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Subject Expected Utlity Representation

Subject Expected Utility

States: s ∈ S .

Prizes: C.

Acts: f : S → C .

Set of Acts: L
Preferences: %, a binary relation on L.

Definition

The preference relation % on L has a subjective expected utility (SEU)
representation if there is a function u : C → < and a probability
distribution π on S such that

f % g ⇔ ∑
s∈S

π(s)u(f (s)) ≥ ∑
s∈S

π(s)u(g(s))
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Subject Expected Utlity Bayesian Updating

Bayesian Updating

Let A ⊂ S such that π(A) > 0.

π(B |A) = π(B∩A)
π(A)
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Subject Expected Utlity SEU and Bayesian Updating

SEU and Bayesian Updating

Every expected utility maximiser is a Bayesian.

For acts f and h, define:

fAh(s) =

{
f (s) if s ∈ A
h(s) if s 6∈ A

Definition

f is at least as good as g given A, denoted f %A g , if for all acts h ∈ L,
fAh(s) % gAh(s).

Theorem

Suppose % has an SEU representation. Then,

f %A g ⇔ Eπ(·|A)u(f (s)) ≥ Eπ(·|A)u(g(s)).
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Subject Expected Utlity SEU and Bayesian Updating

Proof: Let h ∈ L .
fAh % gAh

m
∑
s∈S

π(s)u(fAh(s)) ≥ ∑
s∈S

π(s)u(gAh(s))

m
∑
s∈A

π(s)u(f (s)) + ∑
s 6∈A

π(s)u(h(s)) ≥ ∑
s∈A

π(s)u(g(s)) + ∑
s 6∈A

π(s)u(h(s))

m
∑
s∈A

π(s)u(f (s)) ≥ ∑
s∈A

π(s)u(g(s))

m

∑
s∈A

π(s)

π(A)
u(f (s)) ≥ ∑

s∈A

π(s)

π(A)
u(g(s))

m
∑
s∈A

π(s |A)u(f (s)) ≥ ∑
s∈A

π(s |A)u(g(s))
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Subject Expected Utlity Bayesian Learning

Bayesian Learning: Simple Case

An agent believes flips of a coin are i.i.d. and that the probability of
H is either p > 1

2 or q < 1
2 . He believes in p with probability α.

S = {H, T} .

Ω = S∞.

π are beliefs on ω ∈ {p, q} ×Ω

π(p) = α π(q) = 1− α.

π(H |p) = p π(H |q) = q

π(p, H) = αp π(q, H) = (1− α)q

π(H) = αp + (1− α)q

π(p|H) =
π(p, H)

π(H)
=

αp

αp + (1− α)q
> α = π(p)
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Subject Expected Utlity Bayesian Learning

Bayesian Learning: Simple Case

π(p|H, T )

π(q|H, T )
=

π(p,H,T )
π(H,T )

π(q,H,T )
π(H,T )

=
π(p, H, T )

π(q, H, T )

=
π(T |p, H)π(p|H)π(H)

π(T |q, H)π(q|H)π(H)

=
π(T |p)π(p|H)

π(T |q)π(q|H)
=

(
1− p

1− q

)
π(p|H)

π(q|H)

In general,

π(p|st)
π(q|st) =

π(p|st−1, st)

π(q|st−1, st)
=

π(st |p)π(p|st−1)
π(st |q)π(q|st−1)

=
p1H (st )(1− p)1T (st )

q1H (st )(1− q)1T (st )

π(p|st−1)
π(q|st−1)

=

(
p

q

)1H (st ) (1− p

1− q

)1T (st ) π(p|st−1)
π(q|st−1)
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Subject Expected Utlity Bayesian Learning

Bayesian Learning: Simple Case

π(p|st)
π(q|st) =

(
p

q

)1H (st ) (1− p

1− q

)1T (st ) π(p|st−1)
π(q|st−1)

=

(
t

∏
k=1

(
p

q

)1H (sk ) (1− p

1− q

)1T (sk )
)

π(p)

π(q)

=

(
p

q

)nHt
(

1− p

1− q

)nTt π(p)

π(q)

log
π(p|st)
π(q|st) = log

π(p)

π(q)
+

t

∑
k=1

1H(sk) log
p

q
+ 1T (sk) log

1− p

1− q

1

t
log

π(p|st)
π(q|st) =

1

t
log

π(p)

π(q)
+

1

t

(
t

∑
k=1

1H(sk) log
p

q
+ 1T (sk) log

1− p

1− q

)
→ r log

p

q
+ (1− r) log

1− p

1− q
(SLLN).

Asset Prices, Market Selection and Belief Heterogeneity Pablo F. Beker 8 of 13



Subject Expected Utlity Bayesian Learning

Relative Entropy

Definition

The relative entropy of p with respect to r is

Ir (p) = r log
r

p
+ (1− r) log

1− r

1− p

1 Ir (p) ≥ 0.
2 Ir (p) = 0⇔ p = r

Posteriors converge:

1

t
log

π(p|st)
π(q|st) → Ir (q)− Ir (p)

Posteriors concentrate on the points of the support with lowest entropy.
Ir (p) < Ir (q)⇒ π(p|ht)→ 1.
Ir (p) > Ir (q)⇒ π(q|ht)→ 1

If the true distribution is in the support, posteriors converge to the truth:
If r = p, Ir (p) = 0 < Ir (q)⇒ π(p|ht)→ 1.
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Subject Expected Utlity General Setup

General Setup

X is a finite set and (X ,A) is a measurable space.

Θ is the space of all probability measures on (X ,A).

θ : A 7→ [0, 1] is a probability measure on X (an element of the #X − 1
dimensional simplex).

{Xn}∞
n=1 is a sequence of X−valued random variables that are iid as θo .

Ωn ≡ X n and Ω ≡ X ∞.

P∞
θ is the i.i.d. product measure on A∞.
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Subject Expected Utlity Beliefs

Beliefs

π is the prior, a probability measure on (Θ,B(Θ)).

λ is the joint distribution on (Θ×Ω,B(Θ)×A∞) given by:

λ(B × A) =
∫
B

P∞
θ (A)dπ(θ) for all B × A ∈ B(Θ)×A∞.

π( ·| ·) : B(Θ)×Ωn 7→ [0, 1] is the posterior given X n if

π(B |X n) =

∫
B ∏n

k=1 θ(Xk )dπ(θ)∫
Θ ∏n

k=1 θ(Xk )dπ(θ)
for all B ∈ B(Θ).
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Subject Expected Utlity Consistency

Consistency

Definition

The sequence π( ·|X n) is consistent at θo if for every neighbourhood B of θo :

π (B |X n(ω))→ 1, P∞
θo
− a.s. ω

There are several consistency theorems due to:

Doob (1949),

Schwartz (1965),

Wald (1949).

Theorem

Let X be a finite set and Π be a prior on Θ. Then the posterior is consistent
at all points in the support of Π.
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Subject Expected Utlity Consistency in the Parametric case

Sketch of Proof
π(B |XT )

π(Bc |XT )
=

∫
B ΠT

t=0θ(Xt )π(dθ)∫
Bc ΠT

t=0θ(Xt )π(dθ)
=

∫
B ΠT

t=0
θ(Xt )

θo (Xt )
π(dθ)∫

Bc ΠT
t=0

θ(Xt )
θo (Xt )

π(dθ)
=

∫
B e

log

(
ΠT
t=0

θ(Xt )
θo (Xt )

)
π(dθ)∫

Bc e
log

(
ΠT
t=0

θ(Xt )
θo (Xt )

)
π(dθ)

=
∫
B e

∑T
t=0 log

(
θ(Xt )

θo (Xt )

)
π(dθ)∫

Bc e
∑T
t=0 log

(
θ(Xt )

θo (Xt )

)
π(dθ)

=
∫
B e
−T ∑T

t=0
1
T log

(
θo (Xt )
θ(Xt )

)
π(dθ)∫

Bc e
−T ∑T

t=0
1
T log

(
θo (Xt )
θ(Xt )

)
π(dθ)

=
∫
B e
−T ∑x∈X

Tx
T log

(
θo (x)
θ(x)

)
π(dθ)∫

Bc e
−T ∑T

t=0
Tx
T log

(
θo (Xt )
θ(Xt )

)
π(dθ)

Choose δ such that ε1 ≡ supθ∈Bδ
Iθo (θ) < infθ∈Bc Iθo (θ) ≡ ε2. Then,

π(B |XT )
π(Bc |XT )

≥
∫
Bδ

e
−T ∑x∈X

Tx
T log

(
θo (x)
θ(x)

)
π(dθ)

∫
Bc e

−T ∑T
t=0

Tx
T log

(
θo (Xt )
θ(Xt )

)
π(dθ)

Note that ∑x∈X
Tx
T log

(
θo (x)
θ(x)

)
→ Iθo (θ). Use the uniform SLLN to argue that:

π(B |XT )
π(Bc |XT )

≥ Π(Bδ)
Π(Bc )

e−T ε1

e−T ε2
= Π(Bδ)

Π(Bc )
e−T (ε1−ε2) → ∞
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