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Complete Markets with Homogeneous Beliefs Literature
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4 Mehra, R. and E. C. Prescott (1985), The equity premium: A puzzle.
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Lucas’ Model Motivation

Motivation

The Lucas’ Tree Model is a theoretical examination of the stochastic
behaviour of equilibrium asset prices in a one-good, pure exchange
economy with a single (or many identical) consumers.

The objective of the paper is to understand the relationship between
the exogenously determined productivity changes and market
determined movements in asset prices.

The main contribution of the paper is the derivation and application
of a functional equation in the vector of equilibrium asset prices. This
equation is a generalisation of the Martingale property.

The model thus serves as a simple context for examining the
conditions under which a pricer series’ failure to possess the
Martingale property can be viewed as evidence of non-competitive or
“irrational” behaviour.
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Lucas’ Model The Stochastic Process of Dividends

The Stochastic Process of Dividends

The consumption good is produced on J distinct productive units.

djt be the output of unit j in period t.

dt = (d1t , ....dJt) be the output vector in t.

Since output is perishable, feasibility is

0 ≤ ct ≤
J

∑
j=1

djt

Production is entirely “exogenous”: no resources are utilised, and
there is no possibility of affecting output at any unit at any time.

dt is a Markov process with transition function:

F (d ′, d) = P
{
dt+1 ≤ d ′

∣∣ dt = d
}

In equilibrium ct = ∑j djt and θt = (1, 1, ..., 1) = 1 for all t.

The main analytical issue is the equilibrium price behavior.
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Lucas’ Model The Euler Equation

The Euler Equation

Note that all relevant information on the current and future physical
state of the economy is summarised in the current output vector y .

Since the market “solves” a problem of the same form each period,
equilibrium prices should depend only on the state of the economy
qt = q(dt).

Consumer behaviour can be described time independent decision rules
c(·) and g(·): ct = c(θt , dt , qt) and θt+1 = g(θt , dt , qt).

In equilibrium, θ = 1, ct = ∑j dj and ct+1 = ∑j d
′
j . Thus,

U ′
(

∑
i

di

)
qi (d) = β

∫
U ′
(

∑
i

d ′i

)
(d ′j +qj (d

′))dF (d ′, d), j=1,...,J (EEj )
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Lucas’ Model Solving the Euler Equation

Solving the Euler Equation

Let gj (d) = β
∫
U ′(∑j d

′
j )d
′
j dF (d

′, d), j = 1, ... , J

Let (f (d1), ..., fJ(d)) solve the J independent functional equations:

f (d) = gj (d) + β
∫

f (d ′)dF (d ′, d) j=1,...,J
(
EE ′j

)
Then, qj (d) =

fj (d)

∑i U
′
j (∑j dj )

j = 1,...,J solve the EE.
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Lucas’ Model Solving the Euler Equation

Solving the Euler Equation

If f is any continuous bounded, nonnegative function on <J
+,

(Tj f )(d) = gj (d) + β
∫

f (d ′)df (d ′, d)

is well-defined, Tj f : <J
+ 7→ <+ and is continuous in d .

Since U is concave and bounded (by B, say), we have that for any c :

0 ≤ U(0) ≤ U(c) + U ′(c)(−c) ≤ B − cU ′(c)⇒ cU ′(c) ≤ B, ∀c .

It follows that the functions gj (d) are bounded, since they are
nonnegative and their sum is bounded by βB.
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Lucas’ Model Solving the Euler Equation

Solving the Euler Equation

Ti maps the set of continuous, bounded functions on RJ
+ into itself.

Evidently, solutions to Tj f = f are solutions to
(
EE ′j

)
, and

conversely.

Proposition

There is exactly one continuous, bounded solution fj to Tj f = f . For any
f0 ∈ C, limn→∞ T nf0 = fj .
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Lucas’ Model The Equity Premium Puzzle

The Equity Premium Puzzle

Over the period 1889 - 1978, the
average annual return to stocks (S&P
500) has been about 7% per year
while the average annual return to
(3-month) Treasury bills has been only
about 1% per year.

Mehra and Prescott (JME, 1985)
show that the difference in the
covariance of these returns with
consumption growth is only large
enough to explain the difference in the
average returns if the typical investor
is implausible averse to risk.

δ = 0.98 and γ = 241,
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Lucas’ Model Mehra and Prescott (JME, 1985)

Mehra and Prescott (JME, 1985)

Mehra and Prescott KEY assumptions

1 Individuals have preferences

U (c) = EP

(
∞

∑
t=0

δt
c
1−γ
t

1− γ

)
with γ ≥ 0.

2 Individual’s consumption plan satisfies

δ · EP

[(
ct+1

ci ,t

)−γ

· Rs
t+1

∣∣∣∣∣Ft

]
= 1

δ · EP

[(
ct+1

ci ,t

)−γ

· R f
t

∣∣∣∣∣Ft

]
= 1

3 The above conditions are satisfied for per capita consumption.
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Lucas’ Model Mehra and Prescott (JME, 1985)

Assumptions to Obtain Analytical Formulas
1 Per capita consumption growth follows a two state Markov chain.

Constructed in such a way that the mean, variance, and autocorrelation are
equivalent to their corresponding sample means in the US data.

2 The individuals know the realization of current and past gt .

3 The growth rate of total dividends paid by the stocks in the S&P 500 is perfectly

correlated with the growth rate of per capita consumption and the real return to

the (nominally risk free) Treasury bill is perfectly correlated with the return to a

bond that is risk free in real terms.

Formulas for returns

R f
t = 1

δ·[πst ·g
−γ
H +(1−πst )·g

−γ
L ]

Rs
t+1 ≡

pst+1+Dt+1−pst
pst

= gt+1 · ρ(gt+1)+1
ρ(gt )

− 1

where ρ (gt) =
δ·[πgt ·g

1−γ
H +(1−πH )·g1−γ

L −δ·g1−γ
H ·g1−γ

L ·(πH−πL)]
1−δ·[πst ·g

1−γ
H +(1−πst )·g

1−γ
L −δ·g1−γ

H ·g1−γ
L ·(πH−πL)]

.
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Lucas’ Model Mehra and Prescott (JME, 1985)

Calibration
Calibration:

1 gH = 1 + µ + δ gL = 1 + µ− δ.

2 πH = 1− πL = π πL = 1− πH = 1− π.

3 Choose (µ, δ, π) to match the sample for the US between 1889-1978.

E (gt ) = 1.018, σ(gt ) = 0.036 and ρ(gt , gt+1) = −0.14.
µ = 0.018, δ = 0.036, π = 0.43.

Choose ”reasonable” (microeconometric data and introspection) γ, δ:

δ ∈ (0, 1) and 0 ≤ γ ≤ 10 .

For ”reasonable” (γ, δ) such that 1.0 ≤ R f
t ≤ 1.04%

EP

[(
Rs
t+1 − R f

t

)∣∣∣Ft

]
≤ 0.35%

while it is about 6% in the data!! → The (HIGH) Equity Premium Puzzle.
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Lucas’ Model Hansen-Jagannathan Bounds

Hansen-Jagannathan Bounds

CovPi
(mt+1,Rj ,t+1| Ft)=EPi

(mt+1Rj ,t+1| Ft)−EPi
(mt+1| Ft)EPi

(Rj ,t+1| Ft)

CovPi
(mt+1,Rj ,t+1 − R f

t

∣∣∣Ft) = −EPi
(mt+1| Ft)EPi

(
Rj ,t+1 − R f

t

∣∣∣Ft

)
EPi

(
Rj ,t+1 − R f

t

∣∣∣Ft

)
=

−CovPi (mt+1,Rj ,t+1|Ft )

σPi (mt+1|Ft )·σPi (Rj ,t+1|Ft )

σPi (mt+1|Ft )·σPi (Rj ,t+1|Ft )

EPi
(mt+1|Ft )∣∣∣EPi

(
Rj ,t+1 − R f

t

∣∣∣Ft

)∣∣∣=|ρi (mt+1,Rj ,t+1)| ·
σPi

(mt+1| Ft) · σPi
(Rj ,t+1| Ft)

EPi
(mt+1| Ft)

Since |ρi (mt+1,Rj ,t+1)| ≤ 1, then∣∣EPi
(Rj ,t+1| Ft)− R f

t

∣∣
σPi

(Rj ,t+1| Ft)
≤ σPi

(mt+1| Ft)

EPi
(mt+1| Ft)︸ ︷︷ ︸

Hansen-Jagannathan bound
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Lucas’ Model Understanding the Problem

Understanding the Problem

Recall that:∣∣EPi
[Rj ,t+1| Ft ]− R f

t

∣∣
σPi

(Rj ,t+1| Ft)
≤ σPi

(mt+1| Ft)

EPi
(mt+1| Ft)

=
σPi

(u′ (ct+1)| Ft)

EPi
(u′ (ct+1)| Ft)

u′ (ct+1) ≈ u′ (Et (ct+1)) + [ct+1 − Et (ct+1)] u′′ (Et (ct+1)),∣∣EPi
[Rj ,t+1| Ft ]− R f

t

∣∣
σPi

(Rj ,t+1| Ft)
≤ σPi

(ct+1| Ft)

EPi
(ct+1| Ft)

EPi
(ct+1| Ft) · u′′ (EPi

(ct+1| Ft))

u′ (EPi
(ct+1| Ft))

Over the last 50 years in the US, real stock returns have averaged 9%,
with a st-dev of 16%, while the real return of treasury bills has been 1%.

The US market Sharpe ratio has been 8%/16% = 0.5
The volatility of consumption growth is about 1% per year.
The mean of consumption growth is about 1.1% per year.
If agent i has correct beliefs (Pi = P), one need, at least, RRA = 50!!!
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Lucas’ Model Abel, (JEDC, 2002)

Abel (JEDC, 2002)

Abel uses the Mehra-Prescott model with iid growth rates.

The agent knows the growth rates are iid but has incorrect beliefs.

The sdf is mt+1 = βg
−γ
t+1.

R f
t = 1

βEPi (g
−γ
t+1)

R̂ f
t = 1

βEP(g−γ
t+1)

Rs
t+1 =

gt+1

βEPi (g
1−γ
t+1 )

R̂s
t+1 =

gt+1

βEP(g1−γ
t+1 )

Rs
t+1

R f
t+1

=
gt+1EPi (g

−γ
t+1)

EPi (g
1−γ
t+1 )

R̂s
t+1

R̂ f
t+1

=
gt+1EPi (g

−γ
t+1)

EP(g1−γ
t+1 )

1
T ∑T

t=1
Rs
t+1

R f
t+1
→ EP (gt+1)EPi (g

−γ
t+1)

EPi (g
1−γ
t+1 )
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Lucas’ Model Dogmatic Pessimism

Dogmatic Pessimism

Abel assumes the agent is pessimistic in that the consumer’s subjective
cumulative distribution of the growth rates Fi , is FOSD by the true
cumulative distribution F.

Since g
−γ
t+1 is a strictly decreasing function of gt+1, pessimism implies

EPi

(
g
−γ
t+1

)
is larger than EP

(
g
−γ
t+1

)
.

Pessimism reduces the risk-free rate relative to the correct belief case.

Definition

The cumulative distribution Fi (g) is characterised by uniform pessimism if
Fi (g) = F (e−∆g) for some ∆ > 0 .

EPi

(
ga
t+1

)
= e−a∆E (ga) for any a ∈ <.
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Lucas’ Model The Qualitative Effect of Dogmatic Pessimism

The Qualitative Effect of Dogmatic Pessimism
Pessimism reduces the subjective average equity return & the risk-free:

EPi

(
Rs
t+1

)
=

EPi
(gt+1)

βEPi (g
1−γ
t+1 )

= e−∆EP (gt+1)

βe−(1−γ)∆EP(g1−γ
t+1 )

= EP (gt+1)

βeγ∆EP(g1−γ
t+1 )

R f
t = 1

βEPi (g
−γ
t+1)

= 1
βeγ∆EP(g−γ

t+1)

The subjective equity premium is identical to the equity premium in an
economy with correct beliefs.

EPi (R
s
t+1)

R f
t

= EP (gt+1)

βEP(g1−γ
t+1 )

=
EP(R̂s

t+1)
R̂ f
t

The actual equity premium is:

1
T ∑T

t=1
Rs
t+1

R f
t+1
→ EP (gt+1)EPi (g

−γ
t+1)

EPi (g
1−γ
t+1 )

=
EP (gt+1)eγ∆EP(g−γ

t+1)
e−(1−γ)∆EP(g1−γ

t+1 )
=

EP (gt+1)EP(g−γ
t+1)

e−∆EP(g1−γ
t+1 )

The observed equity premium, 1
T ∑T

t=1
Rs
t+1

R f
t+1

, is larger than it would be if

agents had correct beliefs as 1
T ∑T

t=1
R̂s
t+1

R̂ f
t+1
→ EP (gt+1)EP(g−γ

t+1)
EP(g1−γ

t+1 )
,
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Lucas’ Model The Quantitative Effect of Dogmatic Pessimism

The Quantitative Effect of Dogmatic Pessimism
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Lucas’ Model Cogley and Sargent, JME 2008

Cogley and Sargent, JME 2008
Cogley and Sargent uses the Mehra-Prescott version of the Lucas’ Tree
model where the representative agent does not know the true distribution
of the growth rates (as in Abel) but it puts positive probability on a set of
distributions (unlike Abel) that contains the truth.

Stock returns, Rs
t , satisfy the Euler equation:

EPi

(
mt+1R

s
t+1 − R f

t

∣∣∣Ft

)
= 0

This can be re-written as:

EP

(
mt+1

Pi ,t+1

Pt+1

(
Rs
t+1 − R f

t

)∣∣∣Ft

)
= 0

EP

(
m∗t+1

(
Rs
t+1 − R f

t

)∣∣∣Ft

)
= 0

Using the H-J bounds we see why incorrect beliefs might help:∣∣EP

(
Rs
t+1

∣∣Ft

)
− R f

t

∣∣
σP
(
Rs
t+1

∣∣Ft

) ≤
σP
(
m∗t+1

∣∣Ft

)
EP

(
m∗t+1

∣∣Ft

) =
σP

(
mt+1

Pi ,t+1

Pt+1

∣∣∣∣Ft

)
EP

(
mt+1

Pi ,t+1

Pt+1

∣∣∣∣Ft

)
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Lucas’ Model H-J bounds with incorrect beliefs

H-J bounds with incorrect beliefs

Cogley and Sargent assume the agent is risk neutral, γ = 0.

Then, mt+1 = β and EPi

(
Rs
t+1

∣∣Ft

)
− R f

t = 0.

No equity premium if agent had correct beliefs, P = Pi .

If P 6= Pi ,

σP(m
∗
t+1) = βσP

(
Pi (gt+1|gt , g t−1)

P (gt+1| gt)

)
EP(m

∗
t+1) = β

Hence,
σP

(
mt+1

Pi ,t+1

Pt+1

∣∣∣∣Ft

)
EP

(
mt+1

Pi ,t+1

Pt+1

∣∣∣∣Ft

) = σP

(
Pi (gt+1|gt ,g t−1)

P( gt+1|gt )

)
> 0
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Lucas’ Model H-J bounds with incorrect beliefs

H-J bounds with incorrect beliefs
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