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Lucas’ Model Motivation

Motivation

@ The Lucas’ Tree Model is a theoretical examination of the stochastic
behaviour of equilibrium asset prices in a one-good, pure exchange
economy with a single (or many identical) consumers.

@ The objective of the paper is to understand the relationship between
the exogenously determined productivity changes and market
determined movements in asset prices.

@ The main contribution of the paper is the derivation and application
of a functional equation in the vector of equilibrium asset prices. This
equation is a generalisation of the Martingale property.

@ The model thus serves as a simple context for examining the
conditions under which a pricer series’ failure to possess the
Martingale property can be viewed as evidence of non-competitive or
“irrational” behaviour.
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The Stochastic Process of Dividends
The Stochastic Process of Dividends
The consumption good is produced on J distinct productive units.

dj: be the output of unit j in period t.
dy = (d1t, ....dy) be the output vector in t.

Since output is perishable, feasibility is

J
0<c <) dp
j=1

(]

Production is entirely “exogenous”: no resources are utilised, and
there is no possibility of affecting output at any unit at any time.

@ d; is a Markov process with transition function:

F(d' . d) = P{dt+1 < d'}dt = d}
o In equilibrium ¢; = Y ; djr and 6; = (1,1,...,1) = 1 for all t.
@ The main analytical issue is the equilibrium price behavior.
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L 2P
The Euler Equation

@ Note that all relevant information on the current and future physical
state of the economy is summarised in the current output vector y.

@ Since the market “solves” a problem of the same form each period,
equilibrium prices should depend only on the state of the economy

a: = Q(dt)-

@ Consumer behaviour can be described time independent decision rules
c(-) and g(-): ¢t = c(0, dr, g¢) and Or 1 = g(6:, dt, q¢).

o In equilibrium, 8 =1, ¢; =Y, d; and ¢c;11 =} dj/ Thus,
v’ (Zd;) qi(d) = ﬁ/U’ (Zd{) (di +q;(d"))dF(d’, d), j=1,....) (EE;)
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el o]
Solving the Euler Equation

o Let gi(d) = B [ U'(X;d!)dldF(d',d),j=1, ..

o Let (f(dh),....fy(d)) solve the J independent functional equations:

(d) = gi(d) + B [ F(d)dF(d'.d) j=L...) (EE))

o Then, q;(d) = — 39— i =1,..J solve the EE.
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el o]
Solving the Euler Equation

e If f is any continuous bounded, nonnegative function on R,

(Tif)(d) = g(d) + B [ F(d)df(d"d)
is well-defined, T;f : R{ — R and is continuous in d.

@ Since U is concave and bounded (by B, say), we have that for any c:

0< U0) < U(c)+ U (c)(—c) < B—clU'(c)= cU'(c) < B,Vc.

o It follows that the functions gj(d) are bounded, since they are
nonnegative and their sum is bounded by BB.
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Lucas’ Model Solving the Euler Equation

Solving the Euler Equation

o T; maps the set of continuous, bounded functions on R into itself.

@ Evidently, solutions to T;f = f are solutions to (EE}), and
conversely.
Proposition

There is exactly one continuous, bounded solution f; to T;f = f. For any
fo € C, limy e T"fo = f;.
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Lucas’ Model THE EQuITY PREMIUM PUZZLE

THE EQUuITY PREMIUM PUZZLE

@ Over the period 1889 - 1978, the
average annual return to stocks (S&P Mk
500) has been about 7% per year Mean return on equity E{R} 1069

1008

while the average annual return to sz g;(’;‘vth'mvm Off“;mmp"ﬁ” E{'r}f . :)3]:
Standard deviation of the growth rate of consumption ¢{x 03
(3-month) Treasury bills has been only P 1)
Mean equity premium E{R,} - Ry 0.0618

about 1% per year.

@ 0 =0.98 and ¢y = 241,

@ Mehra and Prescott (JME, 1985) .
show that the difference in the S L
covariance of these returns with Lo he 2
consumption growth is only large . .

enough to explain the difference in the ¢
average returns if the typical investor -
is implausible averse to risk. B L
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MEHRA AND PREscoTT (JME, 1985)
MEHRA AND PREscOTT (JME, 1985)

@ Mehra and Prescott KEY assumptions

@ Individuals have preferences

t=0

[e] 1-y
U(c) = Ep (Z 5tlct_7> with ¢ > 0.

@ Individual’'s consumption plan satisfies
-
Ct+1
o-Ep [( ) “Ri
Cit
-7
c
5-Ep ( t+1) .R[
Ci,t

© The above conditions are satisfied for per capita consumption.

-Ft] — ].

]:t] - ].
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(MITCERVIIM  MEHRA AND PRESCOTT (JME, 1985)

ASSUMPTIONS TO OBTAIN ANALYTICAL FORMULAS

@ Per capita consumption growth follows a two state Markov chain.
e Constructed in such a way that the mean, variance, and autocorrelation are
equivalent to their corresponding sample means in the US data.

© The individuals know the realization of current and past g;.

© The growth rate of total dividends paid by the stocks in the S&P 500 is perfectly
correlated with the growth rate of per capita consumption and the real return to
the (nominally risk free) Treasury bill is perfectly correlated with the return to a
bond that is risk free in real terms.

@ Formulas for returns

Rf — 1
‘ (e gn +(1-7s,) 8, "]

s PhatDenei _ . pleantl g
SR i BT e
where p (g¢) = T HOmu)y gl T-0gy g T ru)
p 8t 1-6- [ﬂst gH +(]_ nst) gL - 5g 1 v (7TH—7'L'L)] .
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MeHRA AND PRESCOTT (JME, 1985)
CALIBRATION

@ Calibration:
Qsgy=1+pu+6 g =1+u—=¢.
Q ny=1-nm=n m=1l—-ny=1-—rm.
© Choose (p,d, 7r) to match the sample for the US between 1889-1978.

o E(gt) =1.018,0(gt) = 0.036 and p(gt, gr+1) = —0.14.
e 1 =0.018, 6 =0.036, 7w = 0.43.

@ Choose "reasonable” (microeconometric data and introspection) y, d:

0e6€(0,1)and0<y<10.
o For "reasonable” (v, 6) such that 1.0 < R < 1.04%
Er [ (Re - R{)(ﬂ} < 0.35%
while it is about 6% in the data!! — The (HIGH) Equity Premium Puzzle.
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Lucas’ Model Hansen-Jagannathan Bounds

Hansen-Jagannathan Bounds

Covp,(me+1, Ry e+1] Fe)=Ep, (me+1R; e+1]| Fe)—Ep, (mes1| Fr) Ep; (R t41] Fr

f f
COVP,'(mt"rlv Rjty1— Ry th) = —Ep, (mt+1| ]:t) Ep, (Rj,t+1 —R; th)
. _ pf . *COVP,-( mt+1ij,t+1|]:t) UP,-(mt+1|]:t)'¢7P,-(Rj,t+1|]:t)
EPi (Rj’t+1 Rt th) —op; (mea| Fr)-op, (Rjei| Ft) Ep,(me+1|Fy)

op; (Mer1| Ft) - 0p; (Rjer1| Fe)
e i ,R' ’ l | |
loi(Meg1, Rje41)] Ep, (myy1| Fe)

‘EP,' (Rjyt-&-l - R{

7)

e Since |pi(mM¢41, Rje41)| < 1, then

|Ep, (Rjt41| Fe) — Rf| < op, (mes1| Fr)
op, (Rjt+1| Ft) - Ep, (myy1] ]:t)/
—_———

Hansen-Jagannathan bound
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Lucas’ Model UNDERSTANDING THE PROBLEM

UNDERSTANDING THE PROBLEM

@ Recall that:
‘EP,-[ jt+1|ft ‘ p, (mei1| Fr) _‘TP,-(U/(Ct+1)|]:t)
op; (Rjt+1| Ft) N EP (mega] Fr) Ep, (U (ce1)| Fe)

o u' (cey1) = u' (Et (cev1)) + [cev1 — Ee (cer1)] 0" (Bt (Ces1)),

|Ep, [Rjt+1| Fe] — Rf| < o7, (cera| Fe) Ep, (cen| Fi) - u” (Ep, (cena| Fr))
op, (Rjev1| Ft) = Ep (cey1| Fr) v (Ep, (cev1| Ft))

@ Over the last 50 years in the US, real stock returns have averaged 9%,
with a st-dev of 16%, while the real return of treasury bills has been 1%.

The US market Sharpe ratio has been 8%/16% = 0.5

The volatility of consumption growth is about 1% per year.

The mean of consumption growth is about 1.1% per year.

If agent i has correct beliefs (P; = P), one need, at least, RRA = 50!!!
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Asst, (JEDC, 2002)
ABEL (JEDC, 2002)

@ Abel uses the Mehra-Prescott model with iid growth rates.
@ The agent knows the growth rates are iid but has incorrect beliefs.

@ The sdf is my11 = ,Bgt_ﬁl

Rf — 1 Bf — 1

e e BEp; (gtJl) t BEp (gtJZL)
RS — 8t+1 Ps — 8t+1

® T T b, (65 17 BE(aly)

o Rl _ gnfr(e) Rey _ eenifp(gh)
Rl Ep, (g:;f) Rt+1 Ep (gtllf)

Ep(gi+1)Ep, (8,1}
° T Zt 1 R}“ - I:i:,l(gglg)tH)
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DoGMATIC PESSIMISM

@ Abel assumes the agent is pessimistic in that the consumer’s subjective
cumulative distribution of the growth rates F;, is FOSD by the true
cumulative distribution F.

@ Since gt_ﬁl is a strictly decreasing function of gy1, pessimism implies
Ep, (gt:jl> is larger than Ep <g;yl)

@ Pessimism reduces the risk-free rate relative to the correct belief case.

Definition

The cumulative distribution F;(g) is characterised by uniform pessimism if
Fi(g) = F(e ®g) for some A >0 .

o Ep, (g7,1) = e *E(g?) forany ae R.
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THE QUALITATIVE EFFECT OF DOGMATIC PESSIMISM
THE QUALITATIVE EFFECT OF DOGMATIC PESSIMISM

@ Pessimism reduces the subjective average equity return & the risk-free:
Ep, (gt+1) e 2Ep(git1) Ep(gt+1)
E R — i - — P 8t+1 _ — P t+17
P (REn) = Belely) ~ peE(ai)  Bener(e.])

Rf — 1 _ — 1 _
e e ﬁEP,- (gtﬁl) ﬁe?A Ep (gtjl)

@ The subjective equity premium is identical to the equity premium in an
economy with correct beliefs.

Ep,(Ri1) _ _Ep(gty1) _ EP(F,?“)
RT BEr(8r1 ) RE

@ The actual equity premium is:
° Z Rin Ep(gri1)Ep; (&) _ Ep(gri1)e" Ep(g,/}) _ Ep(gt+1)Ep (g y})
T =R Er;(g111) e (Ep(g;,]) e 2Ep(gi11)

. . RS, - . .
@ The observed equity premium, % Zthl Rif:, is larger than it would be if

. Rs Ep(gi11)Ep (g
agents had correct beliefs as %2;1 R}“ — w
t+1 EP(gt+1 )
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Lucas’ Model THE QUANTITATIVE EFFECT OF DOGMATIC PESSIMISM

THE QUANTITATIVE EFFECT OF DOGMATIC PESSIMISM

Table 1

Values of «* and f* under pessimism (4) and doubt (6)

0 i

SD{X} for 4=0 0 0.005 0.01 0.02 0.03
0 4844 4437 40.30 3216 24.02
0.0357 0.549 0.516 0.495 0.485 0.516
0.0010 26.70 24.46 2221 17.73

0.0481 0.706 0.684 0.669 0.663

0.0020 18.43 16.88 1533

0.0579 0.777 0.761 0.750

0.0040 10,42 9.4

0.0737 ; 0.833
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COGLEY AND SARGENT, JME 2008
COGLEY AND SARGENT, JME 2008

@ Cogley and Sargent uses the Mehra-Prescott version of the Lucas’ Tree
model where the representative agent does not know the true distribution
of the growth rates (as in Abel) but it puts positive probability on a set of
distributions (unlike Abel) that contains the truth.

@ Stock returns, R;, satisfy the Euler equation:
Ep (thR: L — RS }"t) =0
@ This can be re-written as:
Ep (mt+17>i':11 ( f+1 - R{) ‘ ft) =0
Ep (m?ﬂ ( tr1 Rtf)‘]:t> =0

@ Using the H-J bounds we see why incorrect beliefs might help:

|EP (R?"'l’ft) — RH < op (m?—&-l‘ft) o ‘TP<mt+1F;3i't:+11

7)
v (Ria[F) = o (mial 70 (e

it
i Fi
t+1
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H-J BOUNDS WITH INCORRECT BELIEFS
H-J BOUNDS WITH INCORRECT BELIEFS

@ Cogley and Sargent assume the agent is risk neutral, ¥ = 0.
@ Then, myy1 = B and Ep, (Rfﬂ‘ ]:t) — Rf =0.
@ No equity premium if agent had correct beliefs, P = P;.
o If P# P,
Pi(gt+1!gr,gt‘1)>
op m; = op (
( t+1) 5 P (gt—&-l‘ gt)
Ep(miy) = B
Pit+1
(7P<mt+1 Pi ]:t) Pi(gisilgngtY)
® Hence, < Pit+1 —op ( PEEHI\&) ) >0
Ep{ me1p ] ]:t>
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H-J BOUNDS WITH INCORRECT BELIEFS

Table 2

Priors at the beginning of the training sample

14,~N(0.02251,0.005%)
1~ N(—0.06785,0.015%)
2~1G(0.03%,4)
Fu~beta(1, 1)
Fu~beta(1,1)

Table 3
Posterior means and standard deviations in 1933
F Fu Hi, e [
1890-1933 0.977 0.693 2.03 —6.40 434
(0.023) (0.269) (0.41) (1.45) (0.50)
1919-1933 0.915 0.805 2.32 —5.98 3.54
(0.081) (0.191) (0.48) (1.25) (0.85)
Table 7
Mean excess returns
Full sample First half Second half
Data: 1934-2003 0.0680 0.0990 0.0360
Prior: 1890-1933
Beta 0.0090 0.0153 0.0027
2logB=5 0.0317 0.0485 0.0148
2logB=10 0.0515 0.0747 0.0283
Prior: 1919-1933
Beta 0.0267 0.0425 0.0109
2logB=35 0.0421 0.0566 0.0277
2log B= 10 0.0511 0.0654 0.0369
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