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Abstract

We propose a theoretical approach to bandwidth choice for continuous-time Markov processes. We
do so in the context of stationary and nonstationary processes of the recurrent kind. The procedure
consists of two steps. In the first step, by invoking local gaussianity, we suggest an automated band-
width selection method which maximizes the probability that the standardized data are a collection
of normal draws. In the case of diffusions, for instance, this procedure selects a bandwidth which
only ensures consistency of the infinitesimal variance estimator, not of the drift estimator. Addi-
tionally, the procedure does not guarantee that the rate conditions for asymptotic normality of the
infinitesimal variance estimator are satisfied. In the second step, we propose tests of the hypothesis
that the bandwidth(s) are either "too small" or "too big" to satisfy all necessary rate conditions for
consistency and asymptotic normality. The suggested statistics rely on a randomized procedure based
on the idea of conditional inference. Importantly, if the null is rejected, then the first-stage band-
widths are kept. Otherwise, the outcomes of the tests indicate whether larger or smaller bandwidths
should be selected. We study scalar and multivariate diffusion processes, jump-diffusion processes, as
well as processes measured with error as is the case, for instance, for stochastic volatility modelling
by virtue of preliminary high-frequency spot variance estimates. The finite sample joint behavior of
our proposed automated bandwidth selection method, as well as that of the associated (second-step)
randomized procedure, are studied via Monte Carlo simulation.
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1 Introduction

Following influential, early work on fully nonparametric infinitesimal volatility estimation and testing
for scalar diffusion processes (e.g., Brugiére, 1991, Corradi and White, 1999, Florens-Zmirou, 1993, and
Jacod 1997), the recent nonparametric literature in continuous time has largely focused on the full
system. Emphasis might, for instance, be also placed on the estimation of the first infinitesimal moment
(the drift) in the diffusion case (Stanton, 1997, among others) and, in the case of jump-diffusions, on the
high-order infinitesimal moments (Johannes, 2004, inter alia).

Motivated by the need to completely characterize the system’s dynamics, Bandi and Phillips (2003,
BP henceforth) have established consistency and asymptotic (mixed) normality for Nadaraya-Watson
kernel estimators of both the drift and the diffusion function of recurrent (and, hence, possibly non-
stationary) scalar diffusion processes (see, also, Fan and Zhang, 2003, and Moloche, 2004, for local
polynomial estimates under stationarity and recurrence, respectively). Their results rely on a double
asymptotic design in which the interval between discretely-sampled observations approaches zero, in-fill
asymptotics, and the time span diverges to infinity, long-span asymptotics. A significant difference be-
tween a stationary (or positive recurrent) diffusion and a nonstationary (or null recurrent) one is that
in the former case the local time grows linearly with the time span, while in the latter case it grows at
a slower (and, generally, unknown) rate. Because the rate of divergence of local time affects the rate
of convergence of the functional estimates of the process moments, this observation is theoretically, and
empirically, important. Bandi and Moloche (2004, BM henceforth) have generalized the results in BP
(2003) to the case of multidimensional diffusion processes. Importantly, in the multidimensional case
a well-defined notion of local time no longer exists and one has to rely on the more general notion of
occupation density. In both the scalar and the multidimensional case, consistency and (mixed) normality
of the drift and variance estimator (and, hence, of the full system’s dynamics) rely on the proper choice
of the bandwidth parameters, i.e., on the rate at which the bandwidths approach zero as the interval
between discretely-sampled observations goes to zero and the corresponding occupation densities (or
local times, in the scalar case) diverge to infinity.

Admittedly, in the context of the functional estimation of continuous-time Markov models, the ap-
propriate choice of window width is a largely unresolved issue. While it is recognized that infinitesimal
conditional moment estimation in continuous time and conditional moment estimation in discrete time
impose different requirements on the optimal window width for estimation accuracy (see, e.g., BP, 2003,
and BM, 2004, for discussions), there is an overwhelming tendency in the continuous-time literature
to employ bandwidth selection methods which can only be justified in more traditional set-ups of the
regression type. Cross-validation procedures applied to the estimation of the drift and infinitesimal vari-
ance of scalar diffusion processes are typical examples. Yet, to the best of our knowledge, even in the
stationary case, no theoretical discussion has been provided to automatically select the window width
in continuous-time models of the types routinely used in the nonparametric finance literature. Further-
more, for both discrete and continuous-time processes, bandwidth selection is particularly delicate in
the null recurrent (nonstationary) case since, as said, the bandwidth’s vanishing rate ought to depend
on the divergence rate of the number of visits to open sets in the range of the process but the latter is

unknown, in general. In discrete time, important progress on the issue of bandwidth selection has been



made by Karlsen and Tjostheim (2001) for S-null recurrent processes and by Guerre (2004) for general
recurrent processes. The continuous-time case poses additional complications in that not only one has
to adapt to the level of recurrence in the estimation domain but, also, to the rate at which the interval
between discretely-sampled observations vanishes asymptotically.

This paper attempts to fill this important gap in the continuous-time econometrics literature by
proposing a theoretical approach to automated bandwidth choice. The approach is designed for widely-
employed classes of continuous-time Markov processes, such as scalar and multivariate diffusion processes
and jump-diffusion processes, and is justified under mild assumptions on their statistical properties,
stationarity not being required. Our solution to the problem is novel and may also be applied to
discrete-time models, as outlined in Section 8.

In the diffusion case, the intuition of our approach is as follows. Consider kernel estimates of drift and
diffusion function (fijer and 7,45 ). Assume these estimates are obtained by selecting different smoothing
sequences. Invoking the local Gaussianity property which diffusion models readily imply as a useful prior

on the distributional feature of the standardized data, we maximize the probability that the standardized
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smoothing sequences (h%" and h%/f) accordingly. This procedure selects a bandwidth A%/ which ensures

) is a collection of draws from a Gaussian distribution by choosing the relevant

the consistency of the infinitesimal variance estimator but, in spite of its sound empirical performance (see
Section 7), does not select a bandwidth 2% which ensures the theoretical consistency of the drift function.
Also, the automatically-chosen bandwidths do not necessarily satisfy the rate conditions required for
(mean zero) asymptotic normality. To overcome this issue, for each infinitesimal moment, we propose a
test of the null hypothesis that one or more rate conditions (for consistency and normality) are violated
versus the alternative that all rate conditions are satisfied. The suggested statistics (separately specified
for drift and diffusion) rely on a randomized procedure based on the idea of conditional inference, along
the lines of Corradi and Swanson (2006). If the null is rejected, then the selected bandwidth is kept,
otherwise the outcome of the procedure suggests whether we should select a larger or a smaller bandwidth.
We proceed sequentially, until the null is rejected. Because the probability of rejecting the null when
the it is false is asymptotically one at each step, our approach does not suffer from a sequential bias
problem.

Our emphasis on recurrence is empirically-motivated, theoretical generality being only a by-product.
Under general recurrence properties, the bandwidth’s rate conditions are not a function of 7' (the time
span or the number of observations) as in stationary time-series analysis. They are a function of the
number of visits to each level at which functional estimation is conducted. Importantly, however, even for
stationary processes (which are, as emphasized, a sub-case of the class of recurrent processes) choosing
the bandwidth rate as a function of the empirical occupation times is bound to provide a more objective
solution to the bandwidth selection problem than choosing it based on a theoretical (and, hence, purely
hypothetical) divergence rate of the occupation times equal to 7. This point is, of course, particularly
compelling when dealing with highly dependent, but possibly stationary, time-series of the type routinely
encountered in fields such as finance. These processes return to values in their range very slowly and, thus,
even though they may be stationary, have occupation densities which hardly diverge at the "theoretical"
T rate.



We begin by considering the case of bandwidth selection for scalar diffusion models (Section 2). We
then extend our analysis to scalar jump-diffusion processes (Section 3). The case of a diffusion observed
with error is presented in Section 4. Stochastic variance processes filtered from high-frequency financial
data may, of course, be regarded as processes observed with error. We evaluate the case of stochastic
volatility explicitly and discuss bandwidth selection for diffusion models applied to market microstructure
noise-contaminated spot variance estimates in Section 5. In Section 6 we study the multivariate diffusion
case. Section 7 provides a Monte Carlo study. Section 8 contains final remarks. All proofs are collected

in the Appendix.

2 Scalar diffusion processes

2.1 The framework

We consider the following class of one-factor models,
dXt = M(Xt)dt + O'(Xt>th,

where {W; : t =1,...,T} is a standard Brownian motion. Our objective is to provide suitable nonpara-
metric estimates of the drift term p(a) and of the infinitesimal variance 0?(a). To this extent, we assume
availability of a sample of N equidistant observations and denote the discrete interval between two
successive observations as Ay = T/N, where T defines the time span. Specifically, we observe the
diffusion skeleton XA ;, X2Ay 1) s XNAy - In what follows, we require N,T" — oo, Ay — 0 (in-fill
asymptotics), and T'= Ay 7N — oo (long-span asymptotics) for consistency of the moment estimates.
As in Stanton (1997), BP (2003), and Johannes (2004), inter alia, we construct the following estimators

of the drift and infinitesimal variance, respectively:

N-1 XiA —a
1 ijl K <Jh]d\£T> (X(j+1)AN,T - XjAN,T)

By rla) = Ang o ; (1)
.7

and )
N-1 Xian =@
1 Zj:l K (JhngT> (X(j-Q—l)AN,T - XjAN,T)

:AN,T AN~
S (22

We denote by h = (h NI h%f;) € HC Ri a bivariate vector bandwidth belonging to the set H contained

(2)

in the positive plane R%r. This vector is our object of econometric interest. Assumption 1 guarantees
existence of a unique, recurrent solution to X. Assumption 2 outlines the conditions imposed on the
kernel function K (.) in Egs. (1) and (2). The same conditions on the kernel function are also employed

in the following sections.



Assumption 1.

(2) p(.) and o(.) are time-homogeneous, B-measurable functions on © = (I, u) with —oo <1 < u < 00,
where B is the o-field generated by Borel sets on ©. Both functions are at least twice continuously
differentiable. Hence, they satisfy local Lipschitz and growth conditions. Thus, for every compact
subset J of the range of the process, there exist constants Cf and C3 so that, for all x and y in
J,

(@) = )| + lo(@) — o(y)| < e -y,
and
(@) +lo(2)] < C3 {1+ [a]}.
(i1) 02(.) >0 on D.
(#2) We define S(a), the natural scale function, as
_ [ ex Y| 2k x
sto) = [ { [ [3505] cf

where ¢ is a generic fized number belonging to ©. We require S(«) to satisfy

lim S(a) = —oo0.

a—l
and
lim S(a) = oo.

a—u

Assumption 2. The kernel K(.) is a continuously differentiable, symmetric and nonnegative function

whose derivative K'(.) is absolutely integrable and for which

/ K(s)ds=1, Ky= / K?(s)ds < o0, supK(s) < Cs,
and
/ s2K(s)ds < oc.

In what follows, the symbol Lx (T, a) denotes the chronological local time of X at T and a, i.e., the

number of calendar time units spent by the process around a in the time interval [0, 7.

Proposition 1 (BP, 2003): Let Assumptions 1 and 2 hold.

1/2
. A o Vol . Ve ol . 1 A o 1 N
(i) Let Ay 7 =T/N with T fixed. If limy_oo iy (AMT log AN,T> 0, then

T,a) — Lx(T,a) = 04.5.(1),

0
<




o The drift estimator

_ + 1/2
Let (ii) h¥f 7 Lx (T, a) “> oo and (ii) LZ(?S/TT:) <AN7T log ﬁ) %30, then:

finr(a) = pla) = 0as.(1).

Further, if (iv) hﬁl\?’;fx(T, a) “3 0, then:

Wi Lx(T,a) (fiyp(a) — p(a)) = N (0,Kz02(a)).

o The diffusion estimator
If (iii) holds with A% ;- replaced by h{’, then:!
oxr(a) = o?(a) = 0q.s.(1).

hC]l\?J;’ﬂSEX (T,a) a.s.

Further, if (iv”) =5 ——— =50, then:

—————— (% r(a) — o*(a)) = N (0,2Kz0"(a)).

It is evident from the proposition above (as well as classical logic based on nonparametric moment
estimation in discrete time) that consistency and asymptotic normality of the drift and variance estimator
crucially rely on appropriate choice of the smoothing parameter(s). To this extent, two issues ought to be
addressed. First, usual data-driven methods often employed in empirical work in continuous-time finance,
such as cross-validation, are not theoretically justified and may not necessarily work in the presence of in-
fill asymptotics and nonstationarity. Second, while in the positive recurrent case Lx (T, a)/T 2 orx (a),
where fx(a) denotes the stationary probability density at a of the process X, in the null recurrent
case Lx(T,a)/T % 0. Under null recurrence, as emphasized earlier, Lx (T,a) grows at a (generally
unknown) rate which is slower than 7.2 Since the bandwidth’s vanishing rate depends on this unknown
rate, appropriate bandwidth selection in the null recurrent case is particularly delicate.

We shall proceed in two steps. In the first step, we introduce an adaptive bandwidth selection
method which ensures consistency of the diffusion estimator but only guarantees that jiy r(a) — p(a) =
Op (A;,lf) . In the second step, we employ a randomized procedure to test whether the bandwidth
selected in the first stage violate any of the rate conditions (4i)-(74i)-(iv) for the drift and (éii)-(iv’) for
the diffusion. This second step is conducted separately for drift and diffusion. Should we reject the
null, then we would rely on the previously-chosen bandwidth. Alternatively, because the outcome of
the procedure gives us information about whether the selected bandwidth is too small or too large, we

iterate until the null is rejected.

hdif To(r,
'Note that (iii) ensures that %T(a) = 0.

2The Brownian motion case is an exception for which the rate is known and Lx (T,a)/vT = Op(1).



2.2 First step: A residual-based procedure

Consider the estimated residual series

{A Xianr = Xi—ayr — ANy (XG-nay ) ANT
Eidyr =

oNT(X(i—1)ayr)VANT

assuming, for notational simplicity, that A;T is an integer. In light of the normality of the driving

. 1 =
T i=2, .., AN,TT} ,

Brownian motion, over small time intervals Ay 7 the residual series is roughly standard normally dis-

tributed. Our minimization problem requires finding
hyr €H C R :p <F;N’T, q>> = Oy (3)

with 05 | 0 as N = A]_V’lTT — 00, where F%N " denotes the empirical cumulative distribution of the
estimated residuals €;ay ., ® is the cumulative distribution of the standard normal random variable,
and p (.,.) is a distance metric.

It is noted that the criterion is defined over a fixed time span T whereas the estimators, mainly
for consistency of the drift, are defined over an enlarging span of time 7. We define the criterion over
a fixed time span to avoid theoretical imbalances in the case of nonstationary diffusions. This point
is discussed in Bandi and Phillips (2007). From an empirical standpoint, fixing the sample span over
which the criterion is minimized and enlarging the time span over which the nonparametric estimators
are computed is immaterial. It simply amounts to splitting the sample into two parts, i.e. (0,7] and
(T, T)]. The entire sample (from 0 to T') is used to compute 7iy 7(.) and on7(.). The first part of the
sample (from 0 to T') is used to define the minimization problem.?

We focus on the Kolmogorov-Smirnov distance, but a different distance measure may, of course, be
employed. We define the target bandwidth sequence h}‘V’T = (hﬁl\}"’T, h%f})* as the bandwidth sequence
which guarantees that the empirical distribution function of the standardized data converges uniformly
to the standard normal distribution function as N,T — oo with % — 0 (and, of course, with N =
TA;,}T — 00). We will first characterize its properties (in Theorem 1). Subsequently, we will show that
it exists and that EN,T is asymptotically equivalent to it (in Theorem 2).

Theorem 1. A vector bandwidth hy ;= (h‘f\?T,h%fT)* satisfies

vr=heH:sup|Fiz) - @(m)‘ o 0 (4)
X )

OO,AN_’T—>0

if and only if

3This statement can easily be reconciled with our theoretical framework. Assume T = /N, for instance. Then,
the observations are equispaced at {ﬁ, %, R ﬁ, ey \/ﬁ} since L = ﬁ We can now split the sample in

two parts, namely observations in (0, 7] and observations in (T, T]. Assume, without loss of generality, that T = 1.

Also, assume that there are N equispaced observations in the first part of the sample. Then, % = ﬁ This

implies that the number of observations in the first part of the sample, which is defined over a fixed time span T,
grows with v N , whereas the number of observations in the second part of the sample grows with N. In practice
one can choose T relatively large.



sup [ (a, W) — (o) = o, (1> : (5)

a€d VANT
and
sup |o N, (a,h%,{f) - J(a)‘ =0, (1). (6)
a€®
|

Theorem 2. (i) There exists a vector bandwidth hy ;. = (h%T, h%’fT)* so that

N = : the oy P
N hel: Sl:)l:p ’FN(x) (I)(«T)‘ N,THOOTAN,THO 0 (7)
and
*  __ (pdr dif \*
hN7T B <hN7T’ hN7T> N7T—>OOTAN,T—>0 0.
(i) If
IAlN,T =h eH :sup )F%(x) — O(z)| = b5 (8)
with 05 | 0 as N — oo, then
hyr/biye 5 L

N,T—>OO,AN}T—>0

Theorem 2 guarantees the existence of a bandwidth vector h ~,7 ensuring that our proposed criterion
has a solution. This solution guarantees uniform consistency (in probability) of the variance estimator
but, despite being empirically very sensible as we show below through simulations (see Section 7), fails
to guarantee theoretical consistency of the drift estimator. In addition, the selected diffusion bandwidth
does not ensure asymptotic normality of the diffusion estimator. A second procedure is therefore needed
in order to verify whether the resulting bandwidths satisfy all rate conditions needed for consistency
and asymptotic normality of both estimators.

Given Proposition 1, we now need to check whether hﬁl\’,:T is small enough as to satisfy h%’;fx (T,a) “5

hr ¢
(Anrlog(1/AN,Tr))Y/2Lx(T,a)

0 Va € ® and large enough as to satisfy min {h%TLX (T,a), } % o Va € .

S dif . . h‘ﬁ’ffx(T,a) a.s.
Similarly, we need to check whether hy", is small enough as to satisfy — A, — 0 Ya € ® and
i |

G log(/An ) P IxTa) ~ © V¢ €D

large enough as to satisfy




2.3 Second step: A randomized procedure

Let IAlN,T = (E%"T,ﬁ%};) be defined as IAlN,T = arg miny F%(x) — ®(x)|. We begin by verifying whether
?L%:T satisfies conditions (i7), (7), and (iv) in Proposition 1. Next, we will turn to E%f;, whose require-
ments are slightly different.

It is immediate to see that (i7) and (7i) require the bandwidth not to approach zero too fast, thus
only one of the two is binding. Condition (iv) instead requires the bandwidth to approach zero fast
enough. It is important to rule out the possibility of a bandwidth which is too large to satisfy (iv) and
too small to satisfy the most stringent between (ii) and (#:7). To this extent, we only ought to provide
primitive conditions on N and 7. If (iv) is violated, then h%T goes to zero not faster than Lx (T, a)~ /.
This ensures that (ii) is satisfied, but does not ensure that (#4) is satisfied. For (iii) to be satisfied when
(iv) is not, we need Lx (T, a)6/5A%72T log(1/An7) — 0. Because Lx (T, a) can grow at most at rate T, a
sufficient condition is therefore N/T17/% — oc.

Provided N/T'7/5> — oo, there are three possibilities (see Figure 1). First, we have chosen the right
bandwidth and thus ﬁ‘f\?’T satisfies (77), (iii), and (iv). Second, we have chosen too large a bandwidth, so
that (47) and (#4) hold, but (iv) is violated. Third, we have chosen too small a bandwidth, so that either
(ii) or (74) is violated (or both) but (iv) holds. Hence, at most one set of conditions can be violated,

namely either (iv) or the most stringent between (7i) and (éi7). To this extent, we consider the following

hypotheses:
T 1/2
dr . Tdr5TF a.s. 1 Lx (T, Q)AZ\/(T logl/Z(l/AN,T) os.
HU : hN:TLX(T’ (I) — OO Or Mmax § = = ) L\dr — 00,
h%,TLX (T, a) hN,T
7 1/2 1 1/2
X = 1 LX T,CL A log 1 AN,T
HY h%’;Lx(T, a) “% 0 and max { —— , (T, a) Nfdr 1/ ) s o
hﬁl\;,TLX (T, a) h’N,T

~ = ~ =~ hdr
The null is that either K42 L (T, a) %3 00, (i) is violated, or min < h% . Lx (T, a), = N.T €3
N, T X( ) ) ( ) ) N, T X( ) )a Tx (T»G)A}V/,ZT logl/Q(l/AN,T)
0, (#2)A(4it) is violated. Since it is impossible that neither (ii)A(4ii) nor (iv) hold, the alternative is that

both (i#)A(i17) and (iv) hold. Thus, if we reject the null, we can rely on ﬁ%’T for drift estimation.

If, instead, we fail to reject the null, depending on which condition we fail to reject, we know whether
we have chosen a bandwidth which is too small or one which is too large. Suppose that the selected
bandwidth is too large, we proceed sequentially by choosing a smaller bandwidth until we reject the
null. Because at all steps the probability of rejecting the null when it is wrong is asymptotically one,

the procedure does not suffer from the well-known sequential bias issue.
Importantly, rejection of the null, as stated above, does not rule out the possibility that /I{%ﬁf x(T,a) =

~ = ~ =~ Hdr ~
1) (if 74, oc Lx(T,a)"Y/3 in { hdr, (T, a), = ks = 0,(1) (if Adr
OP( ) (i NI & x(T,a) ) or min N, T x(T,a), ZX(T,G)A}V/?T log/2(1/An 1) OP( ) (i NT &

Lx(T,a)~1/5t2/2) with o > 0 and N o« TV7/5+ or if ﬁjd\;’T o Lx(T,a)~t). Also, it does not ensure

that conditions (i), (4i), and (i) hold for all evaluation points a € ©. Hence, we re-formulate the




(h"5)L -> oo (h*8)L -= O (h"5)L =0

hL -= co hL -> oo hL -= O
hf((Alog(1/f ANM(12)L ->= co h/((Alpg(1f ANA(1/2)L -= 0
|
e |
= -
h LR 1/5 1
(iiy) and (iii) are violated

(iiy, (iiiy and (iv) are
not violated

(Hl) is vialated
iy and {iv] are not

{iv) is violated

(i) and {iii) are not (iv) is not

Note: N =T ™ {17/5 + a) withha=0

The null: or The alternative!

The drift case

Figure 1: Graphical representation of the drift bandwidth test

hypotheses as follows:

H[/]’d’r : /71\%7’;5€)LX(T, a)da 2% 5
A

or max

1 / ZX (T7 a)All\{,QT 10g1/2(1/AN,T) d a.s.
(T,a)da

f dr, 1+6)L Edr,(l«#s) apr —
A N,T

for A C®, and ¢ > 0 arbitrarily small, versus

/,dr

oY A" negation of H;

The role of the integral over A, and of € > 0, is to ensure that rejection of the null implies
. ~ = hdr a.s. dr5 T
min hdr Lx(T,a)da, —= NT “% o0 and [, hi 7 Lx (T, a)da “3 0. However, of
{f A bx T adda, ¢ o log(l/ANT>da} JahvrEx(T,0)
course, if we choose an € which is not Small enough, we run the risk of not having a bandwidth sequence

for which H(l)’dT is rejected. Hereafter, we consider the following statistic:

Vr,N,r = min {Vl,R,N,T, min {V2,R,N,T, V3,R,N,T}} ;

where for i = 1,2,3

V%,R,N,T:/ ‘/;?R,N,T(U)W(“)dua
U

with U = [u, 7] being a compact set, [;; 7(u)du =1, 7(u) > 0 for all u € U, and

2 & 1
Vir,NT(u NG Z (1 {vijnr <ul— 2)

Jj=1

10



and

2dr,(5—e)F 12
VI NT = (exp/A (h]\;; —5)LX(T, a)da)) UIRT

1 1/2
V2 N, T = <6Xp <</A h%ﬂf}lJrE)L (T, a)da> )) N2,5

~ 1/2
Lx(T,a)AY 3 log"?(1/An )

U3,5,N, T = | €XP / Zdr,(1+¢) da N3.5 (9
A hy'y

~—

with (91, m,,m3)" ~ildN (0, I3R).

In what follows, let the symbols P* and d* denote convergence in probability and in distribution under
P*, which is the probability law governing the simulated random variables 1,14, 13, i.e., a standard
normal, conditional on the sample. Also, let £* and Var* denote the mean and variance operators under
P*. Furthermore, With the notation a.s. — P we mean: for all samples but a set of measure 0.

Suppose that fA )LX(T a)da % . Then, conditionally on the sample and a.s. — P, vy ; nT
diverges to oo with probab1hty 1/2 and to —oo with probability 1/2. Thus, as N,T — oo, for any
w € U, 1{vi ;N7 < u} will be distributed as a Bernoulli random variable with parameter 1/2. Fur-
ther note that as N,T — oo, for any u € U, 1{v1 ;N7 < u} is equal to either 1 or 0, regardless of
the evaluation point u, and so as N, T, R — oo, for all u,u’ € U, % Zle (1 {vijnr <up — %) and

% Zle (1{vijn7 < o'} — ) will converge in d*—distribution to the same standard normal random

variable. Hence, ‘717R,N7T LR X% a.s.— P. It is now immediate to notice that for all u € U, Vi g nr(u) and
YN/L r,N,T have the same limiting distribution. The reason why we are averaging over U is simply because
the finite sample type I and type IT errors may indeed depend on the particular evaluation point. As for
the alternative, if fA )LX(T a)da =30, (or, if fA pir (5 E)LX(T, a)da = O4.4.(1)), then vy ;N T,
as N, T — oo, condltlonally on the sample and a.s. — P, w111 converge to a (mixed) zero mean normal
random variable. Thus, % Zf;l (1 {vijnr <up— %) will diverge to infinity at speed VR if u # 0
a.s. — P.

Importantly, the two conditions stated in the null hypothesis are the negation of (i), (i), and
(iv) in Proposition 1, respectively.* As mentioned, only one of the conditions stated under the null
is false, simply because the criterion cannot select a bandwidth which is too small (for the most
stringent between (i) and (ii7) to be satisfied) and, at the same time, too large (for (iv) to be

satisfied). Hence, either VlRNT or mln{VgRNT,VgRNT} has to diverge under the null. Thus,

min {171 R,N,T;, min {VZ R,N,T» va? R, N,T}} , conditional on the sample, and for all samples but a set of
measure zero, is asymptotically x? under the null and diverges under the alternative. If we reject the
null, then conditions (i), (i), and (iv) in Proposition 1 are satisfied. Otherwise, if, for instance,

Vl R,N,T = min Vl ,R,N, T, Min ‘/QRNT,‘/E;RNT}} < 3.84 and we fail to reject the null, then hdrT is

Tt should be noted that the rate conditions in Proposition 1 are stated in terms of Lx (T, a) instead of Lx (T, a).

= 1/2 1/2
Lx (Ta)AN 7 log' /2(1/AN 1) a.s. Lx(Ta)AN 7 log' (/AN T) as.

0 if, and only if,

However, 0, but this ensures that LX (T,a) —

Zdr
}LN’T }LN,T

Lx (sup{t: X; = a},a) = 04.5.(1) (BP, 2003, Corollary 1).
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too large (and condition (év) is violated). The same testing procedure should therefore be repeated until
?L%T = max {h < /f;]d\?T : s.t. H[’) is rejected} .

In other words, the proposed procedure gives us a way to learn whether the conditions for consistency
and (mean zero) mixed normality of the drift are satisfied. If they are not, it gives us a way to understand

which condition is not satisfied and modify the bandwidth accordingly.

Theorem 3. Let Assumption 1 and 2 hold. Assume T, N, R — oo, N/T'"/> — o0, and R/T — 0.5
(i) Under H;™,
VRN, T LN X% a.s. — P.

(i) Under H" | there are 8,7 > 0 so that
p* (R_H_nVR’N,T > 5) —1a.s.—P.

|

The test has appealing features. Specification tests generally assume correct specification under the
null. In our case, the bandwidth is correctly specified under the alternative. This is helpful in that, in
theory, rejection of the null at the 5% level gives us 95% confidence that the alternative is true and the
assumed bandwidth is correctly specified. Since we stop as soon as we reject the null, we do not have
a sequential bias problem. Further, the critical values (those of a chi-squared random variable with 1
degree of freedom) are readily tabulated. Reliance on a classical distribution makes testing, as well as
adaptation of the bandwidth in either direction should the null not be rejected, rather straightforward.
It should be stressed that the limiting distribution in Theorem 3 is driven by the added randomness
711, conditional on the sample and for all samples but a set of measure zero. Nonetheless, whenever we
reject the null, for all samples and for 95% of random draws m), the alternative is true, and so keeping
the selected bandwidth is the right choice.

) . ) . . hdlf,sf T7 O
We now turn to hﬁl\zﬂ;. We will ensure that h%fT is small enough as to satisfy N’TTXT(Q) B 0Vae®D,
W'y _
(A, log(1/An 1))/ 2Lx (T\a)
any bandwidth rate is either too slow to satisfy the former condition or too fast to satisfy the latter, it

— 00. In order to rule out the possibility that

and large enough as to satisfy

suffices to require that N/T° — oco.

We can now state the hypothesis of interest as:

ar [T (Te) Lx(T,a)A % 1og2(1/ANr) o
Hy™ - da =5 oo or AR da = o0
A AN A W

for A C®, and € > 0 arbitrarily small, versus

H', : negation of H).

®The condition R/T — 0 is necessary only for the case in which the local time diverges at a logarithmic rate. If the
local time diverges at rate T® a > 0, then R can grow as fast as, or faster than, T. Thus, we drop it in the statement of
Theorem 4.

12



(h*B)LS A -= co (h*BILI A -= O (h*S)LS A = 0

hL/ A -> oo hL/ A -> oo hiL7A =0
hi{{Alog(1/ AN~(1/2NL -= oo hAi(Alpg(1f AN~ (1/2)L -= 0
|
B !
h = (Lf &) M-
¢ 27 1/5 1
{iv') is viclated (i), (iiiy and {iv') (iil) is violated E:B,ﬁr;dn(gt‘) are viclated

(iiy and (iii) are not are not violated ivand {iv') are not

The null: or The alternative:

The diffusion case

Figure 2: Graphical representation of the diffusion bandwidth test

Remark 1. We note that, contrary to the drift case, we are not writing the second condition in the null

hypothesis as

max

ANT ZX (T> CL)AI/2 10g1/2(1/AN T) a.s.
Lx(T,a)da pAiL () A o

dzf 1+s
Jahy N.T

dzf T,
In fact, in spite of the fact that %T(a) is the rate of convergence of the diffusion estimator, we do

not need to explicitly require its divergence (in Proposition 1, for example). If (4i) is satisfied for the

3 Lx(Ta
diffusion estimator, then # is guaranteed to diverge. In other words, the maximum in Eq. (10)

is always the second term and the first term can be dropped. The graphical manifestation of this result

is the fact that, in Figure 2, f(a) < l In the case of the drift, the maximum may vary depending on «
1

4 EC}VT +Lx(T,a)da

(see Figure 1). For instance, if « is larger than , then the maximum condition is always

. 1 «@
since § + 5 > 1.

Consider the following statistic:
VDg N = min {ﬁl,R,N,Ty ﬁlR,N,T} ;
where for i = 1,2
ﬁi,R,N,T = / V D} g nr(w)m(u)du,
U

U and 7 defined as above, and
R

2 1
VDipnr(u) = —=) <1 {vdijnT < up — 2)

j=1

13



with

o~ =~ 1/2
dif,(5—
W Lk (T, a)
Ud17j7N7T = eXp A da nl:j’
A N, T
~ 1/2
Lx(T,a)AY2 10g"2(1/AN 1)
vdyjNr = | exp /A 7dif (1+e) da 2.5
N, T

with (1,,m9)T ~iidN(0, Ig).

Theorem 4. Let Assumption 1 and 2 hold. Assume 7, N, R — oo and N/T° — oo.
(7) Under ngf,
VDgrnNT LN X% a.s.— P.

(ii) Under H%/ | there are 6,7 > 0 such that
P* (R"""VDrNr >6) — 1as — P.

Remark 2 (The local polynomial and local linear case). Our discussion has focused on classical
Nadaraya-Watson kernel estimates. We will continue to do so throughout this paper. This said, the
methods readily apply to alternative kernel estimators when appropriately modified, if needed. For
example, they apply (unchanged) to the local linear estimates studied by Fan and Zhang (2003) and
Moloche (2004).

3 Jump-diffusion processes

We now study the problem of bandwidth selection in the context of processes with discontinuous sample

paths. Consider the class of jump-diffusion models
dXt = ,U,(Xt)dt + O'(Xt)th + th,

where {J; : t =1,...,T} is a Poisson jump process with infinitesimal intensity A(X;)d¢ and jump size c.
Let ¢ = ¢(X4,y), where y is a random variable with stationary distribution f(.).
We begin by assuming existence of consistent estimates of p(.) and o(.) in the presence of jumps

(Hinr(.) and 3?\,;[(.)). Later we show how these estimates can be defined. Write, as earlier,

XiANyT - X(i*l)AN’T - ﬁN7T(X(i*1)AN’T)AN:T

onr(Xi—ay ) VANT

EiANT =

fori=2,..., A#TT. We note that

14



Xianr = Xi—1)ayr — Bne(X-nay ) ANT

oNT(X(i-1Aan ) VANT

Xiayr = Xi-1ayr — MX DAy ) ANT toy(1)
- p

<U(X(i71)AN,T) + Op(1)> VANT
O'(X(i—l)AN’T) (WiAN,T - W(i—l)AMT) n JiAN,T - J(i—l)AN,T

<O-(X(i71)AN’T) + Op(1)> V A]V,T (U(X(ifl)ANJ“) + Op(1)> V A.N,T
JiANyT - J(ifl)ANTT

U(X(i—l)AN,T)\/m " Op(l)- (11)

SNy =

%

+ 0p(1)

%

N(0,1) +

If there is a jump at i{AnT, (JiAN,T — J(i—l)ANT> = O,(1). However, over a finite time span T, there
will only be a finite number of times in which 1{€;a, , < z} is 1 instead of 0 or viceversa, because of

jumps. Thus,
N

0,(1
1{/57?AN,T S x} + I;\(]— )7

N
1
N—1i§:; ity <o) N-14

where €/, , . is the residual that would prevail in the continuous case. Hence, the same criterion as in
Subsection 2.2 can be applied to the case with jumps.
It still remains to establish conditions under which we have consistent estimates of the infinitesimal

moments in the presence of jumps. Hereafter, we rely on the following assumption:

Assumption 3.

(2) p(.), 0(.), c(.,y), and A(.) are time-homogeneous, B-measurable functions on ® = (I, u) with —oco <
I < u < oo, where B is the o-field generated by Borel sets on ®. All functions are at least twice
continuously differentiable. They satisfy local Lipschitz and growth conditions. Thus, for every
compact subset J of the range of the process, there exist constants C’;{, Cg)], and C’é] so that, for all
x and z in J,

(@) — p(2)[ +[o(x) — o (2)[ + Alz) /Y le(z,y) — e(z,y)| I(dy) < Cf|x — =],

and

()] + |o(2)] + Alz) /Y le(z, )| I(dy) < CJ{1 + |z},

and for a > 2,

A(x) /Y e, )| TI(dy) < CZ{1 + [},

(i) A(.) > 0 and o%(.) > 0 on D.
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(422) w(.), o(.), c(.,y), and A(.) are such that the solution is recurrent.

In what follows, we consider two alternative scenarios. First, we establish the validity of our band-
width selection procedure for all infinitesimal moments under parametric assumptions on the jump
component. Second, without making parametric assumptions on the jump component, we discuss band-
width selection for the purpose of consistent (and asymptotically normal) estimation of the system’s
drift and infinitesimal variance. In the former case, we incur the risk of incorrectly specifying the jump
distribution but completely identify the system’s dynamics. The procedure is, in spirit, semiparametric.
In the latter case, we are agnostic about the jump distribution, but can only identify the process’ drift
(possibly inclusive of the first conditional jump moment) and the process’ infinitesimal volatility, while
remaining fully nonparametric. If interest is on the full system’s dynamics, one should employ the proce-
dure in Subsection 3.1. If interest is solely on the volatility of the continuous component of the process,
then the methods in Subsection 3.2 are arguably preferable. As we will show, in fact, the diffusion’s

kernel estimator converges at a faster rate in this second case.

3.1 Consistent estimation of all infinitesimal moments

In order to separate the moments of the continuous component from those of the jump component, we
ought to properly correct the kernel estimators considered in the previous section. Following Bandi and
Nguyen (2003), BN hereafter, and Johannes (2004), define

N-—1 XjAN T~
1 ijl K( on, , ) (X(j+1)ANT - XjAN,T) ~ ~
- ~ Mz (XO)Eyn, - (c(Xpy)  (12)

NN,T(CL) = ANT Z 1K( JhANT a)
Jj= N,T,1
and
N-1 Xjanr—0 2
o~ 1 Zj:l K ( Fon 1 ) (X(j+1)ANT - XJ'AN,T> ~ ~
() = X L —— — N (X)Bym, o ((Xe,)?) . (13)
N, T Z] L K ( 7h N, T )
N,T,2

Since the intensity estimator X(), as well as the jump size moment estimator, Ey (c(., y)J) with j =1,2
depend, in general, on higher-order infinitesimal moment estimates, we make explicit their dependence
on a (vector-)bandwidth h, 7 and write th,T(‘) and Ey,hn,T (c(.,y)?), as above.

We are now more specific. Identification of A(.) and the moments of the jumps may hinge on
parametric assumptions on f,(.), i.e., the probability distribution of the jump size. Assume, for instance,
c(Xy,y) =y and fy(.) = N (0,05), but alternative specifications may, of course, be invoked along the
lines of, e.g., Bandi and Reno (2008), BR henceforth. Then, from BN (2003) and Johannes (2004), one

can write
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N 776
E 5 1 MR 1 1o (Xjn, 1)
Eyn, r (((X,9)%) = (U;)NT - :Z _N.The 1)
7 N jzl 5MJ%]aT7h4 (X]An,T)
N M]%I,T,h4(a)
Ahn,T (a’) = 3?7
(Uy)Nj

with

N-1 g~ (Xianor— J
1 ijl K (%) (X(j+1)ANT - XJ'AN,T) N
i=1,..
A S
N, T Z; lK ( JAN,T >

hN,T K

Mg, (@) =

Since the mean of the jump size is zero, Eq. (12) and Eq. (13) become, in this case:

ﬁN,T(a) = MJIV,T,hl(a)v (14)
M} 1, (@) YoM Anr)
~ ) N,T,h N,T,h, Xi n,
O'?V,T(a) = MN,T,hg(a’) - : Z 6 d ) (15)

— 2 |\ v
3 ;ZN MNTha(an,T) N NTh4(XzAn,T)
N Lai= 15M4,T,h4(X¢An,T)

with h,, 7 = (he, ha). In other words, optimization of the criterion in Subsection 2.2 will now depend on

four bandwidths whose properties are laid out below.

Proposition 2 (BN, 2003): Let Assumption 3 hold.

1/2
. - 1 T . 1
(i) Let Ayg = T/N with T fixed. If limy_ T (ANTlog AirT) — 0, then

o~

Lx(T,a) — Lx(T,a) = 04.(1),

h f T ZNT N K XjZN.Tia
where Lx (T, a) = w7 ijl T )
o The infinitesimal moments

_ - 1/2
If (ii) hyriLx(T,a) “3 oo and (4i) w (AN,T log ﬁ) %20, then:

N, T,k
]/\4\]]%7717’% (a’) - Mk(a) = Oa.s‘(l)-
If, in addition, (iv) h%’%kfx(T, a) “3 0, then:

hy1iLx (T, a) (M§7T7hk(a) - Mk(a)) =N (o, K2M2k(a)) .

From the proposition above, we note that all moments estimators converge to their limit at the

same rate, hN,TykfX(T ,a). Importantly, it is theoretically sound to employ the same rate condition
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for all moments. This is in sharp contrast with the continuous semimartingale case in which the drift
estimator converges at a slower rate than the infinitesimal variance estimator. In the continuous case, in
fact, one ought to use different bandwidth rates, since, from the conditions in Proposition 1, we require
h‘]i\}:TfX (T,a) “% oo (for the drift bandwidth) and h%f}fx (T,a) “% 0 (for the diffusion bandwidth).6

Let fiy 7.p(a) and G?V’Tﬁ(a) be defined as in Eq. (14) and Eq. (15) with h; = hy = hg = hg = h. We
can now select h in such a way as to minimize sup,, |Fy 14(z) — ®(z)|, where Fy 15 (z) is the empirical
distribution of € (as defined in (11)) evaluated at x. Given the nature of the bandwidth requirements from
Proposition 2, the second-step procedure can be carried out as in the continuous drift case. Similarly,
the asymptotic behavior of the second-step procedure is as established in Theorem 3.7

Needless to say, misspecification of the parametric distribution of the jump component will, in general,
result in failure of the statement in Theorem 2 since, in this case, there might not exist a bandwidth for
which sup, |Fn 7 n(x) — ®(x)| = 0,(1). We now turn to a procedure which does not impose parametric
assumptions on the process’ discontinuities at the cost of solely identifying the moments of the process’

continuous component.

3.2 Consistent estimation of the drift and infinitesimal variance

Should we be unwilling to make parametric assumptions on the distribution of the jump component, we
may still consistently estimate the infinitesimal variance term. The only maintained assumption about

the jump component in this subsection is that J; is a process of finite activity. Define 8?]7 nr(a) as:

2

N— XA —a P

o P Zj:lpK (J h]dvz"fT ) Hf:l ‘X(j+i)AN,T - X(j+i—1)AN,T ’
2/p

N, T

ANT Xin —a
7 Zjvzl K (J hfivsz >
N.T

~2
o J,N,T(a)

where p;, = E (]Z ]k> , with Z denoting a standard normal random variable, and 2 < p < P < co.
Corradi and Distaso (2008) have studied the properties of this class of estimators for the case A NT =
% with T finite. They have shown that, under mild conditions, 3%7 ~.7(a) identifies 6% (a) consistently in
the presence of finite activity jumps. Since we are also dealing with finite activity jumps, with probability
one we can have at most a finite number of jumps over a finite time span. As the time span increases
indefinitely, the number of jumps increases roughly at the same rate. Provided p > 2, asymptotic mixed
normality follows under the same rate conditions as in the continuous semimartingale case. Theorem 5

states the relevant result.

SConsider conditions (44) and (iv’) in Proposition 1. From (iv’), we notice that Ax 7 has to vanish at a slower rate
than h?\f’fj’?fx (T,a). Set A7 =0 (h?jfT’5_5fX (T, a)) with § > 0 arbitrarily small. Now, plugging this condition into (%)

and ignoring the logarithm, we obtain

ZX (T, a)

aif
hNr

W Ix(T,a) = T (T a)hy /72 5 o,

which implies h}i\;yfoX (T,a) “3 0 but, of course, this is in contraddiction with (ii) in the drift case (see Proposition 1).

"Simulations suggest that it is sometimes very beneficial to select a smaller bandwidth for the infinitesimal second
moment than for the first and higher-order moments (see, e.g., BR, 2008). One may therefore set h1 = ha = hs with he
left unrestricted. In this case our criterion results in the choice of two bandwidths like in the continuous case.
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L 1/2 4. ..
Theorem 5. Let Assumption 3 hold and let p > 2. If () ng’a) <AN,T log ﬁ) = 0 and ()

N, T

hcjl\;,ijZX (T,a) a.s.

Anr —' 0, then
1% Ty (T, a)
) ~2 2 4
— — = N (0,7, K
N (65.n7(a) — 0*(a)) (0,7,K20%(a)),
where
by = @ = Dush + 2 (s ), + 1 2w, ot il P
_ P4/p 2/p 4/p °2/p 4/pF2/p " 4/p 2/p
Vp = e
2/p
[ ]
Let

. Xiayr = Xi—ayr — Bnoe(Xa-1ay ) ANT
eiAN,T = )

o3 NT(X(—D)Ay ) VANT

where i 1 is defined as in (14) and 8.2]7N7T(a) is as in (16) above with p > 2. We may now select hy 1 =

(h%:T, h%fT) so as to minimize sup,, |Fy 1 n(z) — ®(x)|, where Fn 7 p(x) is the empirical distribution of
€. Subsequently, we can verify the rate conditions as in the continuous semimartingale drift and diffusion
case. In other words, Theorems 3 and 4 apply.

Of course, if the jump size does not have mean zero, the procedure only identifies the sum of the drift
component and the compensator (see, e.g., Eq. 12) while remaining consistent for the diffusive volatility.
Should this be the case, then one has to resort to parametric assumptions, as in the previous subsection,

to identify the continuous drift component, if needed.

4 Diffusions observed with error (or microstructure noise)

We now assume that the process X; is contaminated by measurement error and write observations from
the observable process Y; as
Yianr = Xiay s + €Ginyr (17)

where a;\,?lfemN’T is an i.i.d. sequence with mean zero, variance 1, and such that E(efAN’T) =0 (a%QT)
(k>2) for aygr — 0 as N,T — oo.

We provide estimates of the first two infinitesimal moments which are robust to this type of mea-
surement error. In this context, we establish conditions for consistency and asymptotic normality. We

then turn to the issue of automatic bandwidth choice. Write

B -1 Y(G-nB+b)ay 74 -1
Zb:l Zj:l K < : pdr _— > Al,T (YV(jB-Fb)AN,T - Yv((j—l)B'*‘b)AN,T)

N,I,T

Y —a ’
B - ((G—1)B+b)AN T
D b1 Zj:l K ( G >

N,I,T

Hngr(a) = (18)
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where Bl = N and A7 = T'/l. As for the diffusion:

Y —a 2
B -1 ((1—-1)B+b)AN T -1
2 LS K (M) A (Yommans - Yio-yenav)
onyr(a) = —

Yo —a
B -1 ((1-1)B+b)AN T
Dbt =1 K < X] )

N,I,T

_A;%RVT,NAN,Tv

(19)

2
where RV NAn T = ANT Zjvzl (YjAN,T — Y(j—l)AN,T) . In the case of a fixed time span, the estimator
in Eq. (19) has been studied by Corradi and Distaso (2008). Here, we also consider estimation of the
first infinitesimal moment as in Eq. (18). In both cases, letting the time span increase without bound

(which is, as always, necessary in the drift case for consistency) raises additional technical issues which
ought to be dealt with.

Remark 3 (market microstructure). When Yja, , is an observable logarithmic price process (i.e.,
a transaction price or a mid-quote, for example), X;a ~.r generally denotes the underlying, unobservable
equilibrium price and €;a . defines market microstructure noise. If econometric interest is placed on the
drift and diffusion function of the equilibrium price process, as is generally the case, then iy ; r(a) and
8?\771771(0,) will provide consistent and asymptotically normal estimates of its true infinitesimal moments
(as we show below) even when contaminated price observations Yja , are employed.

Remark 4. We note that the form of fiy,; r(a) and 3?\,J7T(a) requires the use of an appropriately-chosen
lower frequency . In agreement with the two-scale estimator of Zhang, Mykland, and Ait-Sahalia (2005),
ZMA henceforth, the diffusion case also requires a bias-correction term based on the higher frequency
N (see, also, Ait-Sahalia, Mykland, and Zhang, 2006).

Theorem 6

o The infinitesimal first moment

Let Assumption 1 hold and let € be defined as in Eq. (17). Also assume that [ = O(BT). If
(i) b, rLx(T,a) 8 oo, (if) fiigi\,ng;) (Al,Tlog All’T)l/Q 20, (i) h‘]j\;’inX(T, a) % 0, and (iv)
NY*ay 5 VIx(Ta) as.

v =0, then
NG

=~ = 2
ML) (iar@) — (o) = & (0.5 Kao@)).
e The infinitesimal second moment

Let Assumption 1 hold and let € be defined as in Eq. (17). Also assume that [ = O(BT). If (i)

. o pr— . Y

Lx(T,a) 1 a.s. o Ayprlx(1,a) a.s. N ONT . AN, T — T as.
T Ay rlog v =0, (i) SR 0, (74) x5~ — 0,and (iv) T =
N, T ’ ’ LT NI, T

0, then




[ |
Both in the drift and in the diffusion case, the averaging over sub-grids reduces the constant of propor-
tionality in the estimators’ asymptotic variance (from 1 to % in the drift case, from 2 to 1 in the diffusion

o . A .
case). The rates of convergence are also affected. In the diffusion case, since AJZV ; — 0, the rate is

slower. In the drift case, the new bandwidth condition (i) requires larger bandwidth choices and thus,
compatibly with condition (#i7), the actual rate may be faster. Since N = BI, by choosing a smaller [,
and hence a larger B, we may allow for a larger variance of the error term. This choice will in general

not come at a price (in terms of convergence rate) as far as the drift is concerned, but could come at a

dif pdif
price in the case of diffusion estimation if g]’llf = gl’b’TT with I; < [o.
(1 L2

Turning to bandwidth selection, we note that our local Gaussian criterion ought to be re-adjusted in

this new framework. We first propose a heuristic argument to provide intuition. Let

Yiayr = Yi-nays — Bngr(Yi-1)ay ) AN

oN.T(Yicnay ) VANT

o }/;AN,T - YV(?:—I)ANYT - M(Yv(l—l)ANYT)AN,T + o (1)
- p

<U(}/’(i71)AN,T) + Op(1)> VANT

XiAN7T - X(z’—l)AN,T - M(X(i—l)AN,T)AN,T T €anr — €i-1)Anr M/(X(z‘—nAN,T)G(z‘—l)AN,TAN,T

UiNyr =

(O-(X(’ifl)ANyT) + O-/(Y(ifl)AN’T)€(i71)AN’T + Op(1)> \V AJV,T
+op(1)

= WAynr + Op(l)a

where Y(i—l)AN,T € (X(i—l)AMw Y(i—l)AN,T) . In spite of the consistency of the drift and infinitesimal
variance estimator, u;ay . is in general non-Gaussian since the presence of measurement error affects
Yiayr = Yi-1)ay, and, of course, the evaluation point.

A natural solution to this issue is to use different frequencies for infinitesimal moment estimation
and for bandwidth selection. For the latter, one may use a (lower) frequency at which the contamination
error is expected to have little or no effect, say Ay, with H/N — 0. Provided an 1 = o(An,r), we

define

YiAH7T - }/(’L'fl)AH’T - //jN,l,T(Yv(ifl)AH,T)AHaT

ona(Yieyay )V AuT

 Xiagr = X-vagr — MX—nay ) AT oy(1)
- D

(o(XG1amr) +0(V)) V/Brx

UiNg T Op(l)'

Uing r —

It is now clear that u;a, , is approximately Gaussian. The criterion defined in Section 2.2 is therefore
still valid and the statements in Theorem 1 and 2 continue to apply. In finite samples, of course, the
approximation is best the smallest the interval Ay 7. From a practical standpoint, therefore, one has
to balance the size of the implied measurement error with the accuracy of the Gaussian approximation.
The highest frequency at which the measurement error appears negligible is therefore the preferable

frequency.
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Remark 5. In the case of high-frequency logarithmic asset prices and market microstructure noise,
an appropriate frequency may be chosen in a data-driven manner, either by looking at signature plots
(Andersen, Bollerslev, Diebold, and Labys 2000) or via the statistics suggested by Awartani, Corradi
and Distaso (2009).

In the second stage one needs to verify whether the bandwidths selected by the procedure in Theorem
1, say E%,l,T and E?\%,T, satisfy all of the rate conditions in Theorem 6. We begin with the drift. Notice
that N, T and the size of the measurement error ay r are given. While ay 7 is unknown in general, it may
be estimated by using (RVy yAn,7) /2 as defined in Eq. (19). Given N, we fix [ and B, using the fact

that N = [B. If we choose [ = O ajvlTT it is immediate to see that (77) implies (iv). Summarizing, if

TY/5 /)l - 0and =0 (aNT ) there is a bandwidth satisfying (7)-(iv) and we can proceed along the
lines of Theorem 2 by testing the hypothesis:

/h%;”TELX (T, a)da % oo

- 1/2
1 Lx(T,a) A F log 2 (1/ A1) | 4
or max e , =ar (179 da ; = o
A BNAT (T, a)da Ja hnir
for A C ©, and € > 0 arbitrarily small, versus its alternative.
We now turn to the variance estimator. If we set | = O (a]_v%?’%T 2/ 3) , (i) is always satisfied.

Further, if 7°/1 — 0, there is a bandwidth satisfying (i) and (ii). We now test the following hypothesis:

Sdif,5—
R
o . A a — OO or
A LT
Lx(T,
N1k, 1/2 llﬂW LX T, a) 1/2 [ logt2(1/ A7) a.s.
max dif (1<) de (I+e) da, 7o
hlr hyir

for A C ®, and ¢ > 0 arbitrarily small, versus its alternative.

5 Stochastic volatility

Consider now the model

dX; = pfdt+ v dW
df (vf) = p(of)dt+o(v})dWy,

where {WX :t=1,..,T} and {W7 :t=1,..,T} are potentially correlated Brownian motions. The
function f(x) may be equal to log(z) as in Jaquier, Polson, and Rossi (1994) or z as in Eraker, Johannes,
and Polson (2003), for instance. Our interest is in p(v?) and o%(v?), the drift and the diffusion function

of the spot variance process.
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Volatility is latent. However, it may be filtered from prices X; sampled at high frequency as suggested
by Kristensen (2008) and BR (2008). To this extent, assume, as earlier, availability of N equidistant
price observations with Ay = T/N denoting the time distance between successive data points and T
denoting the time span. We again observe the price skeleton Xay ., XoAy -y X7Ay 7. These price
observations may be employed to (1) filter spot volatility (or spot variance) nonparametrically for the
purpose of (2) identifying u(.) and ¢2(.). Using preliminary spot variance estimates 92, the latter may
be done by virtue of the functional estimators in Eq. (1) and (2) (BR, 2008, and Kanaya and Kristensen,
2008). Importantly, however, selection of the smoothing sequences h%" and h%f now also depends on the
need to eliminate the impact of the estimation error induced by the first-step spot variance estimates.

To present the main ideas, consider spot variance estimates obtained by virtue of the classical realized

variance estimator (Andersen et al., 2003, and Barndorff-Nielsen and Shephard, 2002). Specifically, write

T+T N A, )
672' = Z T(SN (X(i-‘rl)AN,T - XiAN,T) : (20)

. -5 1
i=7—T NAN,T

The estimator averages 27N AX,?T squared price differences in a local neighborhood of 7 determined
by the localizing factor 70N .

BR (2008) introduce four additional conditions (with respect to those in Proposition 1 above) which
the drift bandwidth h% and the diffusion bandwidth A%/ ought to satisfy for asymptotic normality
of the drift and the diffusion function estimates to hold. These conditions (two for each infinitesimal
moment) are sufficient to eliminate, asymptotically, the influence of the estimation error induced by 2
(when used in place of the unobservable v2). Intuitively, the conditions imply that one needs to use a
larger discrete interval, say Ay = % with M/N — 0, than is used for estimating the preliminary spot
variance estimates. In other words, one needs to use high-frequency data to identify spot variance v?
and M lower frequency observations (on ©2) to identify the dynamics (through su(.) and ¢2(.)). To this
extent, call the relevant bandwidths h%,T and h%{T.

In what follows, for conciseness, we will not discuss the origin and form of these four conditions. We
refer the reader to BR (2008) and Appendix B to this paper for details. However, consistently with our
stated goal, we discuss the implications of the four conditions for bandwidth choice. When dealing with
this choice, the main technical issue is now that the rate of growth of M depends on hﬁl\fj’T, which is what
one needs to find optimally, as well as on L,(T,a) which is unknown and whose estimates depend on
hﬁl\ZT. This is an important difference from the observable case in which all N observations are used. In
the drift case, one may consider optimizing over both M%" and h‘]i\ZT. Similarly, in the diffusion case one
might wish to optimize over M%/ and h?\}{T. We leave this issue for future work and take the following
approach to the problem.

As said, it is natural for applied researchers to employ N high-frequency observations to identify spot
variance before using M lower frequency data (on ©2) to evaluate the dynamics. To this extent, assume
M and N are fixed (with M < N). It can be shown (see Appendix B) that, for the drift, the implied
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bandwidth condition becomes:

of B\ _of _B_
s o TulT, ) N(Wj\; ) e 21)

v~

QN,T,M
where 3 < %.8 As for the diffusion:

1

Wl Lu(T0) (N~ (5) i (i5)
AT M1

a.s

= 0. (22)

v~

YN, T,M

In general (i.e., for empirically reasonable values of N, M,T'), it is easy to see that an7 .y < 1 and

Ynrm < 1. Hence, Eq. (21) and Eq. (22) are more stringent conditions that hﬁl\g’TLv(T, a) “3 oo and
R Lo (T, . . : :
%}\ia) 2% oo with probability one. This observation leads to the following tests.
If o7

TY is the local time’s divergence rate), then

— o0 and N, M, T are such that an 73 — 0 and T[lf(%“)]ea]v,T,M — oo (with ¢ > 0, where

>dr5 T a.s. 1 Z’U(T’ CL)A}\//[?T 10g1/2(1/AM,T) a.s.
:hy L »(Tya) = oo or max = ~ - 00.
aNTMh (T a) hyrr

If % — o0 and N, M, T are such that vy 7 — 0 and
M[lf(%“)]T[lf(%“)](e*l)nymM — 0o (with ¢ > 0, where 77 is the local time’s divergence rate), then

Pdif 5T 7 1/2
il . hai v 7 Lo(T)a) o AMT Ly(T, Q)AJ\//I,T 10g1/2(1/AM,T> a.s.
0 A——>ooor max =77 = 00.
M.T ’YNTMhMT o(T.a) Pasr
6 Multivariate diffusion processes
We now turn to multidimensional diffusions. Let X; = (Xi4,..., X4:)T and consider the stochastic

differential equation
dXt = [,L(Xt)dt + a'(Xt)th,

where p(.) and o(.) are matrix functions satisfying the regularity conditions for the existence of a
recurrent solution in BM (2004) and {W;:t=1,...,T} is a (conformable) standard Brownian vector.
Let the diffusion matrix X(a) be defined as ¥(a) = o(a)o(a)’ for z = (ay, ..., aq).

8These conditions allow for the use of market microstructure noise-robust spot variance estimators. BR (2008) propose
noise-robust spot variance estimators with a rate of convergence equal to k° = T_BéNA;fT for some 8 < % As in the
case of realized variance (above), these estimators may be derived from robust integrated variance estimators (such as the
two-scale estimator of Zhang et al., 2005, and the class of kernel estimates suggested by Barndorff-Nielsen et al., 2008b) by
localizing the integrated estimates in time. Their asymptotic properties (studied in BR, 2008) reveal that 3 is, for instance,
equal to 1/10 (in the case of the two-scale estimator) or 1/6 in the case of flat-top kernel estimates obtained by virtue of

kernels g(.) satisfying ¢’(1) = 0 and ¢'(0) = 0. For realized variance in Eq. (20) 8 = 1.
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Suppose we observe Xay ., XoAy 75 XNAy » With Ay = % Specifically, assume there is a fre-
quency at which synchronized observations may be observed for all processes. This is standard for
estimation methods relying on low-frequency observations. In principle, however, we could allow for
observations recorded at random, asynchronous times and, therefore, use high-frequency data for es-
timation. This could be done, for example, by employing the refresh time approach advocated by
Barndorff-Nielsen, Hansen, Lunde and Shephard (2008a). The use of refresh times, however, would
require important, additional technicalities due to their randomness, and is beyond the scope of the
present paper. In particular, it would require an extension of existing asymptotic (mixed) normal results
for drift and infinitesimal variance estimators (in Proposition 3 below) to the case of random times.

We define Nadaraya-Watson estimators of the drift vector and covariance matrix by writing
N—-1 K XJ'AN,T —a X X
| 2= TG, G+D)ANT — XAy

ANT Zj 1K< JiévrT a)

HNT( )=

and
1 Zj:l K (%%:) (X(j-i-l)AN,T - XjAN.T) (X(j—&-l)AN,T - XJANT)
AN,T AN —Q ’
K (T2

X - Xij —;
where the kernel K (M) =T¢ K <M> is a product kernel and K (.) is defined in the

hy hi,N, T

f]N’T(a) =

same manner as in Assumption 2. We denote by hy 7 the matrix bandwidth (hcllf"NvT, e hng’T, halll}:, T hilh]{] T)
belonging to the set H C R%rd.

In the multivariate case, local time is not defined. However, the averaged kernel

Lx(T,z) = ZK( JoNT _a>

I 1thT hy

will still provide an estimate of the occupation density of the process (while, at the same time, inheriting
its divergence rate) as discussed in BM (2004). Naturally, the divergence rate of the occupation density
plays a role in the characterization of the bandwidth conditions for both the drift and the diffusion

matrix.

Proposition 3 (BM, 2004): Let Assumption 1 and 2 in BM (2004) hold.
Assume T, N — oo and Ay — 0. Assume, for all 4, h; y 7 — 0 and

(Ap 7 log(1/Anr))? /T hi v — 0.
Then, R
ZX(Tv a)
v(1/T)

where the function v(1/7) is regularly-varying at infinity with process-specific parameter « satisfying

= Cx¢ (a) ga,

0 < a <1, gy is used here to denote the Mittag-Leffler random variable with the same process-specific

parameter o, and C'x is a process-specific constant.
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o The drift estimator

If, for all 1, hff}vf — 0, Hglzlhd&Tv(l/T) — 00, and

1 1/2
<AN,T log ANT) — 0,

a.s.

ﬁN,T(a) — p(a) = 0.

If, in addition, for all j, h?fj’\?THg#hz&Tv(l/T) — 0,

v(1/T)
T A

then

~dr
VI (0, 0) (o ) — ) = 5@ (0, K41,
where I is a d x d identity matrix.

o The diffusion estimator

4 d_ pdif
If, for all i, hf . — 0, Tl W o ang
1/T 1 \Y2
% <AN,T log A ) — O,
IG5y v N.T

then

i\]N,T(a) —3(a) ¥ 0.

(hotirand, it ) o/m)
AN,T

If, in addition, for all j, —0

)

.. o~dif
d
H;?'/:lhii,(ﬂTL ¥ (T,a)

ANT

vech (S r(a) ~ B(a) ) = Vi(@)"/2N (0,K41,)

with V(a) = Pp (2X(a) ® X(a)) P},, where Pp is so that vechX(a) = PpvecX(a).

We now turn to the first step of our bandwidth selection procedure. For i = 2, ..., AJ_VlTT define the
inner product of the residual process:
~ ~ 1 —~ T
E;!-AN’TE'ZAN,T = {AN,T (AX(]'+1)AN7T - I'I’N,T(X(j+1)AN7T>AN7T)
EN,T(X(j—l-l)ANYT)_I <AX(]'+1)AN_’T - ﬁN,T(X(j+1)AN7T)AN7T)} ?

Where AX(j+1)AN,T = X(jJrl)AN,T — X(j+1)AN"T. NOW write:

N

~ 1
h = arg min — su (1 {ET Z; <u}f\11 u)
NT = ArgIin = Sup ZZ; Ay CibN T S ()
and
* _ 2d h P
nr=heHCR: sgp ‘Fﬁ(x) - \Il(ac)‘ N7T_)OOT£N,T_)O 0,
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where U(u) = Pr (X?l < u), i.e., the cumulative distribution function of a Chi-squared random variable
with d degrees of freedoms. Note that

giAN,T
S S (Xnans) 72~ S(XGanans) ) AvfPAX
ginnr + (ENT(XG1nays) (XG+avs) NT SEGHDANT
+E(XGnays) (ﬁN’T(X(jH)AN,T) - “(XU“)AMT) VAN
+ <2N7T(X(j+1)AN,T)71/2 - 2<X(j+1)AN,T)71/2> (’A"N,T(X(jJrl)AN,T) B '“(X(j“)ANvT) VANT,

_ —-1/2
where giay » = S(X(j41)ay,) (AN,% AXrnans = B(X(+1)ay )V AN,T) ;and 50 €l; €Ay g
is i.i.d. X¢2i' Hence, as N,T — oo and Ayxr — 0, by the same arguments as in Theorem 1 and 2,

IAlN,T —hy 2,0 if, and only if,

1
h ‘ — oy [ —— |, 23
sup [ r (o r) o) = o, ( m) (23)
and
sup vech ‘2]\[7']“ (a, h%f;) — E(a)‘ =op(1). (24)
acD

In the second step, we need to check whether h%:T is small enough as to satisfy

dr
(7) max; h? %Tﬂfﬁhz NTLX (T,a) “3 0 Va € © and large enough as to satisfy

d dr
H thT

~dr
(An,rlog(1/AN7))/?Ly (Tsa
dr
max; h3@H 114, h3T T (T,a) as.
An,T

—~dr
min{(u) e 1thTLX (T, a), (i) } % 00 Va € ®?. Similarly, we need to
)

check whether h%fT is small enough as to satisfy 0 Va € % and large

. e, hy 5. - . . .
enough as to satisfy LY %3 0. Let us begin with the drift estimator. Without
(AN, log(1/AN, )Ly (T,a)
any restriction on the relative (almost-sure) order of the various bandwidths, we cannot ensure that

there is a vector hy 7 so that whenever (7) is violated, (44)-(éi) cannot be violated. This may happen

~dr
when max; h? %’TH#thNTLX (T,a) > 0o but min; > JCng'[Hﬁ]hZ NTLX (T,a) “% 0. Broadly speaking,
(ii)-(7i) only depend on the product on the bandwidths, while (i) depends both on the product and
on the individual bandwidths. Therefore, in order to ensure the existence of bandwidths satisfying all

conditions, we need to impose some restrictions on the degree of "heterogeneity" of their almost-sure
1/(d-1)
order. We require that, for all j, NT = = Og.s. << it ]hl NT) ) , so that the bandwidths can

differ from each other but are of the same almost-sure order. Given that, whenever (i) is violated,
~dr d—1
HZ 2 h@ NT approaches zero almost surely at a rate equal or slower than Ly (T,a)” 41, and H hl NT
~dr d
cannot approach zero at a rate faster than Ly (7,a)” @1, it is immediate to see that (i) is trivially

satisfied, while (i17) writes as

5d+12

~dr, 24+ -1 -1
((ANTlog(l/ANT))1/2 o, a)> > ((Anr10g(1/An) 2T ) — o0 provided N/T 54" —

. 1/(d—1)
oo. Imposing the restriction h;’d]{f 7 = Oas. <<Hz #hfz]{] T) ) , by an analogous argument, we see
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. . =~dr
max; KON IE, b Ly (Tha) as. .. U . . 3d+12
LA LA x (1) a5 ) violated, (711) is satisfied provided N/T 4=d — 0.

Thus, if we wished to allow for d > 3, we would need to rely on higher-order kernels.

that, whenever

Testing can now be conducted as in the scalar case. However, should we reject, contrary to the scalar
case, we would not have a clear-cut indication of which particular bandwidth should be made larger or
smaller. In spite of this, we do have information about whether we need to increase or decrease nglh%{, T

and /or H?:lh%V,T' Future work should focus on methods to adjust iteratively individual bandwidths.

7 Simulations

The goal of this simulation study is to illustrate absolute and relative performance of our methods (as
compared to existing methods in the literature, such as cross-validation) as well as fundamental issues
having to do with sample frequency in the fully nonparametric estimation of continuous-time processes.

To this extent, we consider two data-generating processes, namely

(1)  dX; = (0.1320 — 1.5918X,)dt + 2X}4dW;,  Xo = 0.08,
2)  dX, = (0.02—0.025X,)dt +0.14X;/2dW,, Xy = 0.6.

The parameters associated with the first process may derive from the estimation of a short-term interest
rate diffusion model (see, e.g., Chan et al., 1992). The parameters associated with the second process
may be used to model the dynamics of stochastic variance (see, e.g., BR, 2008). Both processes are
highly persistent.

In what follows, the standard normal density ¢(u) is chosen as the kernel function for all estimates.
The remaining choice variables are set as follows: 7(u) = ¢(u), U = [-1.5,2.5], ¢ = 0.001, R = 30,
T =22, and N = 5,500. In other words, Ay =T/N = 22/5,500 = 1/250, thereby implying that the
simulated data points can be interpreted as being daily observations over 22 years. The resulting sample
size is empirically sensible and relates to much applied work in which nonparametric continuous-time
models are estimated by virtue of daily data (see, e.g., Stanton, 1997, and the references therein). As we
will show, while daily data may deliver accurate estimates, the very nature of continuous-time models
leads to (bandwidth) conditions which may not be easily satisfied with daily sample sizes. Finally, the
number of replications is equal to 1, 000.

Fig. 1 and Fig. 2 report the (average) shape of the V statistics for both models along with the
95% critical value of the final min-min test (3.84). We recall that the feasible bandwidth set is the one
for which the V statistics are above the critical value. For both models, ‘72 (which only plays a role
in the drift case) is never binding. Thus, the bandwidth we select is always large enough as to satisfy
hﬁl\}:TfX (T, a) “3 0o. Importantly, while for the drift estimator the set of bandwidths for which both V;
and 173 are rejected (and, hence, all rate conditions are satisfied) is generally non-empty, for the diffusion
estimator such a set is empty (model 2) or "almost empty" (model 1), on average. This is because the
bandwidth conditions for diffusion estimation are considerably more stringent. In effect, Vs is the same

for both the drift and the diffusion. However, one needs h%’;fX(T, a) “3 0 for drift estimation and
h(f\;’fjﬁfx (T,UL) a.s.

An = 0 for diffusion estimation. The latter requirement implies that the diffusion bandwidth
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ought to be smaller than the drift bandwidth. It may therefore be the case that the bandwidth condition

h%f;f?fx (T,a) a.s.

which is required for a vanishing diffusion bias ( - 0) is too small for the almost-sure

An,T

Lx(T,a)y/A 1log(1/AnN, 5. . . . . .
x( )\/hdij’vz (/A7) 2% 0] to be satisfied.” This outcome is entirely a function of
N, T N, T

requirement

the discretization interval Ax 7. The smaller the interval, the more likely it is for diffusion estimator’s
feasible bandwidth set to be non-empty and, hence, for the almost-sure condition to be satisfied along
with the vanishing-bias conditions.

This discussion illustrates a fundamental difficulty with estimating continuous-time models with
discretely-sampled data. When the data frequency is not high enough (as may be the case with daily
data), and the relevant convergence mode is almost-sure convergence, the discrete sample path of the
process might not be a "sufficiently good" approximation for its continuous counterpart. Barring com-
plications induced by the presence of market microstructure noise, the use of high-frequency data lead-
ing to smaller Axp values will help drastically. Alternatively, one could envision relaxing the mode

of convergence. We conjecture that weaker modes would not require the rather stringent condition

Lx (T, An.rlog(1/A
X \}/ldijfv’z e(1/An ) 230, thereby leading to well-posed bandwidth sets, in general (even for diffu-
N;T N, T

sion estimation). Work on this issue is warranted.

We now turn to drift and diffusion estimation (Fig. 3 through 10). The bandwidth selection mech-
anism works as follows. We begin with the first stage. If the first-stage bandwidth falls into the set in
which all rate conditions are satisfied, we stop. Otherwise, we proceed until we reach a bandwidth in
the interval for which 171, ‘72, and ‘73 (or ‘71 and \73 for the diffusion estimator) are all above the rejection
line. If such a set is empty for our chosen daily frequency (see our discussion above), we use the following
stopping rule. Suppose we choose a bandwidth which is too small, as it is generally the case. Thus, ‘71
lies above the 95% rejection line whereas Vs is below. We select a larger bandwidth and stop whenever
‘71 reaches the 95% critical value line. The reverse applies if we start with a bandwidth which is too
large. Importantly, in both cases (too small or too large a bandwidth) we stop at a bandwidth value
such that V; reaches the 95% critical value (or is closest to it, from the left). The justification for this

choice is simple. Whenever the discretization interval is so that we cannot satisfy min {‘71, ‘73} > 3.84,

we sacrifice 173 and, consequently, the conditions for almost-sure convergence (which is, as pointed out
above, specific to continuous-time models and might not be "necessary" for other modes of convergence
to apply, in general).

There is an overwhelming tendency in empirical work conducted using continuous-time models to
employ cross-validated bandwidths. While this procedure has a well-known theoretical rationale in
discrete time, to our knowledge it has not been justified in continuous time. One of the objectives of
this Monte Carlo experiment is, therefore, to evaluate the relative performance of bandwidths chosen via
cross-validation and bandwidths selected by means of local Gaussianity, as is the case for our first stage
smoothing sequences. We will also compare cross-validated bandwidths to our full procedure, inclusive

of the second stage.

Lx(T,a)\/An,7log(1/AN,T) a.s. . .
( 1) —" 0 ensures the almost sure convergence of the local time estimator

9Recall that the condition T
hNTAN,T
as well as almost sure convergence of the drift and variance estimators.

29



We observe that, for both models, cross-validation leads to the selection of excessively large band-
widths, thereby yielding substantial oversmoothing (see Figs. 3-4 and 7-8). Cross-validation works well
only if the function to estimate is very flat, as is the case for the drift function in model 2.

The first-stage bandwidth chosen via local Gaussianity is substantially smaller than that chosen via
cross-validation, and leads to more accurate, i.e., less-biased, estimates, in general (see, e.g., Figs. 3, 4,
and 8). Put differently, exploiting the local Gaussianity that diffusion models imply is empirically useful.

Turning to the second stage, we find that the bandwidth chosen via local Gaussianity is, in general,
smaller than the second-step bandwidth (see Tables 1-4). Figs. 1 and 2 provide a complete justification
for this finding. The first-stage bandwidth is likely to ensure that V1 lies above the rejection line and
the estimators’ bias is negligible. It is, however, too small for V3 to lie above the rejection line as well.
Thus, in the second stage, we select a larger bandwidth. As emphasized earlier, this outcome is not due
to the nature of our methods but is solely a by-product of the fine grain features of continuous-time

modelling and estimation and our employed sample frequency. Indeed, the condition underlying 173, ie.,

Lx (T, An.rlog(1/A
X a)\/ v log(1/An) 2% 0 is hard to satisfy for small and medium sample sizes N or, alternatively, for

hNTANT
relatively large discrete-time intervals Ay 7. In other words, if we were endowed with an N sufficiently

large with respect to T, then all relevant conditions would be satisfied for reasonably small bandwidths,
and our criterion would capture this effect. To see this, refer to Fig. 1. For a decreasing Axr (ie.,
going from daily data, as in our case, to high-frequency data, for instance), the V3 curve would move to
the left thereby (1) increasing the likelihood of a non-empty feasible set and (2) decreasing the size of
the feasible bandwidths.

Importantly, overall, the second stage bandwidths are smaller than the bandwidths chosen via cross-
validation. Hence, while our full-blown procedure may lead to oversmoothing for insufficiently small Ay 7
(model 1, for instance), the degree of oversmoothing is still smaller than that delivered by cross-validated
bandwidths.

It is also worthwhile to point out that, in spite of the fact that the bandwidth rate conditions for
almost-sure convergence and zero asymptotic bias are more stringent in the diffusion case than in the
drift case, the full procedure leads to nonparametric diffusion estimates which are more accurate than the
corresponding drift estimates (see, e.g., Fig.5 vs. Fig.6 and Fig. 9 vs. Fig.10). Indeed, the set of (small)
bandwidths for which V; is rejected is very limited (see Fig. 1 and 2). Hence, even if in the second stage
we move to a larger bandwidth, given our stopping rule we still select a rather small bandwidth which
is not too far from the one chosen in the first stage.

In sum:

1. The existence of a feasible bandwidth set guaranteeing a zero asymptotic bias and almost-sure
convergence crucially depends on the discretization interval Ay 7. We show that daily frequencies
are generally not problematic as far as drift estimation is concerned (provided T is large enough,
of course) but may lead to empty feasible sets in the case of diffusion estimation. The reason
for this is that, in the presence of a daily Ay 7, the bandwidths for which the condition in Vi is
rejected may be too small to be compatible with the larger bandwidths required for almost-sure
convergence. Consistent with our theory, increasing the sampling frequency improves matters in

that it leads to smaller required bandwidths for the conditions underlying 173 to be satisfied.
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2. Our first-stage method performs drastically better than cross-validation. Cross-validation leads to

substantial oversmoothing (unless, of course, the relevant functions are rather flat).

3. In the presence of daily frequencies, our full method may lead to oversmoothing (model 1, for

example) but performs better than cross-validation, in general.

4. Importantly, there is a clear theoretical justification for the oversmoothing which might be induced
by our two-step procedure (i.e., an excessively large discretization interval for almost-sure con-
sistency to be satisfied, thereby leading to the need for a larger bandwidth - see point 1 above).
Hence, in our case, sub-optimal performance (as implied by some oversmoothing in certain cases)
is a by-product of the very nature of our employed (daily) discrete data, as shown theoretically and
by simulation. We cannot exclude that, in the case of cross-validation, sub-optimal performance

may be due to fundamental limitations of the procedure itself.

8 Conclusions and further discussions

This paper provides an automated procedure to jointly select all bandwidths needed to identify the
dynamics of popular classes of continuous-time Markov processes. It also proposes a randomized method
designed to test whether the rate conditions for almost-sure consistency and (zero mean) asymptotic
normality of the moment estimates are satisfied in sample. We study applicability of our theory in scalar
and multivariate models allowing for jumps, microstructure noise, and stochastic volatility.

We also illustrate (theoretically and by virtue of simulations) issues of identifications in finite sam-
ple. Our discussion highlights potential problems which might arise when estimating nonparametrically
continuous-time models by virtue of discretely-sampled observations. In particular, we emphasize that
the classical use of daily data may prevent the bandwidth conditions for almost-sure consistency and
zero-mean asymptotic normality from being satisfied. In light of the widespread use of daily data in
applied work, we view this observation as being empirically very important.

The methods proposed in this paper are of general interest. Analogous ideas may be applied to
bandwidth selection for recurrent discrete-time Markov processes. Our randomized second-step pro-
cedure may also prove useful in a variety of alternative nonparametric estimation settings. Below we

provide brief discussions of both issues and refer the reader to future work for complete treatments.

8.1 The discrete-time case

Consider the recurrent discrete-time kernel case. Although ¢, = (yy — u(Xy)) /o(Xt) is not locally
Gaussian in general, it is immediate to see that, e.g., E(¢) = 0, E(e%) = 1, E(e9(Xy)) = 0, and
E(e7g(X:)) =E(g(X;)) for any Fx—measurable function g(.). Thus, one may select the bandwidth(s)
in such a way as to minimize an appropriately-defined distance metric between sample moments of
the residuals and their theoretical counterparts. Interestingly, the problem is easier than in continuous
time. First, the initial criterion would yield uniform consistency of both conditional moments since,

differently from our assumed continuous-time framework, the two moments would converge at the same

rate (i.e., \/hTET(a:), where ET(CL‘) is, as earlier, the empirical occupation density of the underlying
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discrete-time process). Second, the bandwidth conditions needed to be tested would closely resemble
those for the drift (in Proposition 1). Importantly, however, the conditions on the modulus of continuity
of Brownian motion (i.e., the condition for almost-sure consistency in the continuous-time case) would
not be needed. Hence, the second-step procedure would simply amount to testing whether, in-sample,
the selected bandwidths are proportional to E;B (z) with % < B < 1. Also, issues of identification having

to do with the coarseness of the sampling frequency (as in the continuous-time case) would not arise.

8.2 More on the second-step method

In both the stationary and the nonstationary case, irrespective of whether we operate in continuous
time or in discrete time, the bandwidth conditions needed for consistency and (zero mean) asymptotic
normality of kernel estimators can be expressed as functions of the process’ occupation density (and its
divergence rate). Even in cases for which the divergence rate of the occupation density can be quantified
in closed-form (the stationary case, for example, for which it is T'), relying on an in-sample assessment of
the process’ occupation density, rather than on purely-hypothetical divergence rates, is bound to provide
a more objective evaluation of the accuracy of bandwidth choices (particularly for persistent processes).
Our second-step procedure is designed to explicitly achieve this goal.

Importantly, however, our testing method may be disconnected from the first-stage method and
applied to smoothing sequences selected by virtue of alternative, possibly more classical, methods of the
kind routinely used in applied work. More generally, our test (and its logic) may, in principle, be extended
to evaluate any choices in functional econometrics requiring the balancing of an asymptotic (and finite
sample) trade-off between bias and variance. The number of sieves or the number of autocovariances in
HAC estimation are possible examples. In these contexts, a test (like the one proposed in this paper)
which, under the null, implies that the assumed choice is either too small or too large and provides, if
the null is not rejected, an easy automated rule to adjust the initial selection in either direction appears

to be very appealing.

9 Appendix A

Proof of Theorem 1. Assume h} , € H exists and satisfies

sup |F%(x) — ®(z)| N THOO%N o 0. (25)
Using the triangular inequality, write

sup | Fiy(a) — @(x)| = sup |Fly(z) — F(@)] - sup| F(x) - 2(@)],

where F(x) is the empirical distribution function of

Xinw o — X — (X A _
{QAN,T_ Avr — XAy — MX(i—1)Ax.r) N,T:i_27m7N}'

o(Xi—nan s )VANT

An application of the Law of Iterated Logarithm implies sup |F5r(z) — ®(z)| = 0,(1). The result in Eq. (25)
combined with sup |F(z) — ®(x)| = 0, (1) yields
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sup |F%(m) — F(z)| = 0,(1).

But,
sup ’F%(x) — Fy ()]
N ~
— sup|71 Z 1 Xiayr = Xi-nayr — M(X(ifl)AN,T)AN,T < xUN,T(X(iﬂ)AN,T)
» N—-1 o(Xi—1)an s )VANT o(X(i-1)Anr)
(MX—vava) = BnrXi—nans)) An
o(Xi—1)an2)VANT
R Xiayr = Xi—1ayr — M Xi—Day ) ANT
N-1 i=2 O'(X(ifl)ANYT) V A]\/',T
= op(1)
gives
(/T\N T(G,) ‘
INT 1] = 0,(1
a€eD U(Q) P( )
and

a€®D

The converse follows from
sup |F%(x) - <I>(x)| < sup |F%(ac) — Fip(a)| 4 sup |[F(z) — ©(z)].

Proof of Theorem 2. Assume h}, € H exists. Let I'(.,e) C H be an open ball of radius €. Then, from Eq.
(8) and Eq. (7), Ve > 0,30 > 0:

P (B # Tt 7.2) < P (0 +sw[ote) - B 7 @) 2650) = o

N, T—o00,ANn,7—0

This proves the second part of the theorem. Now we need to show that

* o . h P
Jhyr=heH: sgp |Fﬁ(z) — ®(z)| N,THOOTAN,THO

As sup, |Fy(z) — ®(x)| = 0p(1), and given the triangular inequality, it suffices to show that
by =he€ H:sup ’F%(x) — Fy ()| Ao
T N,N,T—oco
Recalling the definition of F%(x) in the proof of Theorem 1, note that
sup |F(z) — Fyp(2)] = sup |Zxe(w, )| + sup | Hyg(z, )|

where
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=
M=

{1 (&AN,T < C(i_1)AN,T(=’F)) —®(C(i—nan s (@) = 1(ciay, <) + ‘I’(x)} )

2

<
||

{@(Cmnyan. @) - @)}

[y
2|
&
S
I
=
WE

-1

3

2

and

C ( ) . <8N,T(X(i—1)AN,T)> . (M(X(i_l)AN,T) - :aN,T(X(i—l)AN,T)) AN,T
(=DAnz o(Xi-1)anr) onT(X(i—1)An ) VANT
We start by bounding sup |Hx (2, h)|. By the mean-value theorem, letting 7(;_1)a, (%) be a value on the line

segment connecting z and ((;_1)a . (),

N

sup Nl_ . Z {‘I’/(W(i—l)AN,T(m)) (C(iq)AN,T(x) - m)}

=2

IN

f:(UNT(X(z Dayr) — (X 1)ANT))

supmlax‘ac(I) (T(i—1)ANn 1) o (Xinany)
xT 11— N,T

N -1

+ sup max ’CID (Ti—1)Anr)
xT

\/ ANT Z < X(z 1 AN,T) - ﬁN,T(X(i—l)AN,T)>

o(Xi-1)ax.r)

1IN T

= supmax )JJ(I) (1) Ay T)

InT + sup max ‘(I)/ (ﬂ(i,l)AN'T)

We begin by considering Iy 7.

—~ N XG-vayr—X@-nay, JA
11 < g 1 \/ AN,T a Zj:l K ( : NZ?\;T . T> f(] T)ZN T ( XS) B M(X(ifl)ANTT)) ds
NT = Sup o-(gj) N Z N X(j*1>ANT_X(1*1)AN.T
: =1 Sk ( W *)

< N XG-vay,r=X@-Day p -1 riAnT W
A—— N _ . . :
1 =t Z 2 K ( h¥r AN (G-DANT o(Xs)dWs
- X, . X,
o(x ZN G-DAN,T (G-DAN,T

ar
hN)T

1
= O (\/ AN,Th?\;,T) +Op <\/AN,T}M) = op(1).

N inf, Ly (x

+ sup
T

As for sup, max; ‘w‘b,(ﬁ(i—l)AN,T)
Distaso (2008):

In,r, by a similar argument as that in the proof of Theorem 1 in Corradi and

sup max ‘xCI) (T-1)AN.T)
xT

ii A X(z 1)ANT)_U (X(l 1)ANT)
N 4 i—1 (X(Zfl)AN,T)

R
o(z) |N

Mz\

< supmax‘:rcb (T-1)An.T)

- 0, (\/%) = 0,(1).

sup (U?V,T(X(’i—l)AN.T) - Jz(X(i—l)AN,T)>

i=1
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We now turn to a bound for sup |Z5(z,h)|. As in Bai (1994) and Lee and Wei (1999), we divide the real line
xT

into My points —o0o = zn,0 < ... < Tn,my = 00 such that My = [NI/Q] and ®(zy ;) = ﬁN for i =0,...,My.
Consider now a generic value © € (TN, TN u+1]. Write

1 N
Zx(z,h) = N1 > {1 (EZAN,T < C(ifl)AN,T(a:)) —(Cnyan s @Nui1) =1 (Einyr < TNur1) + ‘I’(xN,uH)}
=2
| X
+T_1 Z {(I)(C(i—l)AN,T(xNﬂ-ﬁ-l)) - (I)(C(i—l)AN,T (Z‘))}
1=2
~

= On1+On2+Ons.

Since the maps x — Zf\zl 1 (QAN,T < C(ifl)AN,T(m)> and  — ®(((;_1)a, , (*)) are nondecreasing, then

sup|O s
1 N
< max—— > “P(C(i_nAN’T(l‘N,uﬁ-l)) - ‘I’(C(i_l)AN,T(xN,u))‘
i—2
N ~
1 , ~ onT(X(i—1)AN 1)
— — [} : u U - u : :
mng —1 ;‘ (g(l_l)AN‘T(l‘N’ )> (IN7 + N, ) O-(X(Z-fl)AN,T)
< sup<I>/(:E) O 1 1 EN: oNT(Xii-1anr) = 0(XG-nayr)
= - VN)|N -1 pos o(X@-1)Anr)
! ].
+ [sup® (z)| O <\/N>
B ] (I), 0 1 o 1 0 1
= |sup (z) VoD A Wi + N)’

from previous results. Then, sup, |On2| = 0, (1) . Now consider O3 and write

sup max O 3
u

x

IN

2 %‘“

N
1
= swp  —=3 1(ciay, <P7'(p) —p+k—1(ciay, <P'(k
pkelp-kI< rﬁZ ) (sians < 07 (K))

—==0p(1)
—1

following Stute (1982) given e, = O (A;) + &;. Finally, sup, [On1]| = 0, (1) can be shown similarly. This proves
the stated result. W

Proof of Theorem 3. We begin with (i). Suppose that Vg y7 = Vi gn.r. Without loss of generality, we

assume that!? ﬁ%’;_sfx (T, a) diverges at a rate faster than logT Va € ®. First note that for all j, conditional

""Tn fact, we could allow it to diverge at rate log(logT) simply by using exp (exp (supaED }Azji\;‘;fafx (T, a))) in (9)

instead of exp (supaepﬁ%’;_sfx (T, a)) .
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on the sample, vy ; v7 ~ N (O,exp fA (ﬁ%’;_efx (T, a)da)) . Let

Qnr = {w A (exp/ (ﬁ%_’;_six(T, a)da)) > A for A arbitrarily large}
" :

so that, under Hy, P (limn 700 Qn 1) = 1. We shall proceed conditional on w € Qn 7. For any u € U, assuming,
without loss of generality, u > 0, we obtain

R
2
VenT(u) = TR > " (Lo v < up— E* (Lo nr < u}))
Jj=1

Z( l{vl,]NT<u})_;)7

where E* (1{v1 ;v <u}) =1/24+ P* (0 < v1; nr < u). Now, uniformly in u,

P*0<uvjnr <u)

1 /u $2 d
- 1/2 R dr,5—¢ r
(71' exp [, ( Rirs- ELX(T a)da)) 0 2exp [, (hN; LX(Tv a)da)
- 0, (T—1/2) _ (26)
Thus,
2 & \
Vr.nr(u) = 7R > (U {v v Sul— E* (H{onr < u})) + op(1).

)
-

J

Given (26), and recalling that E* (v1 s n,7v1,,8,7) = 0 for s # j,

R
> (H{onr <ul— B (H{or v < ul}))

j=1

:u‘“

- RZ( (Honsvr < ) = B v <))

= 1/4+0p(T™Y?),

where the Op(Tfl/ 2) holds uniformly in u. Note that the asymptotic variance is equal to 1/4 regardless of the
evaluation point u. This is an immediate consequence of that fact that, as N,T — oo, 1{v1 j nr < u} takes the

same value, either 0 or 1, irrespective of the evaluation point u. Hence, fU Vl%R,N,T(u)ﬂ(u)du LN fU i (u)du = x3.
We now turn to (i2). Let

QO r = {w : <exp/ (ﬁ‘f{’%‘afx(T, a)da)) <A AL oo}
A

so that, under H4, P (limMT_,oo Q};T) = 1. Forw € QNT, exp fA (hd’ 55— 8LX(T, a)da) “% N > 1. Hence,

U1,5,N,T &N (0, M). Let F(u) be the cumulative distribution function of a zero-mean normal random variable
with variance M. Now,

R ER: (1 {vrinT <u} - ;)
=
2 e SR T (F-3)- (27)

1

Sl 5l

i
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Note that F(u) = 3 if, and only if, u = 0. Thus, R (fU (F(u) — %)2 w(u)du) diverges to infinity at rate R. As for

2
the first term on the right-hand side of Eq. (27), [, (% Zf;l (I{viinT <u}— F(u))) m(u)du = Op«(1) by

the same arguments used in the proof of Theorem 1(i7) in Corradi and Swanson (2006).
Proof of Theorem 4 Similar to that of Theorem 3.

Proof of Theorem 5 Because the compensator A (X;_)E, (¢ (X;_,y)) can be treated as a component of
the drift function, for notational simplicity we denote the jump component by J; and the jumpless component by
Y;. Thus, X; =Y, + J;. We first show that

2

N— ia e 4
P Y K (W) I [Yi+nans = Yo+i-nave|”

n,T

iA —a
ol 1K( )

A
= Op 411.1. 7N7T (28)
h]\;,TLX (T7 a)

with 3.2]’N’T(a) defined as in Eq. (16). Hereafter, let AYjinan, = (Yytijans — Yj4i—1)ans), and let
AX(riyayr and AJ(j Ay be defined in an analogous manner. Since

ins
~2 2/
UJ,N,T(O') An1

IAY + AJ|" < (JAY ]+ |AJ])" < JAY|" + |AJ["

by the triangle inequality, monotonicity, and concavity given r < 1, it follows that
yr— b YN Xjanr-o (H’.’ |AX (4 |% — I, |AY 4 |%)
h]\?fTLX(T7 a) MZ/Z; j=1 It i=1 (G+)ANT i=1 (G+D)ANT
A A a
N, T N, T Z] 1K< JidNLT )
N— 17 JAN,T %
WalIx(T.a) pfy, 2=t & (hiﬁ’; )
= AN,T AN,T ijlK (ind’vi'fa)
N,T
p A P e A 3 p A Ry (s A 3
(1) [AYGrnane " o [ATGana "+ + p—1 AT py a2 | TR [AY Ay |

N—p JANT Y
hdlf LX(T a) Ng/ Z K( Rz ) )
N ANt . (Hi:15(j+i)AN,T
) ) i —a
Yo 1K< hﬁfT )

(Hi‘?:l |A‘](j+i)AN,T | z

p 2 p
+ (1> |AYv(j+1)AN,T | ’ Hf=25(j+i)AN,T +o <p _ )6(J+I’)AN T {AY]-H AN, T| > (29)

where §(jyiyay., = i AJriay #0and 61 nay » = 0if AJj14)ay . = 0, and =, signifies "of the same prob-
ability order." Because on every fixed time span there is at most a finite number of jumps, Pr (HZ 110G+ AN = 1)

0 (Aﬂ“\, r) forallk > 1. Both E (II_ 6 15)a ) and Var (I_,8(j14)a ) are O (A;;)V,T> . Since 1_[1;:1 ‘AY(J'H)AN,T}

p=k
O, (A N’_’T> for k =1,...,p— 1, then the relevant term is the last one. All other terms are of a smaller probability
order. Write

A N— JAN.T @ _1 %
P i ) PN = I
: 0, (23r)

AN,T _ANT ZN K XJ'AN_,Tia
By Ix (Te) <=1 Ml
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Hence, the statement in Eq. (28) follows as h%,foX (T, a)A?’T %30 for p > 2. Finally, note that

N-— Xia a 2
/112_/7;7 Zj:lpK (%) Hf:l |}/(j+’i)AN,T - Yv(j+i71)AN,T|

S ()

— 0% (a)

NT
2
|p

- P
:“Q/p N— p 7AN’T*G 2 Hi:l’W(J'Jri)AN,T_W(J'Jri*l)AN,T p 2
Z K 7}#”; g (XjAN,T) ANT - /JJZ/pO' (X_/}'AN‘T) AN,T
n,

AN, T
N Xin —a
> K| =7
J= hiyr

1

N— Xja —a
5w () o (s)
‘A —a
ol IK( )

= In7+ 1IN

—a*(a)

+

2
Sincev given the filtration 'SjAN,T = U(Xs§ s < jAN,T)a EjAN,T (02 (XjAN,T) H’Zi)zl |W(j+i)AN,T - W(j+i—1)AN,T | p) =
,ug/pUQ (XjAN,T) An,r, the term Iy averages martingale differences. Using BP (2003, Theorem 3), its distrib-

.. . . . hE LX(T a) . . .
ution is mixed normal and its rate of convergence is 1/ W' The form of its asymptotic variance can be

found along the lines of Corradi and Distaso (2008). The term IIy r is a bias term with order O, (h%ff). This
proves the stated result.ll

Proof of Theorem 6. We begin with the drift. Write the estimation error decomposition as

Wi, L (T, ) (i () — ()

B -1
AN Y(j-vB+b)ays =% X(G-1)B+b)Ays =
- M R

hﬁl\,lTLX(T x) b=1j=1 N,I,T

Al,T (Y(J’BH?)AN T Y((j 1)B+b)An, T)
AnT Zb 121 1 K(Wu 1>Bh+de/T>ANT I)

h‘]{}lTLX(Tx) N, T

+

-1 X((G-1)B+b)AN 7 —T -1
Yo X K ( e ) Arr (Ysnayr = YiG-0B+baN 1)
thTLX(T x)

+
Ay -1 Y(G-1B+b)AyN T
e AT VK ()
h?\;ﬁl TLX (T,z) Eb 1 Z hy
h%,l,TLX(Tam)M($)>
= In7i+1InT,. (30)
Note that
i [ Y-nBinane ==Y X(G-nBth)aNs =T
hdr - hdr
N,IT N,IT

~ o H{Xj—1)B+vyaxs € (z— h?vr,z,:m x — h?vr,z,:r — €((j-1)B+b)Ax.r) U (T + h%um x + h(zi\f,z,:r — €((j—1)B+b/T)AN.1) ) -
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Recalling that E( zANT) =0 (aN T), with ay 7 — 0 as N,T — oo, a straightforward application of Markov

inequality ensures that sup;,_; ‘eiAN,T| = Og.s. (Nl/ka%?T) . Thus,

B -1
A
InTy =~ - >0 {f +hV e < X(G-nBenays ST+ o+ Nl/k“}@}

= p
\/h‘f\}lTLX(T x) b=1j=1

—1
y Arp (X(GBrvans — X((G-1)B+o)ans) T A7 (€GB4b)AN 2 = €((-1)B+D)An.1)
A Y - :
R DL ST K ()

R, Lx( N,I,T

Since

B -1

AN - - 1/2
N1/kgl2 221 {x + W < X(G-npebane <@+ + Nl/k“N/,T}
ON.T b=1j=1

= 0, (Ix(Tox + 1)) = O(Tx(T.2) + O, (/s )

then, recalling that X(;_1)Bys/T)A N is independent of €(;_1)Byb/T)ay - fOr all j, it is easy to see that

1/k 1/2 Vaa .
E(Inr1) = O, (N \/h Lx (T, ) . As for the second moment,
N,l, T

1/2 3/2
B(12 ) =0 Yans , aNr N Ax
Y hﬁlvr,l,T h%,l,TA%,T

where the order of the first term can be derived as in the case of Eq. (31) and the order of the second term can
be obtained as in the case of Eq. (34) below (in both cases with the indicator kernel in place of a smooth kernel).
We now note that
N2\ Dx (T, z) NYEaY?
N, T RN NT g

dr
dr h
A /hN,LT NI, T

since h‘f\f’lnyX(ﬂ z) “¥ 0o (see below). Now write:

\ 1 Lx(T2) (B (@) — w(@)) = Iy + op(1)

X 1 z _
A 50 S K (R ) (AT (Xseymans — X(G-nBiymary) - 4(@))

r L,
hdr, TLX(T,x) N.LT

An,T -1 X((G-1)B+b/T)AN 7~ %
Zb 12 K( hdr

h‘]i\}"lTLX(T NI, T

AN.T -1 X((j-1)B+b/T)A N 7~ -1
Y S K ( e ) Avr (€GBro/TAN T = €GBTI AN )
h%lTLX(T@) L

+ 0p(1)

AN.T -1 X((G=1)B+b/T)AN p—T
P by G
h]\}lTLX(Tx NLT

= Anur+ By +op(1).

We first show that By 1 is 0,(1). Because the denominator is bounded away from zero, it suffices to show that
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the numerator is o,(1). Write

B -1
AN DB+ ANy — & _
var > K( CRIPERE— ) Ap (GBenans — €G-D BN T)
hlelTLX(T x) b=1j=1 N, T
AZ = ANTa
~ 0 *h%l’TLX(T,a:)AX,)lTA;%aN,T =0 =5 | = o) (31)

hrLx (T, ) IT

since ayr — 0 and | = O(BT). Now note that
1/2 3/2
AN Tan,T 0 and Nl/kaj\?,T . az\{,TNl/kAN,T
Afy h1r h 1 r A 7
As for AN,l,T,
B -1
Anir = AN, Z K (X((j—l)B+b)AN,T - m)
LT = d
hf]{,TlTLX(T T) b=1j=1 M

y Arr (XgBinay s = XG-nBinans) — 14 (X(G-nBinayr) i)
Ayt Zb 121 e (X((J 1>:;b>ANT T)

h}’VT, TLX (T,z) NI, T

A 1— X —x
_____aeNT Zb . Z 1 K ( (G- 1):d-%:b)AN T ) (“ (X((jfl)Ber)AN,T) — M(gj))
h‘]{}l TLX(T,x)

+

(32)

An.r -1 X((j-1)B+b)Ay p—T
ST T K (T

h‘]i\fl +Lx(T,z) NI, T
By the same argument used in the proof of Theorem 3 in BP (2003) the second term on the right-hand side of

Eq. (32)is O, ( h%l’TfX (T, x)h?vrlzT) and, of course, 0,(1) if h‘fVTfoX (T,z) “% 0. As for the first term on the
right-hand side of Eq. (32), write

AN S K (X((j1)B+b)AN,T - 33)

dr = hd’r‘
hl\}l TLX(T x) b=1j=1 N1, T
(1B+b)A
A T f (G- 1)B+]}\; ZN T (“ (Xs) - (X((j 1)B+b)An, T)) ds
Ay Zb ) Zl g (Xw 1):;:1’)AN T*T)

th’LTLX(T:c) N,I,T

AN, -1 X(G-1)B+b)AN p—T (jB+b)ANT
Zb 12— K( X ) le ((G—1)B+b)An.T o (Xs)dW;
h?{l TLX(T,w)

(33)

Ayt -1 X((j-1)B+b)AN p—T
Zb 12 K( hdr

Rer,. TLX(T,x) N, T

The first term in Eq. (33) is O, (AUZ log'/2 (1/A;.7) hdr I’TZX (T, :c)) . Define the second term on the right-hand
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side of Eq. (33) as An,7,(z) and express its quadratic variation as

(An,r(2))
) K (X<<j—1>B+b)AN,T*””) K (X«j 1)B+i)Ay, T*””)
AN T hzdvr,z,T hzdvrz T

L g

d
h]\}’lTLX(Tx b=1 i=1

2
An.r -1 X(G-1B+b)Ay o~ T
( SEL S K (R

h;l\}lTLx(Tz) N1, T

(JB+bD)AN,T (jB+i)AnN,T
XAl_j% / dWS,/ o (X,)dW,
) ((jfl)B+b/T)AN,T ((G—1)B+i/T)An.z
B B I-1 K (X(('7_1>B+b)AN,T I) K (X((j 1)B+1)ANT—I)

- Ly y Y e
- 2
h%lTLX(T T) b1 ivb j=1 ( AN, Z Zl 1 K(X«J HB+b)AN 7~ ~L)>
b=1

d
hir, »Lx(T,z) har

(jB+b)AN,T
XA 7 / o (Xs)dWs ) +0p(1)
’ ((j—1)B+i)An,r

B B I-1 K(X((j 1>B+b)ANT_z>K(X((j 1)B+1)ANT—:E>

S i =

N,l,T N,l,T
2
h(Il\;lTLX( T) b=1i>b j=1 An,T Z Zl 1K X(G-DB+b)AN 7 T
hir, T (T,w) —b=1 i,
N, T Lx(T)
_ 1—b
xAl,% <1 5 >02(z)

_ 202(15)/K2(s)ds+0p(1). (34)

Finally, the limiting distribution in the statement derives from a similar argument as that in the proof of Theorem
3 in Corradi and Distaso (2008).
We now turn to the diffusion function estimator in (ii). Write the estimation error decomposition as:

W Lx(T,) )
S (@) —0%(@)

_ AntB™l Y(j-1)B+b)Ans — T X((j-1)B+b) AN — T
- hdlf - ZZ K hdif - K hdif
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X
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hdzf z T Zb 1 Z K < hdtf )
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An B! -1 X((G-1)B+v)Ay p—7 -1 2
aif Zb 1 Z 1 K pait Al,T (Y(jB+b)AN,T - Y((J’—l)B-i-b)AN,T) — RVp NANr
hN 1, TLX(T x) N,I,T

AN -1 Y((G-1)B+b)Ay 7 —7
paif Zb 1 Z K < Raif

NITLX(TI N,1,T

= CN,T,l + Dy (35)
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Expressing the kernel function as in part (7):

B -1
AN TB?I 1/2
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N,I, T

1/2 1/k 3/2 1/k 5/2 Ari/k
E (CIQ\fyT,l) =0 < dzi‘v + dsz + GZ’fN 2 l) ’
hN 1,T hN 1, TAl T hN,z,TAz,T
where, again, the order of the first term is analogous to that of Eq. (38), the order of the third term is analogous

to that of Eq. (36), and the order of the cross-product term is analogous to that of Eq. (37) below (in all cases
with the indicator kernel in place of a smooth kernel). Note that
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The stated result now follows. B

10 Appendix B

Let Aygy = T/N and Ay = T/M, with M < N, be the discrete intervals used in the estimation of spot
volatility (by virtue of high-frequency data) and in the estimation of the volatility drift and diffusion (by virtue
of low-frequency data), respectively. BR (2008) have established rate conditions under which the estimation error
introduced by the preliminary spot variance estimates is asymptotically negligible when estimating the variance
drift and diffusion. More precisely, they present four additional conditions, two for the drift and two for the
variance. The first drift condition reads:

TL, (T, a) as g
i )
A rhly " T=8% A,

where [ < = in the case of spot variance estimators robust to market microstructure noise and 3 = = in the case
of realized Varlance This requires

M < NPpyp i PT=PO40n) LU2(T, q), (39)
The second drift condition reads:

TL—1/2

—on/2 OnN/2
WT N/ log (T N/ ) — O,

43



which requires
M < LY*(T, )T 21§y 3/ * log(T 0% /2). (40)

By equating the right-hand sides of the inequalities in Eq. (39) and Eq. (40), as earlier, we set y in such a way
as to guarantee that
[
p(en+3¥) (log(T=ON/2)V/B = N. (41)

Ignoring now log(T~~/2), and plugging (41) into (39), one may write

M < NORyPN-ATON2L?

B

~ N( 2B+1 )h‘;;:lT/QT*( 25[11 )L;/Q

which is indeed condition (21) in Section 5. We now turn to asymptotic normality of the spot volatility’s diffusion.
The first condition, reads

TL,*(T,q) s,
A3/2 hdif,l/ZTiﬁéNAfﬁ =0
M, T M, T N, T

which requires

M < N8Rl Pra-Goism 131 q). (42)
The second condition reads
TL,Y*(T, a)

3/2 ,dif,1/2
AM,ThM,T

T—°%/2og (TJN/Q) “30
which requires ‘

M < LY3(T, a)T3Cx DR  1og(T =083 (43)
By equating the right-hand sides of Eq. (42) and Eq. (43), we can set d in such a way that

SN +2B+2B5 Ny

O log(T—°N/3)35 = N. (44)
Thus, plugging Eq. (44) into Eq. (42), and neglecting the logarithm, we obtain:

M < LY3T,a)N'37~ 5 plid/ 1og(1 05 /3)
~ L})/3(T7a)Nl/?’N*(%)ﬁT(%)éh%f’Tl/?

which amounts to condition (22) in Section 5.
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drift diffusion
bw (1st stage) | 0.0746 (0.0452) 0.0053 (0.0013)
bw (2nd stage) | 0.7130 (0.7956) 0.1858 (0.3592)

Table 1: Model 1: The table shows the residual-based average bandwidths
(bw) and their standard deviations (in parentheses).

drift diffusion
bw (1st stage) | 0.6950 (0.3420) 0.0935 (0.0733)
bw (2nd stage) | 0.7896 (0.9028) 0.1746 (0.1062)

Table 2: Model 1: The table shows the cross-validated average bandwidths
(bw) and their standard deviations (in parentheses).

drift diffusion
bw (1st stage) | 0.6320 (0.5373) 0.1200 (0.1061)
bw (2nd stage) | 0.5900 (0.4775) 0.1703 (0.5036)

Table 3: Model 2: The table shows the residual-based average bandwidths
(bw) and their standard deviations (in parentheses).



drift diffusion
bw (1st stage) | 1.2867 (0.7191) 0.7339 (0.5375)
bw (2nd stage) | 0.6148 (0.5815) 0.1597 (0.4946)

Table 4: Model 2: The table shows the cross-validated average bandwidths
(bw) and their standard deviations (in parentheses).
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Figure 1: Model 1: The V statistics as a function of the bandwidth.



model 2 — drift
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Figure 2: Model 2: The V statistics as a function of the bandwidth.



drift function estimate — 1st stage
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Figure 3: Model 1: drift, 1st stage
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Figure 4: Model 1: diffusion, 1st stage



drift function estimate — 2nd stage
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Figure 5: Model 1: drift, 2nd stage



diffusion function estimate 2nd stage
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Figure 6: Model 1: diffusion, 2nd stage



drift function estimate — 1st stage
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Figure 7: Model 2: drift, 1st stage



diffusion function estimate — 1st stage
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Figure 8: Model 2: diffusion, 1st stage



drift function estimate — 2nd stage
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Figure 9: Model 2: drift, 2nd stage



diffusion function estimate 2nd stage
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Figure 10: Model 2: diffusion, 2nd stage



