |Quix,, (alen) — Qupx, (alm)| = Op (5575),

(z,0)EX X [5,1-6]

where 55RE is either (3, (2p), or ﬂgs (2p), or B33 respectively.

n s

Suppose the conditions of Theorem 3 hold. Then, the rate of convergence of mgg (+) to
m(-) is B3,, (p), i.e. the rate of convergence of estimator mprg (-) to m (-) is "p-dimensional".
This is because estimation of the random effects model only requires estimation of cumula-
tive distribution and quantile functions conditional on the p-vector z;, i.e. it uses between-

variation. In contrast, the estimation of the fixed effects model relies on within-variation and
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hence requires estimation of distribution and quantile functions conditional on the (2p)-vector
xr. Consequently, Theorem 3 ensures that the rate of convergence of the estimator mogrg (+)
to m(-) is at least /3, (2p). Interestingly, estimator mcrpg (-) has the form of averaging over
x2 (see equation (14)). Thus, it is possible that the rate of convergence of estimator mcerg ()
to m (+) is faster than (3, (2p). Further analysis of this question is necessary.

Finally, the estimator of the policy relevant function h (z,q) has the same rate of conver-
gence as the estimator mogrg (x, «). Note that estimation of h (z, ¢) requires estimation of the
unconditional distribution of c;. For instance, the estimator F, (a) = [ Py E,, (alzy) f (xy) day
can be used. Note that this estimator contains integration over the whole set X', thus one
may need to modify the estimator Fai (arz¢) so that it is consistent on the boundary of set

X. For example, one can use boundary kernels, as was mentioned earlier.

4 Monte Carlo

This section presents a Monte Carlo study of the finite sample properties of the estimator

h (z,q) for the fixed effects model. The data is generated according to the following model:

}/it = m(Xit,Oéi)-i-Uit, izl,...,n,tzl,...,T:2,
m(z,a) = 20+ (2+ )2z —1)%
Xit ~ d.i.d. Uniform]0,1],

T
o = % ; V12 (Xit — 0.5) + /1 - p2y, p = 0.5,
U = (14 Xit) oogi,
where n € {2500, 10000} and the following distributions of 1); are considered:
e Design I: ¢, ~i.i.d. N (0,1);
e Design II: ¢; ~ i.i.d. (x*(4) —4) /V8*

e Design III:

b~ i N (—2.5,1) /4/29/4, with probability 1/2,
;o ~1.7.04.
’ N (-2.5,1) /4/29/4 with probability 1/2.

The distribution of v; is symmetric, skewed, and has two distinct modes in designs I, II,

and III, respectively. Laplace (ordinary smooth) and normal (super-smooth) distributions of

2732 (r) with 7 < 3 have nonzero density on the boundary of the support, and hence do not satisfy the

assumptions of the previous section.
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g4 are considered. For each design, the constant og is chosen so that V' [m (X, a;)] =V [Uy],
i.e. so that the signal-to-noise ratio is equal to one. The function m (z,«) is chosen so that
it is almost flat for small values of «, but is pronouncedly cubic when « is large; see also
Figure 1.

Fach Monte Carlo experiment is based on 500 repetitions. To avoid boundary effects, all
estimators are calculated on the grid of points = € [0.1,0.9], but boundary kernels are not
used. Also, the rearranged conditional deconvolution CDF estimators ﬁm(%ai) (w|xy) and
ﬁm(%ai) (wl|xtr) are further adjusted so that their lowest value is made to be zero, while the
highest value is made to be one. More precisely, the estimator of the CDF F,, (4, o,) (w|7¢) is

obtained using the following procedure:

1. On the interval |Qy,, (0.01| Xy = ), Qy,, (0.99|X;; = xt)] a grid G = {w1,...wie0} of
100 equally spaced points is generated, where le. . (q| Xit = ) is the conditional quantile
estimator of Bhattacharya and Gangopadhyay (1990);

2. Fm(%ai) (wjlz) is calculated for each j and its rearranged version fm(xt,ai) (wjlzy) is

obtained as discussed in Section 3.1;?8

3. The range corrected estimator Ffrfgt o) (wjlxe) is obtained as

~corr i ﬁm(xt,ai) (wj‘mt) - ﬁm(mt,ai) (wl‘xt)
Fizs,aq) Wilee) = 5 ~F '
m(zt,0) (wloo,mt) m(xt,0) (wl,xt)

The resulting estimator Fr"’no(’;’; o) (w]zy) is used to calculate the estimator Qm(xhai) (w|zy)

(by numerical inversion of F¢7"
m(ze,0)

described in Section 3.1). Note that the second step of this procedure (the rearrangement step)

(w|zy)) and the estimators Merg (z, @) and h(z,q) (as

is shown to improve the estimates of CDFs in finite samples by Chernozhukov, Fernandez-
Val, and Galichon (2007). The third step (range adjusting) seems to be useful in practice,
though it may lack sound theoretical justification. This step is performed because the range
of the estimated CDFs F}, (wjlze) and Fy, (wjlxe) is often considerably different from [0, 1],
and hence some finite sample adjustment is desirable.

The values hy, € {0.2,0.4,0.6} are considered for deconvolution bandwidths. Bandwidths
hy (1), hy (2), and hy are all taken to be equal and are denoted by hy (this is clearly a
suboptimal choice, since optimal hy (1) should be taken larger than hy (2) and hy). The
values hy € {0.2,0.4,0.6} are considered.

Tables 1-6 present the results of the Monte Carlo experiment. The presented Root Inte-
grated Mean Squared Error (RIMSE), Root Integrated Squared Bias (RIBIAS?), and Root

28That is, Fy (w1|z:) is taken to be the smallest of the values {Fm (wilzt) ..., Fm (wloo\mt)}, Fon (w2]z)
is taken to be the second smallest value and so on.
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Integrated Variance (RIVAR) values are calculated as

RIMSE (q) = \/1722603 12 ( (21,9 h(x17Q)>27

1 16 2
RIBIAS? (q) = Nzl()( Z (1,4 h(xz,q)>,

2
RIV AR (q) %Z ( 121_ (21,9 (R 1ZM (21,9 ))

where z; = 0.1 + 0.050 is the I-th point of the gird over z, h, (z,q) is the estimate of the
true function h (z,q) obtained in the r-th Monte Carlo replication, R = 500 is the number of
replications, and ¢ € {0.875,0.75,0.5,0.25,0.125}.

To give an idea of the estimation method’s properties, the following infeasible estimator

is also simulated. First, the values of

ZHZ 1thK( ””3>K(%%(Q)>
it—T ai—Qai() )
Sk () K ()

ilINF (3?, Q)

are calculated, where Q,, (q), 0x,,, and o,, are population quantities. This estimator is a
kernel regression that uses the data on a, i.e. it estimates model (1) as if a; were observed.?
Moreover, this estimator and the corresponding RIMSE is calculated for a range of different
values of the bandwidth A* and then the best of these values of RIMSE is reported in the
tables of results (thus this estimator also uses an infeasible bandwidth, which optimizes its
finite sample behavior). It is of interest to see how the feasible estimator h (z,q) compares to
this infeasible estimator.

Several observations are to be made regarding Table 1. First, it is clear that the value
of deconvolution bandwidth h,, = 0.2 is too small. Deconvolution is an ill-posed inverse
problem and hence some regularization is needed. Deconvolution bandwidth h,, is too low, it
provides too little regularization and therefore the estimator performs very badly. However,
the deconvolution bandwidths h,, € {0.4,0.6} yield far better results. Note also the model
with normal disturbances Uy; is harder to estimate than the model with Laplace disturbances,
but not much harder.

Most importantly, the estimator A () performs very well when compared to the infeasible
estimator. For most quantiles ¢ and bandwidths (hy, h,) € {0.4,0.6} X {0.4,0.6}, the RIMSE
of the feasible estimator is only twice larger than that of the infeasible estimator, which uses
the ideal bandwidth and the data on the unobservable «;.

29T fact, for each z;, the values of hinp (z1,q) were calculated on a grid of quantiles and then rearranged,
to improve the finite sample performance of the infeasible estimator.
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These findings also hold for the larger sample size n = 10000 and other designs, see Tables
2-6.3Y The results of the Monte Carlo experiment for Design I with n = 2500, hy = h,, = 0.4
are also presented graphically in Figure 1.

The finding that the proposed estimator performs well is not inconsistent with the previous
studies in the statistical literature, many of which suggest poor performance of deconvolution
estimators in finite samples. Most previous studies considered density deconvolution and used
significantly smaller samples than in the experiments above. It is important that the estima-
tor h (z,q) only relies on the estimation of the cumulative distribution functions, which are
smoother and easier to estimate than the corresponding density functions. Also, the presented
Monte Carlo experiments uses larger (although typical for micro-econometric studies) sample

sizes.

5 Conclusion

This paper has considered a nonparametric panel data model with nonseparable individual-
specific effects. Nonparametric identification and estimation require data on only two time
periods. This paper derives the rates of convergence of the proposed estimators and presents
a Monte Carlo study, which suggests that the estimators perform very well in finite samples.

Several nonparametric identification results extending the framework of this paper are
given in Evdokimov (2009). Some interesting questions regarding estimation remain open.
First of all, providing a method for choosing bandwidth parameters for the proposed estima-
tors is very important. It is also of interest to consider a sieve estimation procedure, which
can easily impose shape restrictions (such as monotonicity or range constraint of CDFs) on

the estimators.

30Gince the bandwidths hy = 0.2 and h,, = 0.2 appear to be too small, the corresponding results are not
presented in Tables 3-6.
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6 Appendix

To simplify the notation below, subscript m stands for m (z, ;). Thus, F,, (w|x¢;) means
Fm(ozi,xt)\Xit,XiT (w‘xt7 xT)'

6.1 Proof of Lemma 1

Note that due to (i),

¢(Y1,Y2) (817 82) = E [eXP (1 (31 + 32) A + iSlUl + iSQUQ)]
= ¢4 (s1+52) Py, (s1) by, (s2)

= ¢y (s1+ s2) by, (s1) Py, (52)
+¢ 4 (51 + 52) O, (51) Dy, (52),

0Dy, vy) (51, 52)
881

where the the existence of the derivatives of characteristic function here and below is guar-
anteed by (ii) and the dominated convergence theorem. Then, using (iv) for all s € R we

obtain .
OBy, v5) (8, —5) /0s1 _ ¢4 (0) n o, (8)
Bvi,v) (8,—5) 94 (0) ¢y, (s)
where ¢4 (0) =1 and ¢4 (0) =1iE [A] =iF[Y1] due to (iii). Therefore, for any s € R,

S 00(v;,vy) (€, =€) /051 .
= X ’ d - E Y
bu (s) = oxp ( / e

o </0 iE[Y; e:;z(ii(él)— Yz))]df_iSE [Yﬂ>. (A1)
Using (iv),
¢A (S) = ¢(Y17Y2) (87 0) = (bYl (S>7 (Z)Uz (S) = ¢(Y17Y2) (_87 S) — ¢Y2—Y1 (3) |

ou, (s) by (s) du, (=) by, (—s)

6.2 Identification with Serially Correlated Disturbances

Now suppose that the disturbance U in model (1) follows an autoregressive process of order
one (AR(1)), i.e. Uy = pUjt—1 + €i+ for some constant p, |[p| < 1. Then, the model can be
identified using a panel with three or more time periods. Consider the following modifications
of Assumption ID(i)-(vi):

Assumption AR. Suppose Uy = pUji—1 + €ir for all t > 2 and |p| < 1. Also, suppose that:
(i) {Xi, Ui, i}, is a random sample and T = 3;

(HH2) fei|Xias Xuoy ey Un (EtlTt 0y ep,ur) = fox,, (ei|e) and for all t € {2,3} and
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(e, x, , T(_p),€(—p)) € R X XXR x X2XR

(llb) fUi1|Xi17ai7Xi(_1),€i (’LL1|:L‘1,C¥,$(,1),E) = fU¢1|Xi1 (ulla:l) f07’ all (ul,xl,a,x(,l),s) € R x
XxR x X% x R?;

(iii) E[Un|X; = (z1,22,23)] = 0 and E[ey|X; = (w1, 22,23)] = 0 for all (x1,x0,23) € &3
and t > 2, where Xi = (Xil,XiQ,Xi;g);

(iv) the conditional characteristic functions ¢y, (s|Xi1 = x), ¢, (5| Xyt = x) do not vanish
forallse R, x € X, and t € {2,3};

(v) E[|m (z¢, )| + |Uin| + |eie| + leis] | Xi = (x1, 22, 23)] is uniformly bounded for all t and
(21,22, 23) € X%;

(vi) for each x € X there is a x1(x) € X such that fx, XX, (1 (x),z,2) > 0; also,
X, X (x,2) >0 forall z € X.

Assumptions AR(iia)-(iib) are similar to Assumption ID(ii) and imply that o, €, €, Us
are mutually independent for all ¢, s > 2, t # s. However, there is an important issue regarding
Assumption AR(iib) on U;;. For illustration, suppose that e;; = oy (Xi) &, for all ¢, where
& ~ 1.9.d. (0,1) are independent of a; and {Xij}?i—oo' Assuming that the data have infinite
history, U;; = E;io pjal_j (Xi,1—j)€i,1—j. Then, it is hard to guarantee a; LUj1, conditional
on X; = (X1, Xi2, X;3). The reason is that «; may be correlated with the past covariates
{Xit},<—g, which affect the variance of past shocks {e;},._, and hence the distribution of
U;1. This is the initial condition problem. There are at least two ways to ensure that the
conditional independence condition «; L U;1|X; holds in this model. First, one can assume that
oy (Xit) = oy, i.e. that the innovations ¢;; are independent of the covariates X;;. Alternatively,
in some cases there is no past history of €;, and U;; is a true initialization condition. For
instance, this assumption may hold when a firm is present in the data since the date it was
established.

Note that Assumption AR(vi) is a very weak extension of assumption ID(vi). Also, note
that Assumption AR does not require €5 to have the same conditional distribution for different
t € {2,3}.

Theorem 9. Suppose Assumptions AR, ID(vii)-(viii), and either RE or CRE are satisfied.
Then model (1) is identified.

Proof. 1. Take any x € X and note that E [(Yiz — Yi2) Yi1|X; = (21 (z) ,z,2)] = 0 iff p = 0.
When p = 0 identification of ¢r;, (s|Xi1 = ) and ¢, (s|Xi; = ) follows immediately from

p= E[(Yis = Yip) Yu|Xi = (21 (2) 2, 2)]/ E[(Yi2 — Yir) Yir| Xir = Xig = 1 (2)].
Then for any x € X
By, i (81, 82| Xi1 = Xjp = 1)

= FElexp{i[(s1+ s2)m (z,a;) + (s1 + ps2) Ui + sagie]}| Xin = Xio = ]
= Dm(zay) (51 + 82| Xi1 = Xio = 7) ¢y, (51 + ps2|Xin = 2) b, (52| Xiz = 7). (A.2)

' Here index (—t) stands for "other than t" time periods. Note that x(_, belongs to X2, while e is a
scalar when T'= 3 and ¢ > 2 because there is no £;1 in the model.
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Denote p(x) = E[m(z,0;) | X1 = Xio = 2] = E[Y;1|Xi1 = Xs2 = x]. Then, similar to the
proof of Lemma 1, for all s € R

Iy, v, (5, —s) [0s1
¢Y1,Y2 (87 _S>

99y, (1 —p)s| Xy =2x) /0s
bu, (1= p) s| X = 2)

=ip(z) +

Thus, one obtains

s 00w (1= ) &= (1= p) " €) f0s1
b ((1=p) 6= (1= p)7"¢)

by, (s|Xi = x) = exp /0 d¢ —isp(z) |, (A.3)

and using (A.2)
Oy v, (—8,8|Xi1 = Xio = x)
qbsﬂ (S’Xig _ :L‘) _ 7Yia,Yip —
¢U¢1 (8 (p - 1) |X11 - $)

2. Now consider identification under Assumption CRE. Note that for any z € X

Oy, (8| Xi1 =2, Xig =) = Gy(z.00)(81Xit = 2, Xiz =7) ¢y, (| Xi1 = 2),
by, (8| Xi1 =2, Xig =) = 3,008 Xt = 2, Xiz =7) ¢y, (ps|Xin = 2) ¢, (5| Xi2 = 7)),

thus ¢, (3.0,) (8| Xi1 = 2, Xio = 7) and ¢ z,q,) (8| Xi1 = 2, Xij2 =) are identified. The rest
of the proof follows step 3 of the proof of Theorem 2. The proof of identification under
Assumption RE is similar. B

Now suppose that the disturbance term follows moving average process of order one
(MA(1)). To demonstrate the flexibility of the framework, the MA(1) model is identified
under somewhat different assumptions than the AR(1) model above. Assume that the dis-
turbance term follows U = g1 + 0 (Xj¢) €it—1, i.e. the moving average parameter depends on
the value of the covariate in the corresponding time period.

Assumption MA. Suppose Uy = eix + 0 (Xit) €it—1, for all t > 1, and sup,cy |0 (z)] < 1.
Suppose also that:

(i) {Xi, Ui, i}, is a random sample and T = 3;

(iia) fsit‘XityaiuXi(—t),ei(—t) (5t|xt,a,m(_t),6(_t),u1) = feix,; (€t|me) and for all (g1, z¢, , x(_yy,
g_t)) ER X xR x X2xR and t > 1,%

(iib) JeiolXi.00,Xi(_1y i (50|x1,a,x(_1),5) = feyo|xu (E0lT1) for all (EO,xl,a,x(_l),s) € R x
X xR x X% x R3;

(iii) E[ei|X; = (v1,22,73)] = 0 for all (z1,72,73) € X3 and t > 0;

(iv) the conditional characteristic functions ¢, (s| Xy = x) and ¢, (s|Xi1 = x) do not van-
ish foralls e R, x € X, andt > 1;

(v) E[m (¢, al-)|+2§?:0 leij| | Xs = (z1, 22, x3)] is uniformly bounded for allt and (x1,x2,x3) €
X3,

32Here e(—t) € R? when T = 3. For instance, g(—2) = (€0,€1,€3).
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(Vi) fx,1.Xi0.Xis (@, z,2) >0 for each v € X.

Assumptions MA(i-v) are similar to Assumptions AR(i-v). Note the "initial condition"
type Assumption MA(iib). In contrast to Assumption AR(vi), Assumption MA(vi) requires
that the trivariate density fx,, x.,,X;s (Z, 2, ) is non-zero. This is the price paid for allowing
the moving average parameter 6 to depend on Xj;.

Theorem 10. Suppose Assumptions MA, ID(vii)-(viii), and either RE or CRE are satisfied.
Then model (1) is identified.

Proof. 1. Fix any z € X and define the event G, = {X; = (z,z,x)} and the function
o7 (z) = E [¢%|X;s = x| for t > 1. Also define

A1 (z) = E|[(Yi2—Yis)Yi|G.] = 0 (2) 03 (2)
As(z) = E|[(Yio—Yn)Yi|Gs] = 0 (2) 03 (2)

As(z) = E[(Yiz = Yis)Y|Go] = 0% (2) 0 (z) + (1 — 0 (2)) 03 (),

—

Note that 6 (z) = 0 iff A; (x). When 6 (x) identification follows the first step of Theorem 1.
When 6 (x) # 0 one can write A1 (z) + A3 (z) = 6% (z) 0 (z) + 02 (z) and obtain an equation
for 0 (z):
Ay () + Az (2) = 0 (2) A1 (z) + A2 (2) /0 (),
which has unique solution given that |0 (z)| < 1. Thus 6 (z) is identified.
Note that

Y1 Ya,vs (51,52, 83|G0) = Bz, (51 + 82+ 831G2) & (510 (2) [Xin = ) ¥
Pesy (s20 (x) + s1|Xi1 = x) Pers (s30 (x) + s2|Xi2 = x) Pes (s3|Xiz =x). (A.4)

Note that 0¢.,, (0|X;3 = x) /0s3 = 0 due to Assumption AR(iii). Then, for all s

8¢Y1,Y2,Y3 (—s,5,0) /0s3
d)Yl,YQ,Yg (_57 87 0)

0¢.,, (5| Xz =x) /0s

=iE[m(z, ) |G:] + 6 () Pe,, (8| Xi2 = )

Thus, ¢, (5|Xs2 =) is identified and an expression similar to (A.3) can be given for
Pe,, (5| Xi2 = x). Similarly, ¢, (s|X;1 = x) is identified by the equation

8¢Y1,Y2,Y3 (07 87 _8) /881

99, (0 (z) | X =) /0s
¢Y1,Y2,Y3 (07 S, _5) .

=iE[m(z, )]G + .., (s0(z) | Xi1 = )

Then, functions ¢, , (s|Xi3 = z) and ¢, (5| X;1 = ) are identified, respectively, by equations

8¢y1,y27y3 (—S, 0, S) /883
Py, vs.vs (—5,0,5)

9., (0 () s| X2 =) /0s
e,y (0 (2) 8| Xi2 = )

and

iE [m(z, ;) |Gz] + 0 ()

06, (5| Xis = z) /0
¢€¢3 (S|X’£3 = :E) ’
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9., (0 () s| X1 =x) /0s
e (8| Xix = )

00y, vy, (8,0, —5) [0s1
¢)Y1,Y2,Y3 (87 07 _8)

iE [m (x,05) |Ga] + 0 (2)

09, (s|Xi1 = x) /0s
b,y (8| Xin =)

The rest of the proof is similar to the second step of the proof of Theorem 9
2. Suppose Assumption CRE holds. For any = € X

by, (8| Xir = 2, Xig = T) = dpp(a,0,) (8| Xi1 = 2, Xig = 7) ¢, (5| Xir = @) &, (0 (2) | Xir = 2),
Dy, (8|1 Xir = @, Xig = T) = dp(z.0,)(8|Xi1t = 2, Xig = 7) ¢, (5| Xi2 = 7) 6., (0(T) | Xir = 2),
and hence functions ¢,,(;.q,) (*) and ¢;,(z.4,) () are identified and the rest of the proof follows
step 3 of the proof of Theorem 2. The proof of identification under Assumption RE is similar.

|
It is straightforward to extend the approach to larger ARMA(p,q) models.

6.3 Proofs of the Results on Estimation

Proof of Lemma 2. For simplicity of notation the proof is given for X C R. Generalization
to a multivariate x is immediate. Note that

" 0oy, (s|z) /0s]

ak oo )
k/ iue' fu,, (u|ze) du

axf - aiL‘t —00
Y Y R L
= ‘/_Oolue For, () fu,, (ulxs) du
1/2
~ [ (0 fu, (ulwy) J0f)?
: (/oo“f’f“ L e e

where the second equality follows by the support assumption and continuity of 9%f;,, (u|x;) Ok,
and the first inequality follows from Cauchy-Schwarz inequality. Thus, the k-th derivative of
the function 8¢y, (s|z¢) /ds is uniformly bounded for all s, hence d¢y;,, (s|z¢) /0s € D5 (k) is
proved. The condition ¢y, (s|z¢) € D% (k) can be shown to hold in exactly the same way. W
Proof of Lemma 3. Again, for simplicity of notation the proof is given for X C R. Similar
to the proof of Lemma 2:

O |08y (slae) (05| | | gp pnten )
ol = oaF /wl(xt) iw (x4, ) fa, (a|xy) do
k Yy (xt) 9q k—q k—q
_ Z( >/ SN wa(xt, a) 0" 1f,, (a]ze) /Ox; for (alz0) du
q= e xt fai (O"xt)
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2 1/2
L On(e) | 99 (24, ) |2 V() <8k—qfai (a]zy) /&rf—q)
< Z S fa, (a|xt) da - - (am) da
q=0 q Py () Ty Py () a; \O| Tt
< C (1 n sk> :

where the second equality follows by the support assumption and continuity of 0*w (z, o) /OxF
and 0% f,, (a|zy) /O, and the first inequality follows from Cauchy-Schwarz inequality. Hence,
OPp(,00) (SlT1) /05 € DY (k) is proved. The other conditions of Assumption 5 can be shown
to hold in a similar way. W

Lemmas 4-6 are used in the proofs of Theorem 3:

Lemma 4. Suppose Assumptions SYM, ID(i)-(vi), and 1-7 hold. Assume that nhy — oo,
hy — 0, Jlog (n)]2nl/ =120 P — 0, M, — oo, and M,h¥, (log (n))'~3/2nl/=1/2 _ 0,
Then,

swp |57 (o (slo) = oy (s1))|

(8,2) €[~ My, Mp] x X

= 0, <x (M) Hlog (n) / (nh?}”) } R (1 + Mf—l) h’f]D .

Proof. 1. Let us first introduce some notation and then explain the logic of the proof.
Consider any ¢ and 7, ¢t < 7. Define the event G!" = {X;; = X;; = z}. Define Ii:f’T (z,h) =
K ((Xit —2) /h) K ((Xir — ) /h) and R;4; (z) = h(}2pf£§T (x,hy). Define Z; 47 = Yy — Y and

n
Apir (s,2) = nt Z s71 (eisz"’” - F [eiszi’” |Q§GTD Rir ().
i=1

By continuity, one can take A, (0,2) = n=tY 0 i [(Zi,tT - F [ZiytT]chT]) R;r (:C)], al-
though the value of A, 47 (s,x) at s = 0 is not important, because we are ultimately interested
in approximating an integral over s of this function. In parts 1-3 of this proof ¢ and 7 are
fixed, and to simplify the notation Ay, ¢7 (s, ), Z; ¢r, and R; 4 (x) will be written as A, (s, x),
Z; and R; (x), respectively.

We are going to obtain the rate of convergence of SUD (5 1) e[ My, My x |A,, (s,2)| in prob-
ability, where the set [—M,,, M,] expands with n. The interest in A, (s,x) comes from the
representation (A.19) below. Bernstein’s inequality is used to obtain the rate of convergence
of the supremum. Although the use of Bernstein’s inequalities to obtain supremum rates of
convergence of kernel estimators is standard (see for example Newey, 1994), the proof below
is different from the usual ones in several aspects. As mentioned in the main text, the proof
is complicated by the fact that the quantity of interest (5—1[{55 (s|lx) — oy (s|x)] or A, (s,2))
exhibits different behavior for small, intermediate, and large values of |s|. Yet our interest is
in obtaining a uniform rate over the values of |s|.

The values of s in the neighborhood of zero cause problems because of the s~! term. This
is the reason we consider sums of s™1 (e!*% — E [¢!*%1|G!T]) R; (z) rather than of the more
usual s~1e*% R; (z). The variance of the former expression is shown to be bounded for all
s # 0, while the variance of the latter is not bounded when s approaches zero.
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When |s]| is large the problems are of a different sort. As mentioned in the main text, the
bias of kernel estimators of such quantities as E [exp {isYit} | Xi; = 2] and E [exp {isZ;} |G!T]
is growing with |s|.

Part 2 of the proof bounds |A, (s,x) — E[A, (s,x)]| in probability. Part 3 provides the
bound for the bias term |E [A,, (s,x)]|. Part 4 combines these results to derive the result of
the lemma.

2a. Consider the "stochastic" part, i.e. Ay(s,x)—E[Ay(s,x)]. Define pn:(log(n)/(nh?]p))1/2
and 1 (z,s,2) = s7! (¢ — E [¢¥%|GIT]) for all s # 0 and by continuity take 7 (z,0,z) =
lims—o7 (2, 8,2) =i(z— E[Z]|GL]). Note that

n(z,s,x)= i/os (¢/s) (zeicz - F [Zieigzi]giTD d¢ (A.5)

and that A, (s,2) =n Y"1 0 (Zin,s,z) R; (2).
Define the random variable Z;, = Z;1{|Z;| < log (n) nl/V} and function

A, sa:—nlzn Zin,s,x) R (z).

By the triangle inequality for all s and =z

A, (s,2) — E[A, (s,2)]] < ‘An (s,7) — A, (s,z)}
+ ‘Zn (s,z) — E [An (s,2)] ‘ + |E (A, (s, z)] — (s :U)H . (A.6)

Part 2b of the proof shows that sup, ye(_s, a5 % 1A, (s,2) — E[A, (s,2)]| = O, (py,)
using Bernstein’s inequality. Parts 2c and 2d show that sup e, a1, ® |E[A, (s,x)] -
E[A, (5,2)]| = O(p,) and SUD (5 1) e[ My, My x & |An (s,2) — Ay (s,2)| = Oy (p,,), respectively.
Combined, these results prove that SUD (5 1) e[ My, M| x X Ay (s,2) — E[An (s,2)]| = Op (py,)-

2b. Note that for s € [~1, 1] we have | (z,s,2)| < |z|+ E [| Z;] |GET] ,where E [|Z;] |GET] is
bounded by Assumption 3. For s € (—oo, —1] U [1,00) we have |n (-)| < 2 from the definition.
Denote Cy, = max {2,sup,cy E [|Zi| |GLT] } and notice that

B[l Zin.s.2) By @)'] < B[([Zia] + C) B ()

<E [E [( 1Z;| + cny)ﬂ Xz-t,xﬁ} R? (a:)} < CE[R2(z)] < Chy™, (A.7)

where the first inequality follows from the bounds given under equation (A.5), the third
inequality follows from Assumption 3 and the last inequality follows from Assumption 6.
It follows from (A.5) that

|An (51,2) — Ay (s2,2)| < <log (n) n'/7 + Cn) h P |s1 — saf . (A.8)

Since SUP(q z)e[—cc]xx 1 (Zin, s,x)| = < (log(n) n'/7+C) and SUP (s,2) € (—00,—¢]U[s,00) x X
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’77 (Zm, 3,33)‘ = 2§_1, one obtains

sup ’77 (Zm, 8,1’)‘ <C (log (n) n'/7 4+ 1) . (A.9)
(s,x)ERXX

Next, for s € [—¢,¢] from (A.5)

0z s,1) = (2,8,22) = i /O (/) (B [z:%165] - B [7%1057) ) dc.
Note that
B | 2G| = B (U~ Uig) Ve U0l GL |
¢y, (slz) by, (—s|x)

95 buir (—slT) — by (s]z) — a5

Then, due to Assumption 4 function F [Zieiszﬂg}?] belongs to D[);“] (E) and therefore

SUD, seRx[—,q] |7 (258, 1) — 0 (2,8, 22)] < <C'|lz1 — CUQHk When s € (—o0, —s] U [¢,00) one
obtains

0 (z,8,21) —n(z,8,22)| = |s|7" oy, (slz1) du,. (—slz1) — oy, (slz2) by, (—s|z2)|
< Clay — 2|,

where the inequality follows from Assumption 4, boundedness of characteristic functions and
the fact that |s| ™' < ¢~1. Thus, there is a constant C' > 0 such that for all (z1,z9) € X x X

sup ‘77 (27579@1)—77(27&952” < OHxl _x2”k' (AIO)
z,s€RxXR

Now for all s:

‘Zn (57 ':El) - Zn (57 1'2)’

< nt Z (|1 (Zin, s, 1) =0 (Zin, 5,22) | |Ri (z1)| + |0 (Zin, 5, 22) | |Ri (z1) — Ri (w2)]]
=1
< C (hﬁf’ |1 — 2||* + log (n) n/ Y hy 4 ||z — xQH) , (A.11)

where the first inequality follows from "add and subtract" and the triangle inequality and the
second inequality follows from (A.9), (A.10), and that for each n function R; (z) is bounded
and Lipschitz by Assumption 6.

Take a sequence N,, = n®N for some Cy > 0. Consider the grid {sT}q{V:’L N,+1 With
sr = ((r—1/2) /Ny) M,. Since X CRP is bounded, there is a positive constant Cxy and a
sequence of grids of L,, = n®" points {:Uq}ngl C X, such that sup,ecy mingegy, . 1,3 |7 — 24| <

CXLT_LI/p. For any s € [—M,,, M,,] define r* (s) to be any element of {—N,, +1,..., N,,} such

39



that }sr*(s) — s} < M,,/N,,. Define ¢* () similarly. Then for large n,

sup ‘Zn (s,z) — E [Zn (s, x)] ‘
(8,2)E[—Mn,Mn]x X
< sup A (s,2) = B [An (5,2)] = (Bn (5725 7) = B [Bn (502, 7)]) |
(8,2)E[—Mn,Mn]x X
+ s A (s ) = B [Bn (sme(e), @)

(8,2)E[—Mn,Mn]x X

= (Bn (5029, T2 (@) = E [Bn (50202 T )]
‘An (sr,2q) — E [An (Sp, xq)]

max
—Nn+1<r<Nn,1<q<Ln
< Clog(n) n1/7h52pMn/ncN + C'log (n) n1/7h52p_1C’X/ncL/p
—Nn+1§7l~gz}\f}i,1§q§Ln ’An ($r,3q) — E [Ap (sr,24)] { , (A.12)

where the first inequality follows by the triangle inequality, and the second inequality follows
from equations (A.8) and (A.11) and that |E[Z] — E[Z3]| < E[|Z1 — Z3|] for any random
variables Z; and Zs.

Take the constants C'y and C', sufficiently large so that the first two terms in the last line
of (A.12) converge to zero at a rate, faster than p,,. Then, for large enough a > 0

Pr {( o sup |An (s,2) — E [Ay (s,2)]| > (\/5—}— 1) apn}

— My, My x X
- _ Jp—
< Pr {Nn+1§11"1%2}\7}i,1§q§Ln !An (sp,2q) — E [An (Sp, xq)” > ﬂapn}
1 @& — _
= Pr 7an}%§§Nn’ ﬁ Z (77 (Zma Srqu) RZ (.T) ) [77 (Zz’m Sraxq) Rz (CC)]) > \@apn
1<q<Ly =1
2,2 2

< 2-2N,-2L,exp {— = @ /2 —2p }

nsup(s,:p)GRXX V [77 (ZWH S, .’B) RZ (33')] + alog (’I’L) n1/7+1hU pn/3

2] h %P /2
< 8N, Lnexp{ —————° (”)1 v / b <8O0t g (A13)
Chy* + alog (n)]Y? nl/ =12 /3

where the second inequality follows from Bernstein inequality applied to the real and imag-
inary parts separately, the third inequality follows from (A.7) and the definition of p,,, the
fourth inequality follows from Lemma’s condition that [log (n)]Y/2n/7=1/ 2hy = o0(1) (cf.
Assumption 8(ii)), and the convergence follows by taking a large enough.

2c. It follows from (A.5) that

!E [Anis,x)] - F [Zn (s, ac)] |
‘8‘ FE HZm — Zz" ‘Rl (.’L‘)H

= [s| B [1{|Z] > log (m) n'/1} 12| | i ()]

IN
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1B [1L{1Z:7 7 > (g (m))~ 0=V} (10g (n)) " 0} | 23] | R (a)

<
< Cls|(log (n))" ™ 0T E[E[|Zi]7] Xit, Xir] | Ri ()]
< CM, (log(n))" ' n*""1 =0(p,), (A.14)

where the last inequality follows from Assumptions 3 and 6, and the equality follows from
Lemma’s conditions (cf. Assumption 8(iii)).
2d. By Markov inequality

Pr sup |An (s,2) — Ay (s, )| > ap,
(8,2)E[—Mn,Mn]x X

< nPr {\Zz| > log (n) nl/y} < C(log(n)) 7.
2e. Using equation (A.6) and the results of parts 2b, 2c, and 2d we conclude that

sup [An (s,2) = E[An (s,2)] = Op (py,) - (A.15)
(8,2)E[—Mp,Mp]xX

3. Now consider the "deterministic" part, i.e. E[A, (s,x)]. From (A.5):
E[A (s,2)] = /0 Js$B | (Zie% + 4 (Cla) v, (=Cle) = 0¥ (=Cla) by, (Cla) ) R ()] e,
where ¢tU (slz) = FE [UiteiSU”|Xit = x] and the order of integration can be changed by As-

sumption 3 and Fubini’s theorem. It follows from Assumption 4 that function F [ZieiSZ" \gf]

of z belongs to DE;“] (E) Note that

E [ZieiSZiRz‘ (37)] =L ["@; (| Xit, Xir) hy, P K (X;zty_x) K (XZhTU_J:ﬂ ’

where
Uiy (slar, )
= B|(Yu—Yir) 00 (X, Xip) = (w0, 27) |
= FE [(m (xt, 04) — m(xr, ;) + Uy — Uir) ets(mlze,ai) —m(@r,ai)+Uin=Uir) Ty, :L'T}
= ir (slze, 20) oy, (s|ze) by, (—s|2r)
FOrmeran)—m(anas) (5126 7) (B (sl2e) by, (—slar) — by, (slze) Y (=slzr))
where

Vi (s|lzy,xr) = E [(m (xe,05) —m (s, ;) gis(m(ze,ai)—m(er,ai)) xt,xT] .

Note that 7 (s|z,z) = 0 for all z € X and hence
B8 (s,2)] = =i [ (¢/5) (¢l (2) = 0l Cloo) de,

s
0
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where

U

o @) = [ [0l 6160, o €060 K (957) Ko (957) dérdée (10
Note that

1%'; (S‘mlﬁ xT) = _i8¢m($t,ai)—m(:v7,ai) (S‘xt? .%'7—) /857

WV (sle) = —idoy, (s|z) /0s.

Then, ) (s|z1,z9) € DE;;;Q (k) for some constant C' due to Assumptions 4 and 5 and the fact

that Y (s|zs, z,), Y (s|zs), bu,, (slzt), and B,z as)—m(zr.00) (8171, T7) are bounded due to
Assumption 3. Thus, using Assumptions 2 and 6 and equation (A.16) the standard argument
yields

sup |y (2) — 4}, (sl z)| = O
(s,2)E[—s,s]x X

/N

hEU) , and hence

sup  |E[A, (s,2)]] = o(hf). (A.17)
(s,x)E[—s,5]x X

Now consider any s € [—M,, —s| U [¢, M,]:
E [(eisZ,' _E |:€isZ,'|gi’r}) R, (m)]

= // |:¢m(:r:t,ai)fm(x-r,ai) (S|ZE + Zth’ T+ Z2hU) (bUit (S|:L‘ + Zth) QZSUZ-.,- (_8‘33 + Z2hU)

— ., (s|) oy, (—s|x)] [x,.x0 (x4 z1hu, ¢+ 22hy) K (21) K (22) dz1dz
< C (1 + |s|k> hE,

by Assumptions 4, 5, and 6. Therefore,

sup  |E[An(s,2)]| = O ((1 + |§|’H) th> . (A.18)
(s,x)€[—3,3|xX

4. Combining the results of steps 2 and 3 one obtains

sup A (s,2)| = O, ([log (n) /(]2 4 (1+ M) B ).
(8,2)E[—Mn,Mp]xX

Denote f(Xit,XiT) (z,z) = n 13" | Riyr (z,hy). Applying the result of Stone (1982) for
all pairs t, 7 # t,

sup | f(x.0,xim) (%) = f(xi, %00 (96793)‘ =0p ([103 (n) /(nhiD)])M? + h@) :
reX
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Note that

Zt<7 Z Yiem ”)R T ( ) 2 _ Zt<7’ An,tT (S,l‘) A 19
( Dt Zz 1 Rigr (2) % (s\:c)) Dtern i Rigr (2) (A.19)
and hence
sp |57 (1&52 (sko)| o <s\m>2) \ = 0, ([log (n) /(mhg?)|/2 + (1+ M) hfy)
(8,2)E[—Mn,Mn]x X

The conclusion of the lemma now follows from the fact that ’&‘; (S|ZC>’ + ¢y (s|z) > o (s|x)
for all (s,z) € [-M,, M,] x X.
Lemma 5. Suppose Assumptions ID(i)-(vi),and 1-7 hold. Assume that nhy — oo, hy — 0,

log (n)]*/2n2/7=12h %2 (d), M, — oo, and (log (n))?~*? Muh™? (dyn!/7=1/2 = 0 for d €
{p,2p}. Then,

sup |57 (b, (slae) = by, (slae) )| = Oy (P} (1) and

(vat)e[an,Mn} xX

sup |57 (b, (slewr) = by, Gslain))| = O (oY (20)

(8,2¢r ) E[—Mp, My XX

where pY (d) = [log (n) /(nh{ (d)) ] Y2y (1 + M§_1> h}E/ (d).
Proof. Analogous to the proof of Lemma 4. B

Lemma 6. Suppose Assumptions ASYM, ID(i)-(vi), and 1-7 hold. Assume that (i) nhy —
00, max {hy, hy (p)} — 0, (i) [log (n)]"/2 n'/7=1/2 max {h[;p, hyt'? (p)} 0, (iii) My, — oo,

(log (n))773/2 M,, max {hl_]p, h;pﬂ (p)} nY/7=1/2 0, and Assumption 8(v) holds. Then,

s |57 by, (sl2) = 0, (s12)) / o, (sl2)

(s:xt)e[anyMn] XX

; ((1 n M2¢) [[log (n) /(nh2)1/2 + (1 n ME) h@] )

inf ;o ermn, a x® Qs (8l2) du,, (—s|2)

Proof. Fix any 7 # t and define the event G = {X;; = X;; = z}. Define R;;, (z) =
h‘UZPHtT (:Ev hU)>

tT —1 is(Yie—Yir) . n . Lo
A;f;' (8, {L‘) — A;le (57 ) — Zz 1 Y e - Rl AT (IE) Bt (l‘) —_ Zz:nl Y;tKhY (Xlt 517)7
A (s, ) n-1 Zl: els(Yie— m( ) > i1 Kny (Xit — @)
tr E Y is( Yir tT ) )
AtT (571:) — Al (87 ) [ e ‘g :| Zt7XZT) (x x)7 and BtT (x) —FE [Y7,t|gi7—j| )

AT (5,0) E[e‘s YOG fxxon) (@)
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Similar to step 2 of the proof of Lemma 4 one can show that

sup
(5,2) €[~ Mp,Mn]x X

_ o, <[1og (n) /(ni?)] Y 2) . (A.20)

—12 (y sV Yi R, (z) — E Ete"s(“t"/“)Ri,tT(x)D‘

Note that
E -Y;teis(mt—mf)|xt7_i|
= E _}Qteis(nt_}/i*)\ (Xit, Xir) = ($t>$r>:|
= F (m (x4, i) + Usr) eis(mm’ai)im(zf’a"HU“*U")| (Xit, Xir) = a4, xT]
= F _m (zy, i) e is(m(z+,01) —m(z7,a1)) |, ZET:| du,, (slzr) oy, (—s|zr).

+¢m(xt,ozi)—m(azr,ai) (8‘.’17,5,&77—) FE [UiteisUit Xy = xt] ¢Ui7 (—5‘1’7_) .

Then, function E [Yte s(Yie— ”)\x”] f(xis,x:,) (Tr) of x4 belongs to D%x/\’ (E) due to As-
sumptions 2-5. Thus, using the standard argument,

arelnm X‘E{Ye T Ry (2, h)| = B [Yae O IGT  fi v, (“"“”)’
—SSX
) ((1 +3 ) h’fj) . (A.21)

Denote 4y = llog (n) /(nh2)]/2 + (1 + A, and
AAY, (s,x) = A, (s,@) — A (s,2), k=1,2.
Combine (A.20) and (A.21) to obtain

sup ’AAln - Op (pAn) :
(s,2)€[—3,5]x X

Similarly, one can show that

sup |AAL (5,2)] = Op (pa0).
(s,x)€[—3,3]|xX

Define AB!T (z) = BT (x) — B' (z). Then, it follows from Stone (1982) that

sup |[AB)T (z)| = ([log n) /(nhy, (p))]l/2 +hb (p)) ,
reX
Then, sup, % |AB” | = Op (pa,) holds by Assumption 8(v).
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From the identity 1211/1212 — Ay /Ay = ((Al — A1)As — AI(AQ — Ag))/(AgAg) one obtains

Al (s,@) AV (s,2) _ [ AAT (s,2) | AT (s,2) AAT (5, 2)
Al (s,x) Al (s,2) Al (s, x) AL (s, 2)°

) 0, (s,z), (A.22)

where o, (s,z) = AT (s,z) JA, (s,2) = (1 4+ AAL, (s,z) JAY (s,x))fl. Note that
Af (s,2) = B [(m (3, 00) + Uy) VUi gl
= (Blm (500165 ¢y, (sl2) + B [UaeV| Xy = 2] ) 65, (~s]2).
AT (s,2) = ¢y, (slz) . (—slz).
Thus
AT (s,2)
AT (s, )

where In (-) is the principal value of complex logarithm. Note that o, (s,z) = 1+ 0, (1) when
the parenthesis term in (A.22) is o, (1). Denote

O oy, (sl)

E [m (@,00)|G] — i

AﬁB’tT (s,x) = [Af; (s,z) + Bff (CL‘)] - [AtT (s,x) + B (x)] ,
Then, equation (A.22) and Assumption ASYM yield

m (s,2)] + |AAT (s, )|

AA
885 (s, < © (14 o) 122 G0 0, (5,7) + | ABY ()],

hence

inf ‘AAB (s, x)| = Oy (

(1 + Mo?)[log (n) /(nhg?)]V/2 + (1 + MJ)hE,
(8,2) E[—Mp, My x X

inf(s,x)e[an,Mn}x? ‘gbUit (s|z) ¢Ui7- (—S|.CL‘)}
(A.23)
Note that

bu, (sl7) = du, (slv) - 1 Z;,T#t exp <i /0 ALPT (¢ ) d<> :

Hence, for all s € [M,,0) U (0, M,],

|57 (b0, (sl2) = 0, (s1)) /v, ()|

1 T -1 7 ABtr
S TTT D8 [0 (1 | At gayac) -1
1 - ABtT
<O P e [l )l ag
T
< 07 inf AABtT s, )| .
- -1 ZT 1,7#t (s,x)€[— Mn,Mn]Xf‘ ( )|

Thus the conclusion of the lemma follows from (A.23). B
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Proof of Theorem 3. Note that

1/hw ,—isw
+/ O (hs) 2 ) B ol

“1/h,, 2mis Pu,, (slzt)

+/1/hw 6—isw¢w (hs) [@Yt (s|xy) _ Py, (s|z¢) ds

—1/h, 2mis (E)Uz‘t (slze) o, (slze)

. 1
P (@l) = o (wlz) = 5

= A, + Agp,

. . ~AS
where ¢, (s|x¢) denotes ¢zit (s|z¢) or ¢y, (s|zt) when, respectively, SYM or ASYM holds.
The first term satisfies

1 1/hw e lsw
A = 5+ [ o i () 0 (ol) ds = Fo (o)

_ /Oo Fo (w0 — u|z2) K (hoott) dut — Fyn (w)az) -

—00

Thus sup(, zyerxx [A1n| = O (hﬁF) due to Assumptions 1 and 7 by the standard argument.
Then, similar to the expansion in (A.22) (and also similar to equation (A.33) in Schennach
(2004b)) we obtain

1| oy, (slze) by, (slee) _
¢Ut (8] by, (slzt)

)
¢th( ’wt) Py, (s|zt) B Py, (s|z¢) [‘%Uit(s‘xt) — v, (s]a1)] 14 éUit(S‘xt) — ¢u,, (s]ar) B
v, (slz ! séy,, (slze)? oy, (slze) '

Note that | ¢y, (s|z¢)/ oy, (s|e)| = |dp, (s|24)| and hence |¢,, (s|z:)] < C for |s| < 1 and
6, (s|ze)| < C |s|"* 7~V for |s| > 1 due to Assumption 1.

Denote .
¢Uit (s|ze) — (ZSU“ (slze)
Py, (slze)

On = sup
(s,mt)e[—hgl,hgl] XX

When Assumption ASYM holds, Lemma 6 gives
—by—1 71k _
00 = Op (1™ [Dlog () /(II2 + B TR | 32 (')

with 7 = k. If Assumption SYM holds Lemma 4 yields the same result with by = 0 and
7 =k — 1. Assumption 8(iv) ensures that g, = o, (1).
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Then,

sup
(w,at)ERX X

_ppt 2mis ou, (slze)  Pus, (slze)

/hw1 e_isw (bw (hws) [%YM (S|xt) - (Z)Yit (8|mt)] ds

< (C+0,(1)) ( sup s )?byit (slze) — By, (sxt)) ha'x (h')

(s,20)€[—hw' hw' | xX

C%Uit (sl@e) — ¢Uit (s|ze)

s¢u,, (|t

+(C+0,(1)) ( sup & (slzt)]

(s,mt)e[—hal,hgl}x)(
= (C + Op (1)) (Bln + BQn) ;

By Lemma 5one obtains

1= 0, ([tog )/t 90) ]2+ 1 ) ).

while Lemmas 4 and 6 give

B2n

IN

Oy ((11og (n) / (k)M + ) byt
du,, (slze) — du,, (sloe)

s¢u,, (s|xt)

+0, ( sup [517F0x? (3) 5% (llog (n) /(nh{)] /2 4+ 57hE ) | huf)
5€[1,hy']

+ sup [slkF sup
5€[1h'] (s,z1)€[—5,3]x X

= 0, ({108 (n) /B2 + 1) i)

= 0y (max {1577 (') } (log () /(A2 + hThE ) Bt

Therefore, sup,, , )crxx ‘Fm (w]ze) — Fy (w\:ct)’ = O, (8, (p)). In exactly the same way

A~

(only the term By, differs) one obtains that sup, . jerx@xw |Fm (@|Tir) — Fon (w]2tr)
Op (8, (2p)).

Proof of Theorem 4. 1. We can now write down optimal hy and hy (d) for d € {p,2p} as
functions of h,,. We get

e, "

By (husd) ~ [(log(n) /n)

i ()~ [(og m) 2] T (A.25)
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With optimal hy and hy one can simplify £, (d):

(F—1)a

Ba(d) ~ KEF -+ (log(n >/n>2ﬁ% B 0y (h31)

w
Tp

-1
+(log(n)/n) ) hy 7 max{1 i 02 (hy )} Ti+To+T5. (A.26)

Under Assumption OS we have x (h ) < Ch;) X and by = 0.
2. Consider the case hFr—1y?2 (hwl) — 00 as hy — 0, i.e. kp < 2X\+ 1. The stochastic
order of the terms Ty and T is be the same when hqy, ~ (In (n) /n)*°5*@ | where

k /(2k + d)
kp+A+1+ (k—1)d/ (2k+d)

»os1 (d) =

Similarly, the stochastic order of the terms T3 and T3 is the same when h,, ~ (log (n) /n)*052,
where .

k /(2k + 2p)
2(A+1)+7p/ (k+p)’

which does not depend on d, since the terms 77 and 73 do not depend on d. When kg > EF (d)
holds, it is easy to show that f3,, (d) converges to zero at the fastest rate when the stochastic
order of terms 77 and Tj is balanced (and hence h,, ~ (In(n) /n)%O“(d)). In this case the
stochastic order of the term T3 is no bigger (smaller, if kp > kp (d)) than that of T3. Similarly,
under the condition kp < kp (d) one can show that 3, (d) tends to zero at the fastest rate
when the terms T} and T3 are balanced (hence hy, ~ (log (n) /n)”95%). In this case the term
T3 is smaller (in the limit) than the terms 77 and T5.

3. Now consider the case kp > 2\ —1. When d = 2p and X > 1 term T always dominates
term T3; thus in this case the rate of convergence is O, ((ln (n) /n)kF%OSl@p)). When d = p,

terms 77 and T3 have the same stochastic order when hy, ~ (log (n) /n)*°%

10852 =

k/ (2k + 2p)
kp+1+7p/ (k+p)’

X083 =

while 77 and T3 are balanced when hy, ~ (log (n) / n)%051 and with these bandwidths term
T3 is larger than 75 in the limit when kp > kp =X (2k/p + 1) + k — 2 — 27. Notice also that
if X is close to zero term T3 always dominates Tb.

Define _
k/ (2k + 2p)

max {kp,2X + 1} +1+7p/ (k+p)’

XOoS,U =

We obtain that (3, (d) converges to zero at the fastest rate when the bandwidth h,, satisfies
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hw ~ (I (n) /n)*0s@FF) where

hen kp < kr (2p) and kp < 2X + 1
. k _ 708, U, w F F ;
%05 (2p; kr) { »o0s1 (2p), otherwise.

208U when kr < kp (p) and kr < 2X\ +1,
20S1 (p), when kr > kp (p) and kp < 2X—i— 1,
»os1(p), when kp < kp and kg > 2X + 1,
08U, when kp > IEF and kp > 2X—|— 1.

708 (pa kF) -

and hence (3, (d) = O ((ln (n) /n)kr #os(dkr )) and the corresponding optimal bandwidths

hy (d) and hy are given by (A.24) and (A.25), respectively. It is only left to check that
Assumptions 8(ii)-(v) hold for optimal h, hy, hy (d) in steps 2 and 3 of the proof. A
tedious but straightforward analysis shows that Assumption 9 is sufficient to ensure that the
conditions of Assumption 8 are indeed satisfied for the optimal bandwidths. B

Proof of Theorem 5. Under Assumption SS we have x (h,') < ChyY exp (h;)‘ / H) and the

rate (A.26) becomes

_(k=1)d

& _
Bo(d) ~ BEF -+ (log (n) /n)Trd hy T

B 1-b,-2C 3T —
+ (log (n) /n)2(F+r) by " max {1, phr1mbe 202 exp (Qh;A/C’g)} (A.27)

*exp (hﬁx/é3>

It must be that h, < C (In(n))~Y > for some positive constant C, otherwise exp <h;x/ H)

would grow with n at a faster than polynomial rate and Fy (w]zyr) would diverge. Thus,
one immediately concludes that ,, (d) = O ((ln n)_kF/A>, for d € {p,2p}. One can take

hy = Cgg (In n)_l/ ’\, where the constant Cgg should be taken sufficiently small so that the
term h%F is not dominated by the other terms in equation (A.27) and Assumption 8(iv) holds.
Assumptions 8(i),(iii), and (v) hold for the optimal hy (d) and hy when h,, is logarithmic.
Finally, Assumption 10 ensures that Assumption 8(ii) holds. H

Proof of Corollary 6. For example, see the proof of Theorem 3.1 in Ould-Said, Yahia, and
Necir (2009). ®

Proof of Theorem 7. Define Q,, = X x [§,1 — §] and take &, = min {§/2,ex/2}. Then
the conditions of Corollary 6 are satisfied and the conclusion of the theorem follows. l
Proof of Theorem 8. The assumptions of the theorem ensure that functions Q,,|x,, (qlz¢),
Qo Xie, Xir (qlxt, z+), and hence a(g|r;) and @ (g|x;) are uniformly continuous in x; and z,
for all (x¢,2,) € X x X, g € [§/2,1—6/2] and ¢, 7 # t. Thus there is an ¢, > 0 such that
the conditions of Corollary 6 hold with the set €, = 2.0 (0). Then the conclusions of the
theorem follow. W
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6.4 Results of Monte Carlo Study

DesieN I, n = 2500, T' = 2

e;¢+ ~Laplace eit ~ N (0,1)
hy hw 0.875 0.75 0.5 0.25 0.125 0.875  0.75 0.5 0.25 0.125
RIMSE 1.06 0.65 0.38 0.42 1.02 0.73 0.49 0.36 0.42 0.80
0.2 0.2 RIBIAS? 0.73 0.35 0.14 0.19 0.76 0.44 0.21 0.07 0.16 0.58
RIVAR 0.76 0.55 0.35 0.38 0.69 0.58 0.44 0.35 0.39 0.55
RIMSE 0.49 0.30 0.19 0.22 0.38 0.47 0.33 0.25 0.31 0.46
0.2 0.4 RIBIAS? 0.15 0.06 0.01 0.05 0.19 0.26 0.16 0.03 0.16 0.32
RIVAR 0.47 0.29 0.19 0.22 0.32 0.39 0.29 0.25 0.27 0.34
RIMSE 0.99 0.63 0.31 040 1.03 0.79 0.52 0.35 045 1.03
0.4 0.2 RIBIAS? 0.72 0.41 0.14 0.26 0.80 0.52 0.27 0.13 0.21 0.76
RIVAR 0.68 0.47 0.27 0.31 0.65 0.59 0.44 0.32 0.40 0.69
RIMSE 0.38 0.23 0.16 0.19 0.30 0.42 0.30 0.23 0.26 0.41
0.4 0.4 RIBIAS? 0.10 0.09 0.07 0.09 0.14 0.22 0.16 0.10 0.12 0.24
RIVAR 0.36 0.22 0.14 0.17 0.26 0.36 0.25 0.21 0.23 0.33
RIMSE 0.38 0.27 0.13 0.27 0.39 0.46 0.34 0.17 0.32 0.46
0.4 0.6 RIBIAS? 0.33 0.23 0.07 0.23 0.35 0.39 0.29 0.07 0.25 0.39
RIVAR 0.19 0.14 0.11 0.13 0.18 0.24 0.19 0.16 0.19 0.24
RIMSE 0.32 0.22 0.18 0.22 0.36 0.40 0.31 0.25 0.28 0.45
0.6 0.4 RIBIAS? 0.13 0.13 0.13 0.15 0.23 0.22 0.21 0.17 0.15 0.25
RIVAR 0.30 0.18 0.13 0.15 0.27 0.34 0.24 0.19 0.23 0.37
RIMSE 0.38 0.29 0.16 0.27 0.42 0.45 0.36 0.19 0.29 0.45
0.6 0.6 RIBIAS? 0.35 0.26 0.12 0.25 0.39 0.40 0.32 0.13 0.24 0.38
RIVAR 0.14 0.12 0.10 0.12 0.16 0.20 0.17 0.14 0.17 0.24
INFEASIBLE RIMSE 0.21 0.17 0.15 0.17 0.21 0.21 0.17 0.15 0.16 0.21

Table 1. Design I, n = 2500, T' = 2. Monte Carlo results of estimation of functions h (-, q) for quantiles
q € {0.875,0.75,0.5,0.25,0.125}. RIMSE, RIBIAS?, and RIVAR stand for square roots of integrated
Mean Squared Error, Squared Bias, and Variance, respectively.
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DEsIGN I, n = 10000, T = 2

e;t ~ Laplace eit ~ N (0,1)
hy haw 0.875 0.75 0.5 0.25 0.125 0.875 0.75 0.5 0.25 0.125
RIMSE 0.84 0.49 0.21 0.32 0.78 0.62 0.39 0.24 0.32 0.70
0.2 0.2 RIBIAS? 0.67 0.33 0.08 0.22 0.62 0.41 0.20 0.05 0.15 0.54
RIVAR 0.52 0.36  0.20 0.24 0.48 0.47 0.34 0.23 0.28 0.45
RIMSE 0.31 0.18 0.11 0.13 0.19 0.31 0.21 0.15 0.20 0.29
0.2 0.4 RIBIAS? 0.07 0.05 0.02 0.03 0.08 0.16 0.11 0.03 0.10 0.18
RIVAR 0.30 0.17 0.10 0.12 0.18 0.27 0.19 0.15 0.17 0.23
RIMSE 0.85 0.49 0.19 0.33 0.82 0.68 0.43 0.24 0.36 0.88
0.4 0.2 RIBIAS? 0.73 0.37 0.12 0.28 0.72 0.49 0.27 0.13 0.24 0.70
RIVAR 0.44 0.31 0.15 0.17 0.41 0.47 0.33 0.21 0.27 0.53
RIMSE 0.21 0.15 0.10 0.13 0.19 0.29 0.21 0.15 0.18 0.27
0.4 0.4 RIBIAS? 0.09 0.08 0.07 0.09 0.13 0.16 0.14 0.09 0.11 0.17
RIVAR 0.19 0.12 0.07 0.09 0.14 0.25 0.17 0.12 0.15 0.21
RIMSE 0.34 0.24 0.09 0.24 0.37 0.38 0.28 0.11 0.26 0.40
0.4 0.6 RIBIAS? 0.32 0.23 0.07 0.23 0.36 0.35 0.26 0.07 0.23 0.37
RIVAR 0.10 0.08 0.06 0.07 0.09 0.15 0.11  0.09 0.11 0.15
RIMSE 0.20 0.16 0.15 0.18 0.29 0.30 0.23 0.20 0.22 0.37
0.6 0.4 RIBIAS? 0.13 0.12 0.13 0.16 0.25 0.18 0.18 0.17 0.17 0.25
RIVAR 0.15 0.10 0.06 0.08 0.15 0.24 0.15 0.11 0.14 0.27
RIMSE 0.35 0.26 0.13 0.25 0.40 0.38 0.31 0.15 0.25 0.40
0.6 0.6 RIBIAS? 0.34 0.26 0.12 0.24 0.39 0.36 0.29 0.13 0.23 0.38
RIVAR 0.07 0.06 0.05 0.06 0.08 0.12 0.10 0.07 0.10 0.15
INFEASIBLE RIMSE 0.13 0.11  0.09 0.10 0.11 0.13 0.11  0.09 0.10 0.12

Table 2. Design I, n = 10000, T = 2. Monte Carlo results of estimation of functions iAl(o,q) for
quantiles ¢ € {0.875,0.75,0.5,0.25,0.125}. RIMSE, RIBIAS?, and RIVAR stand for square roots of
integrated Mean Squared Error, Squared Bias, and Variance, respectively.
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DESIGN 11, n = 2500, T = 2

e;t ~ Laplace eit ~ N (0,1)
hy haw 0.875 0.75 0.5 0.25 0.125 0.875 0.75 0.5 0.25 0.125
RIMSE 0.46 0.24 0.16 0.34 0.69 0.48 0.26 0.22 0.36 0.59
0.4 0.4 RIBIAS? 0.35 0.15 0.09 0.22 0.49 0.31 0.11 0.09 0.28 0.51
RIVAR 0.30 0.18 0.14 0.26 0.48 0.37 0.24 0.20 0.22 0.30
RIMSE 0.28 0.27 0.13 0.31 0.56 0.33 0.32 0.16 041 0.68
0.4 0.6 RIBIAS? 0.19 0.23 0.07 0.28 0.53 0.20 0.25 0.07 0.37 0.65
RIVAR 0.20 0.14 0.11 0.13 0.18 0.26 0.19 0.15 0.16 0.20
RIMSE 0.47 0.25 0.18 0.32 0.60 0.53 0.29 0.24 0.40 0.60
0.6 0.4 RIBIAS? 0.37 0.20 0.14 0.23 0.47 0.37 0.18 0.17 0.33 0.53
RIVAR 0.29 0.16 0.12 0.21 0.38 0.38 0.22 0.17 0.22 0.28
RIMSE 0.31 0.27 0.14 0.33 0.56 0.34 0.29 0.17 042 0.67
0.6 0.6 RIBIAS? 0.26 0.24 0.10 0.31 0.54 0.25 0.25 0.11 0.40 0.65
RIVAR 0.17 0.12 0.09 0.10 0.13 0.24 0.16 0.12 0.14 0.17
INFEASIBLE RIMSE 0.24 0.17 0.14 0.17 0.22 0.24 0.17 0.14 0.16 0.22

Table 3. Design II, n = 2500, T' = 2. Monte Carlo results of estimation of functions h (-, q) for quantiles
q € {0.875,0.75,0.5,0.25,0.125}. RIMSE, RIBIAS?, and RIVAR stand for square roots of integrated
Mean Squared Error, Squared Bias, and Variance, respectively.

DEesien II, n = 10000, T' = 2

git ~ Laplace eit ~ N (0,1)
hy hw 0.875 0.75 0.5 0.25 0.125 0.875 0.75 0.5 0.25 0.125
RIMSE 0.38 0.19 0.11 0.26 0.52 0.41 0.20 0.15 0.31 0.53
0.4 0.4 RIBIAS? 0.35 0.16 0.08 0.19 0.42 0.33 0.13 0.11 0.27 0.48
RIVAR 0.16 0.10 0.07 0.17 0.31 0.23 0.15 0.11 0.15 0.22
RIMSE 0.24 0.24 0.09 0.29 0.52 0.26 0.26 0.10 0.36 0.62
0.4 0.6 RIBIAS? 0.21 0.23 0.07 0.28 0.51 0.21 0.23 0.06 0.35 0.60
RIVAR 0.11 0.07 0.05 0.06 0.08 0.16 0.11 0.08 0.10 0.12
RIMSE 0.42 0.22 0.15 0.24 0.49 0.48 0.25 0.20 0.33 0.53
0.6 0.4 RIBIAS? 0.39 0.20 0.14 0.20 0.42 0.40 0.20 0.17 0.30 0.49
RIVAR 0.15 0.08 0.06 0.12 0.24 0.25 0.14 0.10 0.14 0.21
RIMSE 0.28 0.25 0.11 0.31 0.53 0.29 0.25 0.13 0.38 0.62
0.6 0.6 RIBIAS? 0.26 0.24 0.11 0.31 0.53 0.25 0.23 0.11 0.37 0.61
RIVAR 0.09 0.06 0.05 0.05 0.06 0.14 0.09 0.07 0.08 0.10
INFEASIBLE RIMSE 0.15 0.10 0.09 0.10 0.13 0.14 0.10 0.09 0.10 0.13

Table 4. Design II, n = 10000, T = 2. Monte Carlo results of estimation of functions h (-,q) for
quantiles ¢ € {0.875,0.75,0.5,0.25,0.125}. RIMSE, RIBIAS?, and RIVAR stand for square roots of
integrated Mean Squared Error, Squared Bias, and Variance, respectively.
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DesieN 111, n = 2500, T = 2

e;t ~ Laplace eit ~ N (0,1)
hy haw 0.875 0.75 0.5 0.25 0.125 0.875 0.75 0.5 0.25 0.125
RIMSE 0.29 0.23 0.19 0.23 0.44 0.37 0.29 0.23 0.25 0.35
0.4 0.4 RIBIAS? 0.16 0.14 0.10 0.07 0.24 0.20 0.17 0.10 0.08 0.18
RIVAR 0.25 0.18 0.16 0.22 0.37 0.31 0.24 0.21 0.24 0.30
RIMSE 0.40 0.17 0.14 0.18 0.37 0.44 0.35 0.26 0.24 0.35
0.6 0.4 RIBIAS? 0.36 0.11 0.07 0.11 0.33 0.27 0.26 0.17 0.09 0.19
RIVAR 0.17 0.14 0.12 0.14 0.16 0.35 0.23 0.19 0.23 0.29
RIMSE 0.36 0.26 0.21  0.20 0.39 0.44 0.21 0.17 0.22 0.43
0.4 0.6 RIBIAS? 0.24 0.21 0.15 0.07 0.23 0.37 0.11 0.08 0.12 0.37
RIVAR 0.27 0.16 0.14 0.18 0.32 0.25 0.19 0.16 0.18 0.23
RIMSE 0.41 0.20 0.16 0.18 0.37 0.42 0.23 0.20 0.22 0.42
0.6 0.6 RIBIAS? 0.39 0.16 0.13 0.14 0.34 0.35 0.16 0.13 0.14 0.37
RIVAR 0.14 0.12 0.1 0.11 0.13 0.23 0.17 0.14 0.16 0.19
INFEASIBLE RIMSE 0.22 0.19 0.20 0.18 0.24 0.21 0.20 0.20 0.18 0.24

Table 5. Design III, n = 2500, T = 2. Monte Carlo results of estimation of functions iL(-,q) for
quantiles ¢ € {0.875,0.75,0.5,0.25,0.125}. RIMSE, RIBIAS?, and RIVAR stand for square roots of
integrated Mean Squared Error, Squared Bias, and Variance, respectively.

Desien III, n = 10000, T' = 2

git ~ Laplace eit ~ N (0,1)
hy hw 0.875 0.75 0.5 0.25 0.125 0.875 0.75 0.5 0.25 0.125
RIMSE 0.18 0.17 0.13 0.14 0.33 0.25 0.23 0.16 0.18 0.26
0.4 0.4 RIBIAS? 0.12 0.14 0.10 0.06 0.23 0.13 0.18 0.10 0.09 0.14
RIVAR 0.13 0.09 0.09 0.13 0.24 0.21 0.15 0.12 0.16 0.21
RIMSE 0.37 0.13 0.09 0.13 0.32 0.37 0.15 0.11 0.16 0.37
0.4 0.6 RIBIAS? 0.36 0.11  0.07 0.11 0.31 0.35 0.10 0.07 0.11 0.34
RIVAR 0.08 0.07 0.06 0.07 0.08 0.14 0.11 0.09 0.11 0.14
RIMSE 0.28 0.23 0.18 0.13 0.29 0.34 0.30 0.21 0.17 0.25
0.6 0.4 RIBIAS? 0.24 0.21 0.16 0.08 0.23 0.24 0.27 0.18 0.09 0.17
RIVAR 0.15 0.09 0.08 0.10 0.18 0.25 0.13 0.11 0.14 0.18
RIMSE 0.40 0.17 0.13 0.14 0.34 0.39 0.18 0.16 0.17 0.37
0.6 0.6 RIBIAS? 0.39 0.16 0.12 0.13 0.33 0.36 0.16 0.14 0.14 0.36
RIVAR 0.08 0.06 0.05 0.05 0.06 0.14 0.09 0.08 0.09 0.11
INFEASIBLE RIMSE 0.13 0.12 0.11 0.10 0.14 0.13 0.12 0.11 0.10 0.14

Table 6. Design III, n = 10000, T = 2. Monte Carlo results of estimation of functions k (-, ¢q) for
quantiles ¢ € {0.875,0.75,0.5,0.25,0.125}. RIMSE, RIBIAS?, and RIVAR stand for square roots of
integrated Mean Squared Error, Squared Bias, and Variance, respectively.
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90% est. band

Figure 1. Design I. Monte Carlo results of estimation of functions & (-, ¢) for quantiles ¢ € {0.875,0.75,
0.5,0.25,0.125}. Panels (a) and (b) correspond to n = 2500, while panels (¢) and (d) correspond to
n = 10000. Panels (a) and (c) correspond to &;; ~ i.i.d. Laplace, and panels (b) and (d) correspond
to €4 ~ i.0.d. N (0,1). The bandwidths are hy = h,, = 0.4 for panels (a)-(c). Panel (e) presents the
infeasible estimator (see the main text for description) with n = 2500 and e;; ~ i.i.d. N (0,1). For
each z € [0.1,0.9] and ¢ € {0.875,0.75,0.5,0.25,0.125} the true line corresponds to the true value of
h(z,q), estimated median line is the median of il(x, q) over the simulation runs, and estimation band
represents the area between 0.05-th and 0.95-th quantiles of iL(Z‘, q) over the simulation runs.
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