Modes of Convergence

Almost sure convergence

Consider a random sample Z;, t = 1,2, ..., and let w denote the entire se-
quence Zi,Zs, ..., i.e. for any draw w € €, with Q denoting the underlying
probability space, we observe a different realization of the random sequence.
Typically, we are interested in sample averages

T
br(w)=T"1>" 7.
t=1

We say that br(w) converges almost surely to b, i.e. br(w) “3 b, or simply
br “5 b if:
P(w:bp(w) —0b) =1,

where P is the probability measure defined on 2, which describes the distribu-
tion of w and so determines the joint distribution of the entire sequence {Z;} .
Herafter, with the notation {Z;} we mean Z;, with t = 1,2, ...
Note that by “3 b, if the probability of observing a sequence {Z;} such that
T-1 Zthl Z; does not converge to b is zero.

Almost sure convergence for vectors and matrices is equivalent to almost
sure convergence of each element.

Property AS1: If g is a function which is continuous at b, then by “3 b implies
that g(br) “3 g(b).

Usefulness of this property: if X'X/T %3 M and det(M) > 0, then (X'X/T) " &5

M~ This is because the inversion of a positive definite matrix is a continous
transformation.

Sometine in the case of heterogeneous observations, there is no a fixed value
(scalar, vector, etc.) b to which by converges almost sure, though there exists
a deterministic sequence cp, uniformly bounded, i.e. sups |er| < A < oo, such
that

P(w:bp(w)—cr —0)=1,

a.s.

or br(w) — ey = 0.

Uniform Continuity: If for any e > 0, there exists a d(¢), such that for any
for any a,b € B, whenever |a — b| < §(¢), |g(a) — g(b)| < €, with § dependent on
€ but not on b, then g is said to be uniformly continuous on B.

Uniform continuity implies pointwise continuity, but not the other way round.

Though, if B is a compact set (i.e. a set which is bounded and closed), then
pointwise continuity is equivalent to uniform continuity.

Property AS2: 1If g is a function which is uniform continuous in B, supy |er| <
A < oo, then by — ¢y 5 0 implies that g(br) — g(cr) =5 0.



Usefulness of this property: if X'X/T — My “3 0 and infr det(Mz) > 0,
then (X’X/T)_1 — M;' % 0. This is because the inversion of a uniformly
positive definite matrix is a uniform continous transformation.

A few definitions. (i) We say that by is O,,.(1) (or almost surely
bounded) if there exists 0 < A < oo, and Tp, such that for all T > Ty,
P(w:|br(w) <A)=1.

(ii) by is said to be at most of almost sure order 7%, i.e. O, (T?), if there
exists 0 < A < oo, and Ty, such that for all T > Ty, P (w : T~ [br(w)| < A) =1

(iii) by is said to be almost sure order smaller than T?, i.e. o, (T?), if
T~ by “% 0. Thus, if bp(w) — cr “3 0, then by (w) — cr = 04.6.(1).

(iv) A deterministic sequence cr is said to be respectively O(1), O(T*), o(T?)
if there exists 0 < A < oo, and Tp, such that for all T > Ty, |er| < A,
T2 er| < A, and T~*cr — 0

Convergence in Probability.
Let by be a sequence of random variables. We say that by(w) converges in

probablity to b, i.e. bp(w) = b, or simply by 2 b, or plim by = b if:
P(w:br(w) —b) — 1.

With almost sure convergence, the probability measure P controls the entire

sequence {Z;}, while with convergence in probability it controls only the first

T elements.

Note that by > b, if the probability of observing a sequence {Z:} such that

T-1! Zle Z; does not converge to b becomes less and less likely as T increases.
Almost sure convergence implies convergence in probability, but not the

other way round.

Property PRI1: If g is a function which is continuous at b, then by % b implies
that g(br) 2 g(b).

Usefulness of this property: if X’X/T % M and det(M) > 0, then (X'X/T)"" %
M1, This is because the inversion of a positive definite matrix is a continous
transformation.

Property PR2: If g is a function which is uniform continuous in B, sup; |cr| <
A < oo, then bp — ¢p 2 0 implies that g(br) — g(er) 2 0.

Another few definitions. (i) We say that by is Op,(1) (or bounded in
probability) if there exists 0 < A < oo, and Ty, such that for all T > Ty,
P(w:|br(w)| <A) —1.

(ii) br is said to be at most of probability order T?, i.e. O,(T?), if there exists
0 < A < o0, and Ty, such that for all T > Ty, P (w: T7* |br(w)| < A) — 1

(iii) by is said to be of probability order smaller than T, i.e. o0,(T?), if
T by 2 0. Thus, if br(w) —er 2.0, then br(w) — cr = 0p(1).



Product Rule: If Ay is op(1) and by is Op(1), then Arbyr = op(1). That
is, the product of something which is bounded in probability times something
which goes in probability to zero, goes in probability to zero. Analogously, if
Ap is Oa_s_(l) and by is Oa_s.(l), then Arbr = Oa_s.(l).

Convergence in r—th Mean.
Let by be a sequence of random variables. We say that by (w) converges in
r—th mean to b, r > 0, if

E (Jbr(w) —b") = 0 as T — oo.
We also say that by "5 b.

Property RM1: If by "% b, then for all s < r, by "% b, i.e. convergence in r-th
mean implies convergence in s-th mean for all s < r.

In order to prove the Property above, we need the following,
Jensen’s Inequality: If g is a convex (concave) function on a set B, then for any
random variable Z, such that P(Z € B) = 1, it follows that g(E(Z)) < E(9(2))

(9(E(Z)) > E(9(2))).
Now, for s < r,

E(lbr(w) = 8*) = E((br(w)-b")"")
< (B ((Ibr) - o),

thus if E (|br(w) —b|") — 0 also E (|br(w) — b|*) — 0.
Property RM1: If for 7 > 0, bp "= b, then by > b, i.e. convergence in r-th
mean implies convergence in probability.

In order to show the property above, we need the following,
Generalized Chebyshev Inequality (or Markov Inequality): Given a random vari-
able Z, such that E(|Z]") < oo, then for any r > 0, there exists ¢ > 0 such that,

LBz,

P(Z]>e) <

Now,
1 r

For later...Given a random sequence {Z;},

(i) if 71 ZtT:l(Zt — E(Z;)) “2 0, we say that {Z;} satisfy a Strong Law
of Large Numbers

(ii) if 71 Zthl(Zt — E(Z;)) 2 0, we say that {Z,} satisfy a (Weak) Law
of Large Numbers

Convergence in Distribution



Let br(w) be a sequence of random vectors, with distribution Fr. If, as T —
00, Fr(z) — F(z), for any continuity point z of F, where F is the distribution
function of Z, we say that by converges in distribution to Z, i.e. by 4 7.

If Z is a normal random variable, then by is said to be Asymptotically Nor-
mal.

If by LN b, then by converges in distribution to a random variable Z which
takes the value b with probability one.

Continuous Mapping Theorem: If bp < Z, then for any continuous function g,
d
g(br) = 9(Z).

Property CD1: If by 4, Z, then by = Op(1), i.e. random sequence converging
in distribution, is bounded in probability.

Proof: as by -5 Z, P(lbr| > A) — P(|Z] > A), and so for any A, there
exists § > 0, such that

lim P (Jbr| > A) = P(|Z] > A) < 6.

Product Rule (again): We have see that if Ar = op(1) and by = Op(1), then
Arbr = op(1). Thus, if Ay & 0 and by < Z, then Arby 2 0.

Asymptotic Equivalence: If ap — by = op(1), and by 4, Z, then ap LNy4
Very useful result: crucial in showing the asymptotic normality of estimators
and test statistics.

Choleski decomposition: Any positive (semi) definite matrix V, can be de-
composed as V = V1/2V1/2 where V/2 does not need to be unique.

Asymptotic Covariance Matriz: Let Vi be a k X k matrix which is positive
definite for all T > Ty, if V;l/sz 4, N(0,Ik), then Vp is said to be the
asymptotic covariance matrix of by, or Vo = avar(br). Note that if the smallest
eigenvalue of V- and V. 1 are bounded away from zero, then Vp = avar(br) =
var(br).

Quadratic Forms: If V;l/sz 4, N(0,Ig), then b’TVrfle 4, X (immediate
from continuous mapping theorem).

For later...Given a random sequence {Z;},
() if V2112 (7, — E(Z,)) % N(0, I) we say that {Z;} satisfy a
Central Limit.



Consistency and Asymptotic Normality of OLS

Linear Model:
y =XpB+e (1)

WhereyisTxl,XisTxk‘,,BTisk:xlandeisTxl,or
ye = X,8" + e, (2)

with y,, e; scalars, X; and 87 k x 1. Hereafter, X; = (1, X4, Xit).

We say that the linear model is correctly specified for E(y:|X:) if
E(y|X¢) = XQBT-

Note that correct specification for E(y|X;) is EQUIVALENT to E(e|X;) = 0.
In the case of correct specification, ﬁT is the parameter vector of the condi-
tional expectation. For example, if (y;, X;) is jointly normal, then y;|X; ~
N(X;8",02), and so the linear model is correctly specified. Otherwise, there is
no particular reason why the linear model is correctly specified for E(y;|X;).

Now, E(y:|X:) implies that F(X;e;) = 0, in fact, by the Law of the Iterated
Ezxpectations,

E(XtEt)

E (E(Xt€t|Xt)) = E(XtE(€t|Xt))

If we simply assume that F(X;e;) = 0, then the linear model is not necessarily
correctly specified, and ﬁT is not necessarily the parameter of the conditional
expectation, though BT can be interpreted as the best linear predictor.
Provided (E(X,X}))™" exists, i.e. no perfect collinearities, note that by
premultiplying (2) by X; and taking the expectation, we have that

E (X)) = E(X,X})B8" + E(Xser),
so that if E(X;e;) =0,
Bl = (B(X:X)) ™ E(Xu) .

Now, it is immediate to see that ,BT can be also defined as:
1 X
T — o E _ X/ 2
B! = argmin ; (e — Xi8)
and so is the best linear predictor. In fact, by the first order conditions, recall-

ing that E (Xt (yt —~ X;gT)) =0forall t,2L 31 | E (Xt (yt - me)) -0,
which indeed implies, 8" = (E(X,X})) ™" E (Xyy:) .



Define the OLS (Ordinary least Square Estimator), §T, where
~ 1 L )
B = arg mﬁin T Z (ye — Xi8)7,
t=1

and so
R |z -1 1 I
o ’
Br = (T ;tht> <T ;Xtyt> . (3)

Assumption OLS-1

(i) ye = X, 8" + &, with E(Xe;) = 0.

(i) + ZtT:1 Xie; “3 E(Xse;) = 0 (strong law of large numbers)

(iif) & 37, XX, — Mg “3 0, where My = % 37| B (X,X}) = O(1), with
infr det Mz > 0 (strong law of large numbers)

(iv) V72 ST Xy, % N(0, 1), with Vi = var (TL/ T Xtet) -
O(1) and infp det Vp > 0 (central limit theorem for the score)

Theorem OLS-1:
(a) Given Assumption OLS-1(i)-(iii), then

Br =5 B!
(b) Given Assumption OLS1-(i)-(iv), then

D;l/QTl/z (//B\T - /81.) i’ N(Ovjk)v

—1 —1
where Dy = (% ST thg) Vi (% ST thg) .
(c) Given Assumption OLS-1(i)-(iv), if there exists Vi —Vr 20, then

]5;1/2T1/2 (//B\T - /81.) i’ N(Ovjk)v
~ -1 -1
where Dy = (+ X1, XX;)  Vr (350, X,X))

Proof: (a) Given (3), and (2),

N 1 E
Br = (sztxz>
X



Now,
By — B

1 T
= M;ITZXtEt
t=1
1 & B 1<
+ (T Z XtXé) - M;l f Z XtEt (4)
t=1 t=1

Given A-OLS-1(iii), My = O(1) and My uniformly positive definite (i.e. infp det Mg >
0), it follows that M;' = O(1). Now, by A-OLS-1(i)-(ii), + >/ Xep =
0a.s5.(1). Thus,

T
1
-1 . _
MT T ;th - 0(1)0a~5-(1) - Oa.s.(l)
by the product rule (recall that a term which is O(1) is also O, 5.(1)). As for the

second term on the RHS of (4), as the inversion of a uniformly positive definite
matrix is a continuous operation, given A-OLS-1(iii) and given Property AS1,

—1
T
1
<T Zm@) - M =0, (1),
t=1

Thus, recalling A-OLS-1(ii), the second term of the right hand side of (4) is
0a.5.(1). This concludes the proof of part (a).
(b) Given (4), we have that

D (B, - 1)

T
_ _ _ 1
_ DT1/2MT1V1T/2VT1/2 —7 Z X, e
t=1

T -1 T
_ 1 _ _ 1
+DT1/2 (T Z XtXQ) - M V;/2VT1/2 —7 Z Xie; (5)
t=1 t=1

We first show that the second term on the RHS of (5) is op(1).

Given, A-OLS-1(iv), V;lmﬁ 23:1 Xie: = Op(1), as it converges in dis-
tribution. Also, given the fact that My and Vp are O(1) and uniformly positive
definite, D;l/Q and V;/Q are O(1).

-1
In part (a), we have shown that (% Zle XtX;) - M;l = 04.5.(1). Thus

the second term on the RHS of (5) is op(1) by the product rule (recall that a
0a.5.(1) term is also op(1)).
Now, consider the first term on the RHS of (5).



~1 ~1
First, note that, as Dy = (% ZtT:I XtX;) Vr (% Zthl XtXQ) ,

—1
1/2 ( th ) V1T/2
and so

D;1/2 1/2 ( ZXtX/>

So, given A-OLS-1(iii), and recalling the product rule,

D_1/2M71V1/2

= V2 ( pr(’) M V2

= V2 (( ZXtX’> )MTlVlT/2

+V AMe M V2
= Og.s. (1) + Ik
Thus, the

T
- _ - 1
DT1/2MT1V1T/2VT1/2 =7 Z X6
t=1

T

_1/90 1

= VT / T1/2 ZXth +0p(1)
t=1

Given A-OLS-1(iv), V;lmﬁ Zle X6 -5 N(0, 1), and by the asymptotic
equivalence lemma, the LHS (which is the first term on the RHS of (5)) converges
in distribution to a N(0, I;;). Recalling that the second term on the RHS of (5)
is 0,(1), part (b) follows by applying again the asymptotic equivalence lemma.

(c)
V2D, (B, - 6)
TVD, M (B, - 6')
+(Dy?-Dy?) 12 (B, - B7) (6)

By part (ii), we know that the first term on the RHS of (6) converges in
distribution to a N(0, ;). Now, given that VT —Vr LN 0, it follows that
ﬁ;l/Qij_wl/Q = op(1); T/? (BT f,BT) is Op(1) as it converges in distribu-
tion. Thus, the second term on the RHS of (6) is 0,(1) by the product rule.



Part (c) then follows by the asymptotic equivalence lemma.

Remark 1: If in Assumption OLS-1(ii)-(iii), we replace almost sure conver-
gence with convergence in probability, the statement in part (a) would be
BT 2, B, while the statements in part (b) and (¢) would not change.
Remark 2: The proof of Theorem OLS-1 is based on four elements: law of
large numbers, central limit, product rule and asymptotic equivalence. So far,
we have assumed that law of large numbers and central limit hold (Assumptions
OLS-1(ii),(iii),(iv)). Though, these are NOT primitive assumptions. In the
sequel, we shall provide different set of assumptions on the degree of memory
and dependence of the data, ensuring that law of large numbers and central
limit hold.

Remark 3: In statement (c), we have assumed that there exists a consistent
estimator of the (asymptotic) variance of —ir Z;‘ll Xi€r. In the sequel, we
shall provide sufficient conditions for that. We anticipate that, in the case of
dynamically misspecified models, this is somewhat complex, i.e. cannot rely
just on law of large numbers.

Before addressing the issues in Remarks 2 and 3, we first outline the as-
ymptotic behavior of the three classical tests, Wald, Lagrange Multiplier and
Likelihood Ratio, still assuming that Assumptions OLS-1(ii)-(iv) hold.



Hypothesis Testing: Wald, Lagrange Multiplier and
Likelihood Ratio Tests

Often we are interested in testing linear restriction about parameters, that
is we want to test the null hypothesis

Hy:R@B'=r (7)

versus the alternative,
Hi:RB' #71 (8)

where R is a g X k selection matrix and r is a ¢ x 1 vector, ¢ denotes the number
of linear restrictions.
Examples:Suppose we want to test Hy : BE =0vs Hy: @ #0.

R=[0 10 ... 0], r=0

1. Suppose we want to test Hy : 53 = Bg =..= ,6’}; =0vs Hy: BI # 0 for
at least one ¢ = 2, ..., k. In this case we test

RA'=r vs R,BT;& r

010 0 0
0o 1 0
R= Cor=
0 0 1 0

where Ris (k—1) xkandris (k—1) x 1.

2. Suppose we want to test Hy : B; + ﬂg =0vs Hy: B; + Bg # 0. In this
case we test
RA'=r vs R,@T;é r

R=[0 110 ... 0], r=0

3. Suppose we want to test Hy : ﬁg — Bl =0 and 6; =1vs Hy: B}; —BZ #0
and/or ﬁ; # 1. In this case we test

RA'=r vs R,BT;& r

R has two rows, oneforﬂgzl, andonefor,BE—,Bl:O:
010 0 0O ... 0 1
R= 001—100...0}’ r‘[o]

Wald Test
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When performing Wald test, we estimate only the unrestricted model. Here-
after, let Vo = var (ﬁ Zthl Xtet) , and let V7 be a consistent estimator of

Vr (under Hp), and let ,CA']T be the OLS estimator of the unrestricted model.
Define the Wald statistic as

Wp =T (RBT _ r)l (RﬁTR’) o (RZaT _ r)

where

1 & - 1< o
~ 1 17 ’
Dy = <T ;tht> Vi (T ;tht> 9)

Theorem Wald-1: Let the assumptions of Theorem OLS-1(c) hold. Then:
(i) under Hy, Wr < Xa

(ii) under H4, Wr diverges to infinity.

Proof: (i) Under Hy, r = RA', thus

Wr =T (RB; - RE' )' (RD,R) o (RB, - Rp')

. —1/2 J
By Theorem OLS-1(c), T/2 (RDTR') (RﬂT —_Rg' ) <4 N(0,1,) and so

Wr < xﬁ because of the continuous mapping theorem.
(ii) Under Ha, r # RA3', thus

wr = T(Rp; - Rp' ) (Rf)TR'f1 (RB; - RS
+7 (R@' - r)l (RD:R) B (RB; - RS')
+T (RBy - Rﬁ*)/ (RD:R) - (RB - 1)
+T (RBr - r)l (RD:R) B (RBr - 1) (10)

The first term on the RHS of (10) is Op(1) as it converges in distribution
under both hypotheses. The second and third term are of order Op(T'/?) as

(RBT - R,BT> = Op(T~?) and RB' — r # 0. Finally, the last term diverges
to (plus) infinity at rate T, as RBT —r # 0.

Remarks on Wald Test

(i) The Wald test is not an invariant test, in the sense that is not invariant
to parameters reparametrization (one to one transformation of the parameter
space), see Dagenais and Dufour (Econometrica 1991). Broadly speaking, if
instead of test Hy : 8 = 0, we test Hj : In(8) = 1, we may get quite different
answers.
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(ii) If var (ﬁ Zthl th) =71 Zthl E (X;X})0?, i.e. in the case of

conditional homoskedasticity, the Wald statistics writes as:
~ ! -1 -~
Wr =T (R,BT - r) (R (X'X /n) " R’) (R,@T - r) /52
and is numerically identical to ¢F, whereF' is the standard F-statistic for the
same null.

Lagrange Multiplier Test

An alternative approach to the Wald approach above is to impose the re-
strictions, i.e. estimate only the restricted model. Let B be defined as:

T
B = arg mﬁin Z (ye — X;,@)Q subject to RG =, (11)

t=1

Nl =

i.e.Now let €; be the restricted residuals, i.e. € = y; — XQBT. Note that is the
restricted least square estimators, which is DIFFERENT from the unrestricted
OLS estimator of the restricted model. In fact, B is k x 1 even if there are
zero restrictions.

The Lagrange Multiplier statistic is defined as:

LMy
1 A, b -
_— (T 3 xta> <T 3 xtxg> R’ (RD/R)
t=1 t=1
1 A
xR (T Z XtX£> (T Z tht> ) (12)
t=1 t=1

where .

N L I -t |z
Dy = <T thxg) Vr (T ZXQQ) (13)
t=1 t=1
and \N/'T is an estimator of V1 based on the restricted residuals, recall that

1 T
VT = var (m thl Xtet) .

Theorem LM-1: Let the assumptions of Theorem OLS-1(b) hold. Then:

(i) Assume that Vo — Vi = 0p(1), then under Hy, LMy <, Xo
(ii) under Hy4, LM diverges to infinity.

Proof: (i) Consider
—1
Nz (1S 1 -
LMY =T/ (RDTR’) R (T 3 thg> (T 3 Xtet>
t=1 t=1
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and, recalling that € — ¢, = —X| (ET — ,6T> , note that

1/2 1/2 = o\ T2 1« / - 1 o
cMy® = T2 (RD;R) TR T;tht T;Xtet
_7/2 (RﬁTR’) ) (BT - ﬁT) . (14)

Now, under Hy, RﬂT: r, and by construction RBT =r. Thus, under the null,
the second term on the RHS of (14) is equal to zero. Now, from the proof of
Theorem OLS-1(b), we have seen that

R 1 I -1 1 Z
T1/2 (IBT _ﬁ“‘) = (TZXtX;> mZtht.
t=1 t=1
Thus, the first term on the RHS of (14) writes as:
~ —1/2 ~
T2 (RDTR') R (ﬂT _gf ) .
~ - —1/2 s~ J
As we have assumed that Vo —Vp = 0,(1), T1/2 (RDTR’) R (,BT - ,BT) B
N(0,1) by the same argument used in the proof of Theorem OLS-1(c). Part (i)
then follows from the continuous mapping theorem.

(ii) under Hy, RﬁT;& r, and by construction RBy = r, thus by adding and
subtracting r in the second term on the RHS of (14), we have that

1/2 12 (poy. w2 1 & , o 1 &
tM? = T2 (RDrR) TR T;tht T;Xtet
T2 (RﬁTR’) s (RﬁT - r) (15)

The first term on the RHS of (15) is Op(1) as it converges in distribution by
the same argument as in part (i), but the second term is of Op(1)O(T*/?) and
thus when premultiplied by its transpose it diverges to infinity at rate 7.

Remarks on Lagrange Multiplier Test
(i) Also, the Lagrange Multiplier test is (in general) not an invariant test.

(i) T var (b= $7L Xoer) = TV S0, B(X,X]) 02, ie. in the case of

€
conditional homoskedasticity, then the LM test can be performed in a TR?2
format, at least for the case in which we are testing zero restrictions. That is,
we estimate the restricted model, and then regress the residuals on a constant
and on the omitted variables, and compute the R? from the latter regression.

Under the null, TR? <, XZ, under the alternative, it diverges to infinity at rate
T.
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Likelihood Ratio Test

If |X; is iid N(0,02), then the OLS ET is also the Maximum Likelihood
estimator (MLE); on the other hand if ¢|X; is NOT iid N(0,02) then B is a
Quasi Maximum Likelihood estimator (QMLE), i.e. an estimator constructed

under the wrong assumption that the marginal of the error is normal. Let ﬁT
be defined as in (11), then define the likelihood ratio statistics as LR,

€

LRy = gln (2/2). (16)

~2 1 T 3 2 ~2 1 T a 2
where o, = 7>, (yt — XQ,BT) and o, = 7> ;4 (yt - X;ﬁT> .
Theorem LRT-1: Let the assumptions of Theorem OLS-1(b) hold. Also, as-
sume conditional homoskedasticity, i.e. var (ﬁ Zthl Xt€t> =71 Zthl E (X;X}) o2,
Then:
(i) under Hy, —2L R <, X2
(ii) under Hy, —2LRr diverges to infinity.
The proof of Theorem LRT-1 requires the following result:
Intermediate value theorem. Let s : RF — R be defined on an open set © C R
and it’s differentiable on ©, with gradient Vs. Then, for any ¢ and 6y in ©,
s(0) = s(6g) + Vs(0) (0 — 0p), with 6 € (0, 0) .
Proof: (i) First, recalling that X'¢ = 0 by construction, note that
~ ~\/ ~ ~
5. =52+ (Br—Br) X'X/T) (Br — Br).
and so
T S =N o (B B /52
LRy = —5111 1+ (ﬂT _,BT) (X'X/T) (IBT _ﬂT) Oc |-
We now make use of the intermediate value theorem, setting g = 0 and
~ ~\/ ~ ~
0= (Br—Br) X'X/1) (Br —Br) /57
Then,
T Nt (3 =\ v 2 P ~2
LRy =~ (140) " (Br - Br) X'X/T) (Br - Br) /52,
where 6 € (0,0). As 0 — 1, (1 —|—9)71 , and so
~ ~ N/ ~ ~
~2LRr ~ T (Br - Br) (X'X/T) (Br - Br) /52 0.
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By the asymptotic equivalence Lemma, it suffice to consider the limiting distri-
bution of

7 (B~ Br) (X'X/T) (Br — Br) /52,

Now (i leave the proof for homework),

(Br—Br) = (X'x/7) 'R (RX'X/T) 'R (RBrx).

~ / -1 ~
Thus, —2L R is asymptotically equivalent to T (RﬁT - r) (R (X'X/n) " R’) (RBT - r)

which is the Wald test for the case of conditional homoskedasticity.
(ii) Do it! easy.

Remarks on LR test.

(i) Advantage: It is an invariant test

(ii) Disadvantage. If conditional homoskedasticity does not hold, it does no
longer have a chi-squared limiting distribution (though it has a distribution).

Other Remarks on Wald, LM and LR.

(iii) We have seen that under the null, and in the presence of conditional
homoskedasticity, Wy, LM and —2LRp are asymptotic equivalent. Though,
in finte sample, the following hold:

Wr > =2LRr > LMr.

(iv) Suppose we are interested in testing nonlinear restrictions, i.e. we have

to test Ho : h(B8") = 0 vs Hy : h(B") # 0, where h : R¥ — R?, ¢ < k. Then

~ ~ o~ ~ -1
Wr = Th(By) (Vsh(Br)DrVsh(Br))  hBr),

and the statement in theorem Wald-1 still applies. As for the Lagrange Multi-
plier and Likelihood Ratio, they are constructed as in (12) and (16), but with
B compute as B = argming + Zthl (yr — X, 3)? subject to h(B) = 0. The
statement in Theorems LM-1 and LR-1 still apply.

15

~2
O¢,



We have derived the asymptotic normality of OLS estimators, as well as as
the limiting distribution of Wald, Lagrage Multiplier and Likelihood Ratio test,
assuming that:

(a) X’X/T and X’e satisfy a Strong Law of Large Numbers

(b) X'e/T"/? satisty a Central Limit Theorem

(c) There exist a consistent estimator for var (X’e/T1/2) .

In the sequel we shall provide various sets of primitive sufficient conditions
on the data (y;, X;) ensuring that the law of large number is statisfied, central
limit theorem applies and we can consistently estimate var (X'e/T"/?).

Strong Law of Large Numbers

We shall proceed from the easier case of independent and identically dis-
tributed data to the more complex in which we allow for both dependence and
heterogeneity.

In the sequel we need the following inequality:
Holder Inequality: If p>1,p~' + ¢ ! =1, and if E(|Y|P) < 0o and E(|Z]9) <
007

E(YZ)) < (B(Y )" (B(1Z|)"
For p = ¢ = 2, we have the well known Cauchy-Schwarz Inequality, i.e.

E(yz) < (B(Y2)"* (B(2P)""*.

Proposition IID-1: 1f {Z;} is an iid sequence, then for any continuous functiuon

9, {9(Z:)} is also iid (this is true more a more general class than continuous

function, in fact it holds for all measurable function).

Identically and Independently Distributed Observations (Kolmogorov SLLN)
Let {Z;} be a sequence of iid observation. Then T~* Zthl Z, “% pif and

only if E(|Z;|) < oo and E(Z;) = p.

Proposition SLLN-1: Let {y;, X;} be independently and identically distrib-
uted random sequence. If E(X;;?) < oo for i = 1,..k and if E(e}) < oo,
then:

T

. 1 a.s.

(i) sztet = E(Xj€e1)
t=1

T
]- a.s.
(i) 7 D XX, “3 M, where M =E(X}X))

t=1

If E(X161) = 0, then A-OLS-1(ii) is satisfied. Also, if M is positive definite
A-OLS-1(iii) is also satisfied.
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Proof of (i): By Chauchy-Schwartz inequality, E | X ¢;| < (E (XlX’l))l/2 (E’(ef))l/2 <

0o. Also, by Proposition IID-1, X;e, is iid (the product is a continuous function);
thus statement (i) follows from Kolmogorov Law of Large Numbers
1/2
(ii) By CS inequality, E(|X;,X;.|) < (E(Xi.:?)) / (E(X;%)) " Thus,
for alli,j =1, ..., % Zthl XitXj+ 3 E(X;1X,1). Almost sure convergence of
each element ensures almost sure convergence of the matrix.

1/2

Independent and Heterogeneous Observations (SLNN)

Let {Z;} be a a sequence of independent observations, with E(Z;) = p,. If
for some § > 0, B(|Z,]'%) < A < oo then T~ S20_, (% — ) “3 0.

Proposition SLLN-2: Let {y;, X;} be independently and heterogeneously
distributed random sequence. If E(X,;2(1+9)) < oo for i = 1,..k and if

E(ef(lﬂs)) < 00, then

1 T
Z Xtet Xtét)) 0:9). 0

t:l

T T
1 a.s. L
ii) 7 D XX} — My “3 0, where Mr=7 > EB(X(X))
t=1 t=1
If E(Xte:) =0, then A-OLS-1(ii) is satisfied. Also, if My is uniformly positive
definite A-OLS-1(iii) is also satisfied.

Dependent and Homogeneously Distributed Observations

While the independent assumption often holds for cross section data, it can-
not hold for time series data. The issue is to see how much dependence we
can allow for and still have (S)LLN holding (we’ll see that the restriction on
dependence necessary for CLT are stronger than those necessary for (S)LNN).

We need some preliminary and then investigate some memory conditions
often used in the literature.

o—Algebra: A family (collection) F of subsets of € is a c—field (c—algebra), if;

(a) the empty set (&) and § belong to F, (ii) if F' € F, then F° € F (F° is the

complement of F') (iii) If {F;} is a sequence of sets in F, then U2, F; € F.
The pair (2, F) is a measurable space whenever F is a o— ﬁeld Any F € F,

can be interpreted as an event.

Probability Measure. Let (2, F) be a measurable space. A mapping P : F —>[0, 1]

is a probability measure on (2, F), provided: (i) P(@) =0 and P(Q) = 1, (ii)

17



for any F € F, P(F¢) = 1— P(F), (iii) For any disjoint sequence F; € F, i.e.
Fi N Fj =0 for all 4 75 j, P(U?ile) = Z;)il P(Fl)
The triplet (2, F,P) is said to be a probaility space.

Measurable Function: A function g : 2 — R is said to be F—measurable if for
any real number a, the set [w: g(w) < a] € F.

Any continuous g is F—measurable.
Measure Preserving Transformation. Let (2, F,P) be a probability space. A
mapping Y :  — ) is a measure preserving transformation if for any F € F,
P(Y7'F) = P(F).
Stationarity: Given a random sequence {Z;}, we say that {Z,} is stationary if
for any 7 = ...— 1,0, 1, ... the joint distribution of (...Z_1, Zy, Z1, ...) is identical
to the joint distribution of (...Z_14+, Zr, Z14r,-..).

Stationarity is sometime termed STRICT STATIONARITY to distinguish
it from covariance stationarity. Recall that Z;, is covariance stationary if (i)
E(Z) = p (i) Var(Z) = 0% < oo (iii) Cov(Zy, Zi—k) = 5. A (strictly)
stationary sequence with finite variance is covariance stationary.

Proposition SS-1: {Z,} is stationary if and and only if there exists a measure pre-
serving transformation Y such that, Z; (w) = Z; (w), Z2(w) = Z1(Yw), ..., Zr(w) =
Al (TTi 10.)) .

Note that iid implies stationarity. Though, if we relax the independence
assumptions, the fact that {Z;} is identically distributed, does NOT imply strict
stationarity. In fact, identically distributed means that the marginal distribution
of Z; is the same for all ¢, while strict stationarity means that the JOINT
distribution of {Z,} is the same as the JOINT distribution of {Z;,}, for all 7.

Ergodicity: Let (Q, F,P) be a probability space and let {Z;} be a stationary
sequence, and let T be a measure preserving transformation. Then, {Z;} is
ergodic if:

T—o00

T
1
li —E P(FNY'G)=P(F)P
lmthl (FnTa) e,
for all F,G € F.

In the independent case, P (F NG) = P(F)P(G). Can think at T'G as at
the event G shifted ¢ periods ahead. Since P(G) = P (Y'G), (Y is measure
preserving) ergodicity means that F' and Y!G are independent on average in
the limit. Thus ergodicity is a form of asymptotic independence on average.

Property SS-2: 1t { Z,} is stationary ergodic, then for any F-measurable function
9, 9(...Zy1,Zy, Zy44, ...) is also stationary ergodic. Note that g may be function
of the infinite history of Z;.

SLNN for Stationary Ergodic Sequence (Ergodic Theorem)

18



a.s.

Let {Z,} be a stationary ergodic sequence, with F|Z;| < co. Then S 24

Proposition SLLN-3: Let {y;, X;} be stationary ergodic random sequences.
If B(X;?) < oo fori=1,..k and if E(e}) < oo, then:

T
N a.s.
(l) T E XtEt — E<X1€1)

t=1
1 T
(i) > XX “¥ M, where M =E(X/ X))
t=1

If E(X161) = 0, then A-OLS-1(ii) is satisfied. Also, if M is positive definite
A-OLS-1(iii) is also satisfied.

Proof: By the same argument as in the proof of Proposition SLLN1, recalling
that if {y:, X;} are stationary ergodic, then also XX} and X¢e; are stationary
ergodic.

Dependent and Heterogeneously Distributed Observations

We have seen that that ergodicity applies only to stationary sequences. Also,
ergodicity is a too weak memory requirement in several circumstances. For
heterogeneously distributed sequences, we need some stronger conditions, known
as mixing conditions.

¢—Mizing and a—Mizing: Let B" . = 0 (..., Zn_1, Zy) and By, = 0(Zngms Zntm+1,s -

and define the ¢ and a mixing coefficient as:

¢ (B, BoYn) = sup |\P(H|G) — P(H)|
{GeBr __ ,FEBX, :P(G>0)}

n+m

(B, BE) = sw  |P(HNG)— P(H)P(G)|
{GeB" __ ,FeBx_ :}

ntm’

Note that ¢ (B” .., B,,) and a (B™,B5%,,) measure the degree of depen-

n+m —00)
dence among two events which are m—periods apart. Note that, as P(HNG) =

P(H|G)P(G), ¢ (B" o, BL,,,) > & (B" o, BZ,,,,) - Now, let

p(m) =sup ¢ (B” o, BySrn) and a(m) =supa (B” o, B,,)

(i) If as m — o0 ¢(m) — 0, {Z;} is $—mixing (or uniform mixing)

(i) If as m — oo a(m) — 0, {Z;} is a—mixing (or strong mixing)
Note that ¢—mixing implies a—mixing, as for all m ¢(m) > a(m).

Basically a mixing random sequence is a sequence which is asymptotically

independent, i.e. two events which are m periods apart, become independent as
m — 00.
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For (S)LLN and CLT hold, we need that the mixing coefficient goes to zero
fast enough.

Mizing Size

For a € R, if ¢(m) = O(m~=*"¢), for some ¢ > 0, then ¢ is of size —q;
similarly if a(m) = O(m~%¢), for some € > 0, then « is of size —a.

The smaller is « the higher the dependence.

Property Mix1: If {Z;} is a ¢—mixing process of size —a, then for any measure
function g, g(Zt, Zt41, -y Zt4r), with 7 < 00, is ¢—mixing of size —a; similarly
If {Z;} is a a—mixing process of size —a, then for any measure function g,
9(Zsy Zsi1y ey Zir ), with T < 00, is a—mixing of size —a.

Thus, any measurable function of a FINITE history of a mixing process, is
mixing of the same size.

Covariance stationary ARMA processes are a—mixing with mixing coeffi-
cient decaying at an exponential rate (therefore are said exponentially mixing),
but they are not necessarily ¢p—mixing.

SLNN Dependent Heterogeneous Sequences (McLeish)

Let {Z;} be a ¢—mixing sequence with size —r/(2r—1), r > 1 or a a—mixing
sequence with size —r/(r — 1), 7 > 1, and with F(|Z;|"*%) < A < oo, for § > 0.
Then, 31, (Z — E(Z:)) “% 0.

Note trade-off between moments and memory conditions: the higher is r the
more dependence we allow, but at the cost of stronger moment conditions (and
less heterogeneity).

Proposition SLLN-4: Let {y;, X;} be ¢ («) random sequence of size —r/(2r —
D, r>1(—r/(r—1),r>1). If E(X;;?0%9) < oo for i = 1,..k and if
E(ef(lJré)) < 00, then

1

T
(i) 7 Y (Xier — E(Xper)) “3 0
t=1

el

T T
1 as. 1
(i) T E XX, — Mg =5 0, where MT:T E E(X}X;)
t=1 t=1

If E(Xte:) =0, then A-OLS-1(ii) is satisfied. Also, if My is uniformly positive
definite A-OLS-1(iii) is also satisfied.

Proof: By the same argument as in the proof of Proposition SLLN1, recalling
that if {y;, X} are be ¢ (a) random sequence of size —a, then also X;X} and
Xie; are also ¢ («) random sequence of size —a.
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Central Limit Theorems

‘We now need to find moments and memory conditions under which ﬁ 23:1 Xies
satisfies a CLT, and so Assumption A-OLS-1(iv) is satisfied. As we see such
conditions are slightly in stronger than those needed for the SLLN to hold. In
particular, as for the law of large numbers, in the stationary case, ergodicity
suffices, but this is no longer the case for the CLT.

In the sequel, we’ll need the following result:

Cramer-Wold device

Let by a k x 1 random vector, and let A be a k x 1 vector, such that A\ =1
and X'by % X' Z. Then by % Z.

CLT are stated for scalars, then the Cramer Wold device is used to obtain
the CLT for vectors.

Identically and Independent Observations (Linderberg-Levy CLT)
Let {Z;} be a iid sequence, with E(Z;) = p, Var(Z;) = o2, with 0 < 02 <

0o, then ﬁ Zthl (%) <, N(0,1).

Proposition CLT-1: Let {y:, X;} be an independently and identically distrib-
uted random sequence. If E(X;;*) < oo for i = 1,...k and if E(e}) < oo, then
if E(Xtet) =0:

1

—1/2
4 /T1/2

T

3" Xper 5 N(0, ),

t=1

where V = Var (ﬁ Zthl Xtet) . Thus, A-OLS-1(iv) is satisfied.

Proof: By Cauchy-Schwarz inequality, fori = 1,...,k E (X?,67) < (E (Xﬁt))1/2 (E(e})) <
0o. By Proposition IID-1, X,e, is iid. For A k x 1 vector, such that XA = 1,

Var (/\'VT_l/Qﬁ Zthl Xtet) = 1, and Linderberg-Levy CLT, XV;lﬂﬁ Zthl Xies 4,

N'N(0, I,). Thus, by the Cramer-Wold device, Vi /% = 31 Xyer % N(0, ).
Heterogeneous and Independent Observations (Liapunov CLT)

Let {Z;} be an independent sequence, with E(Z;) = p,, Var(Z;) = o?,
E(1Z; — 1,]??) < A < o0, with § > 0, and 72 = %Zle 0? > 4§ > 0. Then

- d
ﬁ Zthl (Z?TM) — N(0,1).

In the heterogenous case, we need to have a CLT for V{lmﬁ 23:1 Xy,

where the summands V7. 1 2Xtet may depend on 7. We need the following gen-
eralization of the theorem above,

Identically and Heterogeneous Observations (Loeve CLT)
Let {Zir} be an independent sequence, with E(Zir) = pyp, Var(Zir) =
o2, B(|Zir — ppr)*™°) < A < 00, with § > 0, and 72 = % 37 02, > &' > 0.

Then 7z 7L, (22542 ) 4 N (0, 1).
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Proposition CLT-2: Let {y;, X;} be an independently distributed random
sequence. If E(XZSH)) <A < o0, E(e?)(tﬂa)) < A < oo, fori=1,..k and
some ¢ > 0, Vr is uniformly positive definite. Then if F(Xe;) = 0:

1

—1/2
Vr T1/2

T
3" Xeee 4 N(O, 1),
t=1

where Vi = Var (7 S0, Xier) . Thus, A-OLS-1(iv) is satisfied.

1/2 1/2
Proof: By Cauchy-Schwartz inequality, E(|Xi7tei7t|2+5) < (E(Xi§2+6))) (E(ei(f%))) <

A. By construction, Vp = £ 23:1 var (Xie:) . Recalling that continuous func-
tion of independent rv is independent, the desired result follows by Loeve CLT
and Cramer Wold device.

Dependent Observations.

Our objective is to provide primitive conditions on the observations, so that a
CLT applies and A-OLS-1(iv) hold.

In the case of independent conditions, CLT hold by just strengthen the moment
conditions required for the SLLN.

In the case of dependent observations, we need also to impose stronger conditions
on the allowed degree of memory. In particular, stationary-ergodicity is not an
enough strong memory requirement for ensuring a CLT to hold.

From Proposition SS1 and MIX1, we have see that X;¢; cannot have more
memory than {y;, X;}. In fact, if {y;, X;} is stationary ergodic, then X;e; is
also stationary ergodic, and if {y;, X;} is a-mixing of size —a, then X;e; is also
a-mixing of size —a.

Nevertheless, X;e; can display much less memory than {y;, X}. This depends
on whether the linear model is dynamically correctly specified.

Hereafter, let 7 = o (y1, ..., Yt—1, X1, Xo,...X¢) .

(Dynamic) Correct Specification

The linear model y; = X ﬂT—i-et is dynamically correctly specified if E(y;|F;)

E(y|Xe) = XQ,@T-

Note that dynamic correct specification implies correct specification, but
the reverse does not hold. For example, suppose that data are generated by
a AR(2) process, i.e. Yy = ®o1Yi—1 + 2yi—2 + €. However, i estimate a
AR(1), say y: = a{yt_l + e (a1 # aJ{). Then, the AR1 model is correctly
specified, in the sense that F(yi|yi—1) = a{yt,l, but dynamically misspecified,
as E(y¢|F:) = E(Ye|yt—1, yi—2) # E(yelys—1).

1Recall that X¢ is k x 1, if one of its the component is y;—1, then

Fi = oW, y—1,X1,X2,..X¢)
O—(X17X2,---Xt)
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Below we shall show that if the model is dynamically correctly specified,
then X;e¢; is a martingale difference sequence.

Martingale Difference Sequence (mds)
Let Z; be F;—measurable random sequence, with E(Z;) = 0. Then {Z;, F;}
is called a martingale difference sequence, if

E(Z|F:) =0

Note that a continuous function of a martingale difference is NOT a martingale
difference, i.e. if Z; is a mds, then Z7 is NOT mds.

Proposition DCS (dynamic correct specification): If the linear model is

dynamically correctly specified, then X,e¢; is a martingale difference sequence.
Proof:

E(€t|-7:t) = E(yt|]'—t) - E(XQBTIft)
= E(ylF) - Xi8" =0

Now, by the law of the iterated expectations,
E(Xie|Fr) = E (X E(e]| ) = 0.

Below, we provide conditions under which A-OLS-1(iv) (CLT) hold, for dynam-
ically correctly specified models, distinguishing between the stationary and the
heterogeneous case.

Proposition CLT3 (CLT for stationary martingale difference sequences)
Let (y¢, X;) be a stationary ergodic sequence, with E(X};) < oo, E(€},) <
oo, and let {X;e;, 7t} be a martingale difference sequence. Then, if V =

var (ﬁ ZtT:1 Xtet> positive definite, then

1

~1/2
VT T1/2

T
3" Xper 5 N(0, ),
t=1
where Vi = Var (7 S0, Xie,) . Thus, A-OLS-1(iv) is satisfied.
Proof: By a similar argument as in the proof of Proposition CLT1, as the

CLT theorem for stationary mds follows under the same conditions as the CLT
for iid.

Proposition CLT4 (CLT for heterogeneous martingale difference se-
quences)

Let {X;€e, Fi} be a martingale difference sequence, with E(X%QH)) <A<
00, E(ef(%(g)) < A < o0o. Then, if V3 = var (% ZtT:1 Xtet> is uniformly positive

definite, then

T
12 1 d
VT / WZXfEtHN(O,I]ﬁ),
t=1
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Thus, A-OLS-1(iv) is satisfied.

Proof: By a similar argument as in the proof of Proposition CLT3, as the
CLT theorem for heterogeneous mds follows under the same conditions as the
CLT for heterogeneous independent sequence.

In the case of dynamic misspecification. Xj;e; is no longer a martingale

difference sequence, and simply inherits the same degree of dependence of the
observations {y:, X}
For the case of homogeneous series, stationarity and ergodicity (regardless the
moment conditions we are willing to impose) do not suffice for a CLT. Given
that, we restrict out attention to mixing sequences. We provide a general CLT
for mixing, heterogeneous observations.

CLT for heteregeneous mizing sequences (Wooldridge and White)
Let {Zi;r} be ¢—mixing sequence of size —r/2(r — 1) r > 1, or a—mixing
with size —r/(r — 2) r > 2, with E(Z;7) = 0, E(|Zir|") < A < 00, 7 > 2,

—~ d
var (s Zthl Zy) =77 > 6> 0. Then 7 Zthl (%) — N(0,1).

Proposition CLT5 (CLT for mixing sequences)
Let {y;, X} be a ¢—mixing sequence of size —r/2(r—1) 7 > 1, or a—mixing
with size —r/(r —2) r > 2, with E(]X;+|?") < A < 0o and E(|&:|*") < A < o0,

r > 2, and let Vr = var (ﬁ Zthl Xtet) be uniformly positive definite. Then:

1
Tl

T
—1/2 d
Vi P g D Xie = N (0, ),
t=1

Thus, A-OLS-1(iv) is satisfied.
Proof: First, by CS inequality, E (| X, +€:|") < A < oo, also

T

1 _ _ _

var (W)\IVT 1/2 E Xt€t> = )\/VT 1/2VTVT 1/2A = 1;
t=1

For A € R*, X'\ = 1. Thus, recalling that by Proposition MIX1, X;¢; are mixing

of the same size as (y, X¢), by the Wooldrige-White CLT, XVT_l/Qﬁ ZtT:1 X, € 4,
N'N(0, I1.), and the statement then follows by the Cramer-Wold device.
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Consistent Estimation of Asymptotic Covariance
Matrices

We have provided primitive conditions, in terms of memory and heterogene-
ity of the observations, under which V;l/ 2# Z,&T=1 X;€; is asymptotically
standard normal. In practice, we do not know Vr, and we need a consistent es-
timator Vr, i.e. such that V — Vr = op(1). We have seen (Theorem OLS-1(d),

Wald-1, LM-1, LRT-1) that test statistics based on Vr and Vr are asymptotic
equivalent.
Now, recalling that E(X;¢e;) = 0,

T

T
1 1
Var <T1/2 ; Xt6t> = T Z E (XtX;G?)

t=1

T
PSS B X Xae) + 5 33 B (X Xee). (17)

t=1 st t=1 st

Now, in the case of independent observations, X;¢; is an independent sequence,
and so F (X;X}ees) =0 for all ¢ # s.

Also, we have seen that in the case of dynamic correct specification, X;e; is a
martingale sequence, and so for s > t, by the law of the iterated expectations,

E (XtX;GtCS) =F (E (XtXLEtGS) |ft) =F (XthE (X;€s) |ft) =0.

Therefore, in the case of either independent observations or dynamic correct
specification, we can ignore all the covariance term. Therefore, we just need
to provide a consistent estimator for % 23:1 E (XtX;G%). Though, we need
to distinguish two possible cases, conditional homoskedasticity and conditional
heteroskedasticity.

Conditional Homoskedasticity: In this case, we know that E(e?|X;) = 2.2 Now,

E(XiXje}) = E (E (X X}€}) |Xy)
= E (XiX}E (€) |X;) = B (X;X]}) 02
and so

T T

1 1

T DB (XXie) = T Y E(X,X})o?
t=1 t=1

We state the theorem for the case of mixing observations, thus implicitely assum-
ing that we have dynamic correct specification, otherwise we could not ignore
the cross terms.

Proposition Varl: Let {y;, X;} be a ¢—mixing sequence of size —r/2(r — 1)
r > 1, or a—mixing with size —r/(r — 2) r > 2, with E(|X;:]*") < A < oo and

2Note that we are not ruling out the possibility that e; be unconditionally heteroskedastic.
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E(l&]*) < A < o0, 7> 2. Also, E(X4¢,) =0 and E (X, X}€}) = E (X;X}) 02
Then, N
Vo =V = Op(l)

where,
N 1 E
Vp = (T ;xpc;) o2
1 Z
Vr = (T ZE(XtX;,)> Uz
t=1
2 1 T ~2

and® 0., = 7>, €.
Proof: Let My = Y1 X, X} and My = L "7 B(X;X)).

Vr—Ve = (Mr-Mr)o?+ My (57 - o?)
+ (]\//TT - MT) (afT - af) (18)

It suffices to show that the first two terms on the RHS of (18) are op(1). The
third term will then be op(1) as a product of op(1) is op(1). The first term is
04.5.(1), by the SLLN, given the moments and memory conditions assumed. As
for the second term,

2 -
~2 > eX; (Br - 8') (19)

Now, = ZtT:1 €2 — 02 = 04.5.(1) by the SLLN, while the last two terms on the

€

last equality (19) are o,(1), as (,[A?T - ,BT) = Op(T~'/?), because of the CLT.

Conditional Heteroskedasticity

We still assume that E (X;Xeres) = 0 for all ¢ # s, but we relax the
conditional homoskedasticity assumption.
Proposition Var2: Let {y;, X;} be a ¢—mixing sequence of size —r/2(r — 1)
r > 1, or a—mixing with size —r/(r — 2) r > 2, with E(|X;;|?""9) < A < o0

3Note that VT is the default estimator used by computer packages.
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and E(|€t|2(r+6)) < A < oo,r > 2. Also, E(X¢;) = 0and Var (ﬁ Zle Xth) _
% Zthl E (XtXQef) . Then,

VT — VT = Op(l) (20)
where,

T
~ 1 .
VT = T ti - XtXQG?

ZE (XX e?) .

Note that the variance estimator defined in (20) is known as White Covariance
estimator.
Proof: As ¢; is a scalar, ¢, = &.

. 1<
Vr = T;XME;X
> (B 1) (4 (Be 7Y x)
t=1
- e LS B ) () X

1
T

=
el

X; (BT - 5T> X;e; - %thﬁt (BT - 5T>lXtXt-(21)
t=1

t

1
Given the moment conditions above, by the SLLN,

T
1
7 D XieeiX) = Vi = 04..(1).

Thus, it remains to show that the last three terms on the RHS of (21) are op(1).*
We begin by considering the second term on the last equality on the RHS of

4@iven a n X m matrix A = [aij], vec(A) = (a11, @12, ...; Gnm)-
For B p x q, A® B is (np X mq) matrix

a11B . aimB
A® B = . . .
ainB . anmB

vec (ABC) = (C' ® A) vecB

Given ABC,
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(21).
% XT: vec (XtX; (,@T - ﬂT> X;et)

_ % XT: (Xser @ X, X)) vee ((f% - QT))

= Op(l)op( ) = op(1).

The third and fourth terms on the last equality on the RHS of (21) can be
treated in an analogous manner.

Estimation of Asymptotic Covariance Matrices in the Dynamically Misspecified
Case

We now consider the case in which we have dependent observations and our
model is dynamically misspecified. In this case, X;¢; is no longer a martingale
difference sequence, and thus we do no loger have that F (X;X/’ees) = 0 for
t # s. In this case, we need to take into account the cross terms too. Recall
that, in the general case

T T
1
Var (m th€t> = Z XtX/
=1 =1

T T
1
+T Z Z (E (XtXéfretet*‘r) +FE (ther;Eth,T)) .

T=1t=7+1
Broadly speaking as we have a sum of T2 covariance terms divided by T, in
order to ensure that Var (ﬁ Zthl Xtﬁt) is finite, we need conditions under

which E (XtXt FELEL— T) — 0 fast enough as 7 — oo. The speed at which
the covariance terms are approaching zero, depends on the speed at which the
mixing coefficient approach zero. Hereafter, with the notation ||Z]|, we mean

(E(1Z")"".

Lemma MIX (Covariance Inequality)
If for all T > 0, E(Z;4) = 0, var(Z;) < oo, and E(|Zy4,|") < 00, ¢ > 2, for
all 7 > 1, then

B (ZuZuir)| < 26(1)' 7 (var(20))"? | Zis

and
B (Z:Zssr)| < 22M2 4+ Da(r)V25 (var(20) V2 | Zus |,

Thus, the faster the mixing coeffient are going to zero, the faster the covariance
terms are going to zero.

28



Intuitively, if the covariance terms approach zero fast enough, then it will be
enough to estimate say mr covariance terms, where mpr — oo as T' — oo but
mqp goes to infinity slow enough.

Define:
R T
Vr = Z
t=1
mr T
Z Z WrT Xt /e\tgtf'r"‘thTX;/ﬁ\t/E\th)a (22)
—lt=r+1

where as T — 0o, mp — 00, mT/T1/4 — 0, and w,r — 1. A commonly used

weight is
.

WrT = 1 mr — 1.
Note that the role of the weight Wrr is to ensure that the estimator is posi-
tive definite (Newey-West 1987). Vp is known as HAC (heteroskedasticity and
autocorrelation rrobut) covariance estimator.

The following theorem (adapted from ATE Thm 6.21) provide sufficient
conditions for the consistency of the HAC estimators.

Proposition Var3 (Consistency of HAC covariance estimators).

Let {y;, X¢} be a ¢—mixing sequence of size —r/2(r—1) r > 1, or a—mixing
with size —r/(r — 2) r > 2, with E(|X;¢|*09)) < A < 0o and E(|e;[*+9)) <
A<o00,6>0,r>21Ifas T — oo, mp — 0o, mp/TY* — 0, and wrp — 1,
then R

VT - VT = Op(l),

where V7 is defined as in (22).

In practice one has to choose mr, this is delicate...There are data driven
way (e.g. Andrews Econometrica 1991). Typically, one tries a few values...
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