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1 Introduction

As already noted by Doob in [11] (p. 102), processes with mutually independent random vari-
ables are only useful in the discrete parameter case. There are indeed essential measurability
difficulties associated with a continuous parameter process with random variables that are in-
dependent even in a weak sense. Two kinds of measurability problem usually arise. The first
concerns joint measurability; namely, except in some trivial cases, such a process can never
be jointly measurable with respect to the completion of the usual product o-algebra on the
joint space of parameters and samples. This means that the conditions of independence and
joint measurability in the usual sense are incompatible with each other. Thus, one cannot
integrate the process or take its distribution as a function on the joint space. The second
problem concerns sample measurability; as noted in [10], with further elaborations in [17], the
collection of samples whose corresponding sample functions are not Lebesgue measurable has
outer measure one, so Lebesgue measure offers no basis for a meaningful concept of the mean
or the distribution of a sample function.

Nevertheless, in recent years a vast literature in economics has relied on an idealized
model with a continuum of individual consumers facing independent individual risks. The
underlying mathematical model does involve a continuum of independent random variables
or stochastic processes. The parameter space is often taken to be the Lebesgue unit interval
([0,1], £, Ao). Despite the well known measurability problems associated with such a process,
it has been hypothesized that an exact version of the law of large number holds in the sense
that the observable mean or distribution of a sample function is essentially independent of the
particular sample realization — i.e., individual risks must cancel completely (see, for example,
[4], [6], [8], [9], [19]).

Furthermore, as noted in [14] (p. 238), the kinetic theory of gases depends on the as-
sumption that a very large number of molecules move independently, without any interaction
except with the fixed boundary of a containing vessel. Assuming some version of the exact law
of large numbers together with the ergodic hypothesis, the gas should be completely homo-
geneous in equilibrium. That is, one will have the standard idealized model in which the gas
molecules have locations within the container described by a uniform empirical distribution,
while their velocities have a stable distribution such that mean kinetic energy is proportional
to temperature above absolute zero — see, for example, [16]. Thus, some version of an exact
law of large numbers is needed to provide a firm mathematical foundation for the usual hy-
pothesis that there is a continuous density function over the six-dimensional space of position
and velocity components for each molecule.

In fact, the above two paragraphs merely describe two particular examples of the general



hypothesis that a deterministic continuous density function is sufficiently accurate to describe a
very large finite random population. Such a hypothesis occurs not just in economics or physics,
but in many other scientific disciplines — including astronomy, biology, chemistry, etc.

In [21]-[24], some rich product probability structures on the joint space of parameters and
of samples are used to make independence compatible with joint measurability. Such enriched
product probability spaces extend the usual product probability spaces, retain the common Fu-
bini property, and also accommodate an abundance of nontrivial independent processes. The
existence of such enriched product probability spaces is guaranteed by the Loeb construction
that had been introduced in [18], before being used in [21]-[24] for the systematic study of
individual uncertainty. In particular, the stability of sample functions or empirical processes in
terms of means or distributions is characterized by the conditions of uncorrelatedness and inde-
pendence holding almost everywhere. This means that these conditions are not only sufficient
for the validity of the desired exact law of large numbers; they are also necessary. Note that
both the sample and joint measurability problems are automatically solved by Keisler’s Fubini
theorem in this richer analytic framework. Here we also point out that the consistency of the
independence condition with the essential constancy of sample distributions was discussed in
[1], [15] and [17] in terms of specific examples (also Remark 3.22 in [22]).

In this paper, we work with a different enrichment of the usual product probability space
— one for which the usual Fubini property may fail. Let (7,7, A) be a probability space which is
to be used as a parameter space for a process. If one likes, T' can be taken to be the unit interval
[0,1], but (7,7, ) is not restricted to be the Lebesgue measure structure. Let (2,4, P) be a
sample probability space. For example, it can be the product of a continuum of copies of some
other basic probability space, or some extension of this product, or some other space entirely.
As usual in probability theory, it is not necessary to specify what the sample probability space
is provided some general existence issues are resolved. Let (T' x 2,7 ® A, A x P) be the usual
product probability space (see, for example, [20]). Let g be a process from 7' x € to some Polish
space X with Borel o-algebra B.

We make the following assumptions on g:

1. For M\-almost all t € T', g; is a random variable defined on 2 whose distribution Pg, Lon

X is denoted by ;.
2. For every B € B, the mapping ¢ — p;(B) is 7T-measurable.

3. The random variables g; are almost surely pairwise independent in the sense that for

A-almost all t; € T, g4, is independent of g;, for A-almost all t5 € T



By using Equation (6) on p. 236 in [5], it is easy to see that the second condition is equivalent to
the measurability of the distribution mapping ¢ — p; from 7' to M(X), where the space M(X)
of distributions on X is given the weak convergence topology and associated Borel o-algebra.
The third condition is an idealized version of weak dependence in probability theory (see the
discussion in [23], p. 437). When X is atomless, this condition is weaker than mutual indepen-
dence. One may simply observe that if the random variables g; are mutually independent, then
they are pairwise independent and hence also almost surely pairwise independent. When X\ has
an atom A, then the third condition implies that for almost all t € A, ¢; is independent of itself
and hence almost surely a constant. Note that ¢ is not 7 ® A-measurable except in the trivial
case when, for almost all t € T', ¢ is a.s. a constant (see [11], [23], and also Corollary 1 below).

As shown in [21]—-[24], if the usual product probability space (T' x 2,7 ® A, A x P) is
enriched to a new product probability space (T' x 2, W, Q) with the (full) Fubini property
such that g is W-measurable, then many conventional measure-theoretic operations apply to g
directly. Here, the Fubini property requires that, for any real-valued W-integrable function f,
the two functions f; and f, are integrable respectively on (2, .4, P) for A\-almost all ¢ € T and
on (T,7,\) for P-almost all w € Q; moreover, [, fidP and [} f,dP are integrable respectively
on (T,7,\) and on (2, A, P), with [, ¢ fdQ = [ ([q ftdP)d\ = [ ([ fud\) dP. When the
parameter space (T',7, \) is the usual Lebesgue unit interval and the process g is nontrivial, no
such enriched product probability space (T' x Q, W, Q) exists for any given sample space (see
the Appendix in [22]).

Suppose one can find an enriched product probability space (T' x Q, W, Q) whose Fu-
bini property is stated with respect to extensions (7,77, \") and (Q, A’, P") of (T,7,\) and
(Q, A, P) respectively. Provided that g is VW-measurable, both the sample and joint measur-
ability problems will be solved in this extended framework. However, for any given atomless
parameter space (17,7, ), Remark 3 in Section 5 below shows that such an extension does
not exist at all for an extended sample space based on the general product measure space, as
discussed in [5] (p. 230). This means that, for a general almost surely pairwise independent
process g that is not taken from a framework where the Fubini property is already satisfied, the
joint measurability and the sample measurability problems for such a process have not been
solved. That is, it is not known whether such a process g itself or its sample functions can
be made measurable on some meaningful measure space. Nor will this paper solve the sample
measurability problem. In fact, a significant open problem is to find conditions guaranteeing
the existence of a suitable extension having the desired Fubini property.

Instead, the purpose of this paper is to show that the joint measurability problem for ¢

can indeed be solved in a unique way by imposing a natural criterion, called the one-way Fubini



property. In particular, if F is the smallest extension of the usual product o-algebra 7 ® A
such that g is F-measurable, then there is a unique probability measure v on F such that the
integral of any v-integrable function f on T x §2 is equal to the double iterated integral in the
particular order [ ([, ftdP)d\. As emphasized in the above paragraph, it is in general false
that the sample function f, is 7-measurable for P-almost all w € §2, so the reverse order of
integration is meaningless. Of course, the Fubini property idealizes the usual rules governing
double or iterated sums in the discrete setting, so it should be imposed whenever possible.
From another point of view, the one-way Fubini property ensures that the extended measure
v on F takes the correct values. Otherwise, as noted in Remark 1 below, one may obtain
completely arbitrary and meaningless extensions.

The rest of the paper is organized as follows. Section 2 presents the main result (Theo-
rem 1) on the unique extension. As a consequence, it is shown that for any 7 ® A-measurable
function h, the two random variables ¢g; and h; are independent for A-almost all ¢ € T'. This
means that 7 ® A-measurable functions differ fundamentally from the process g. The proof
of Theorem 1 is given in Section 3. Additional measure structures related to the extension
(T x Q,F,v) are discussed in Section 4. Section 5 shows that the extended framework with
the one-way Fubini property has many desirable features, including a new characterization of
the most basic probabilistic concept — stochastic independence in terms of regular conditional
distributions. In particular, it is shown that a process f is almost surely pairwise independent
if and only if the distribution mapping Af;"! from T to M(X) provides a regular conditional
distribution of f conditioned on 7 ® A.

2 The unique extension with the one-way Fubini property

Let g be the process defined in Section 1. Define the mapping H : T'x @ — T x 2 x X by
H(t,w) := (t,w,g(t,w)). Note that for each ¢t € T, H; is the mapping such that H;(w) =
(w0, ().

Let £ := 7 ® A® B denote the product o-algebra on T x Q x X. Let F := {HY(E) :
E € &}. Then it is clear that F is a o-algebra. Also, the first two components of H(t,w) are
given by the identity mapping idpxo on T x €, while the last component is g(t,w). Hence, F
is the smallest o-algebra such that idpxg and g are both measurable. This means that F is
the smallest extension of the product o-algebra 7 ® A such that g is measurable.

The following theorem shows that there is a unique probability measure v on F which
extends A\x P on 7 ® A, and has the property that integrating a v-integrable function f on T x {2
is equivalent to evaluating an iterated double integral in the particular order [, ([, fidP)dA

— l.e., integration w.r.t. v satisfies the one-way Fubini property.



Theorem 1 (1) For any E € £ = TRA®RB, for \-a.e. t € T the set H; *(E}) is A-measurable,
with P(H; Y (Ey)) = (P x ) (Ey); also, the mapping t — (P x p;)(Ey) is A-integrable.

(2) There is a unique probability measure v on the measurable space (T x Q,F) such
that for any F € F, the set F; is A-measurable for A-almost all t € T, and t — P(F}) is a
A-integrable function with v(F) = [ P(F;)d\; then (T xQ, F,v) is an extension of (T xQ, T ®
A\ x P).

(3) Let f be any integrable function on (T x Q,F,v). Then, for A\-almost all t € T,
fi is integrable on (Q, A, P), and Ef; := [, frdP is integrable on (T,T,\), with [;, o fdv =

J1 E frdX; moreover, v is the unique extension of A x P with this property.

The following proposition shows that, for any 7 ® A-measurable function h, the two
random variables ¢g; and h; are independent for A-almost all ¢ € T. This means that any

T ® A-measurable function differs fundamentally from the process g.

Proposition 1 Let h be a measurable function from the product space (T x Q2,7 @ A, A x P) to
a Polish space Y. Then, for A-almost allt € T, g; and hy are independent — i.e., P(h; (D) N
g; 1(B)) = P(h; 1 (D)) P(g9;*(B)) for all Borel sets B in X and D inY.

Proof. Let E:=h "' (D)xB€T®A®B=E. Then E; = h; (D) x B and H; (E;) =
h; 1 (D) N g; 1 (B). So for M-a.e. t € T, part (1) of Theorem 1 implies that

P(h;'(D)Ng; '(B)) = P(H;'(Ey)) = (P x m)(E) = P(h;"(D))m(B)
= P(h;(D))P(g; "(B)).

Now we can use an argument like that in the proof of Theorem 7.6 in [22]. There exist
countable open bases Bx and By for the respective topologies of the Polish spaces X and Y
such that each is closed under finite intersections. Because By and By are countable, the above

paragraph implies that there exists a A-null set Sy such that, for all ¢ ¢ Sy,
P(g; '(Ox) Nhy H(Oy)) = Plg; *(Ox)) - P(hy H(Oy))

holds simultaneously for all Ox € By and all Oy € By. Thus, for any t ¢ Sp, the joint
distribution P(gs, hs)~! on X x Y agrees with the product Pg; ! x Ph; ! of its marginals on the
m-system {Ox X Oy : Ox € Bx,Oy € By} for X xY. So by a result on the unique extension of
measures (see [13], p. 402), the two are the same on the whole product o-algebra. This implies

that h; and g; are independent for all t ¢ Sy, which completes the proof. O

This leads to the following obvious corollary, which was Proposition 1 in [23]. When A is

Lebesgue measure and the process g is iid, a similar result was already noted by Doob in [11]

(p. 67).



Corollary 1 If g is measurable on (T' x Q,7 ® A, X\ x P), then for X-almost all t € T, the

random variable g; is essentially constant.

Proof. Proposition 1 implies that for A-a.e. t € T, g; is independent of itself and hence a

constant. O

The following result extends Theorem 4.2 in the two-way Fubini framework of [3] to the

general case.

Corollary 2 Let C be a subset of T x Q such that 0 < P(C;) < 1 for A-almost all t € T.
Suppose the events Cy (t € T') are almost surely pairwise independent — i.e., for A-almost all
t1 €T, Cy, is independent of Cy, for A-almost all ty € T'. Then C' has outer measure one and

imner measure zero with respect to A X P.

Proof. Let g be the indicator function 1o of C. Then g is a process satisfying the assumptions
in Section 1. Also, the random variables g; are almost surely pairwise independent. Take
any D € 7T ® A and let h be 1p. Proposition 1 implies that, for A-almost all ¢ € T, the
random variables g; and h; are independent. So therefore are the events C; and Dy — i.e.,
P(Cy N Dy) = P(Cy)P(Dy).

Thus, if D C C, then for A-almost all t € T', P(D;) = P(Cy)P(Dy). Since P(C;) < 1 for
A-almost all t € T', it follows that P(D;) = 0 for A-almost all ¢t € T'. By the Fubini theorem,
because D is an arbitrary 7 ® A-measurable subset of C, it follows that (A x P),(C) = 0.

On the other hand, if C' C D, then for A-almost all t € T, P(Cy) = P(Cy)P(Dy). Since
P(Ct) > 0 for A-almost all ¢ € T, it follows that P(D;) = 1 for A-almost all t € T. By the
Fubini theorem, (A x P)(D) = 1, because D D C is arbitrary in 7 ® A, (A x P)*(C)=1. O

Remark 1 Suppose the events Cy (t € T') are almost surely pairwise independent with identical

probability p for some 0 <p < 1. Let g = 1¢, and let
F={(D1nNnC)U(D3\C):D1,D;eT @ A}

be the smallest extension of the product o-algebra such that g is measurable. If we require the
one-way Fubini property on (T x Q,F), then the measure for C must be [ ([q1lcdP)d\ =
J7 P(Cy)d\ = p. On the other hand, if we do not require the one-way Fubini property, then for
an arbitrarily given number r € [0,1], we can use the common procedure for extending measures
to define
or(D1NCYU (D2\C)) =r(Ax P)(D1)+ (1 —7) (X x P)(D2)

for any D1,Ds € T @ A. This is easily seen to be a probability measure on (T x Q,F), with
o.(C) = r. So the one-way Fubini property allows us to select the “correct” measure for the

extension and to ignore other completely meaningless extensions such as o, for any r # p.



3 Proof of Theorem 1

Lemma 1 Suppose that the random variables f; (t € T') are all square-integrable and are almost
surely uncorrelated — i.e., suppose each fy € La(Q, A, P) and, for a.e. ty € T, E(fi, ft,) =
Efy, - Efy, for a.e. ta € T. Then, for every A€ A, [, fidP = P(A) Ef; for \-a.e. t € T

Proof. Let T” be the set of all ' € T such that the random variables fi and f; are uncorrelated
for A-a.e. t € T. By hypothesis, A\(T") = 1.

Let L be the smallest closed linear subspace of Ly(£2,.A, P) containing both the family
{ft : t € T"} and the constant function 1 = 1g. Let h be the orthogonal projection of the
indicator function 14 onto L, with h' as its orthogonal complement. Then 14 = h + h' where
E(htfy) = [qhtfidP = 0 for all t € T, and also Eht = [y htdP = 0. It follows that
E(1afi)=E(hf;) forallt € T', and also E14 = P(A) = Eh.

Next, because h € L, there exists a sequence of functions
in

b, :rn—l—Zaﬁftﬁ (n=1,2,...)
k=1

with t& € T', as well as 7, and of (k= 1,...,i,) all real, such that h, — h in Ly(Q, A, P).

Let TF:={t € T: f; and [y are uncorrelated }. By hypothesis, A(T¥) = 1 because each
tk € T'. Define T* := T' N (ﬂfle nen_, Tff) Then A\(T*) = 1, because A\(T") = 1. Also, for any
t € T, one has

[ fdP = BQaf) = B0if) = Jim B(ha fo)
= lim {TnEftJriaﬁE(ftg f})} = lim {rnEmfjaﬁ(Eftg)(Eft)}
k=1 k=1

because f; and each f,x are uncorrelated. So
n

/ f:dP = Ef; lim (m +> af Eftk> = Ef; lim Eh, = Ef; Eh = P(A)Ef;
A n—oo k;:l n n—oo
for all t € T, where A\(T*) =1. O

Note that the procedure used in the above proof is standard in the Hilbert space litera-

ture.

Proposition 2 For every E € £ =T @ A® B, the following properties hold:

(i) the mapping t — (P X ug)(Ey) is T -measurable;
(ii) for A-a.e. t € T, the set H; *(E}) is A-measurable, and P(H; '(E})) = (P x ) (Ey).



Proof. Let D be the collection of sets E € £ satisfying properties (i) and (ii).
First, we show that each measurable triple product set & = § x A x B € & satisfies
(i)—(ii), implying that E' € D. Indeed:

(i) If t ¢ S, then E; = 0 and (P x u¢)(E;) = 0. On the other hand, if ¢t € S, then
E, = AxBand (Pxu)(E:) = P(A)ut(B) for allt € T. Hence, (P x put)(E;) = 15(t)P(A)ut(B)
for all t € T. Because S € 7 and t — p(B) is 7T-measurable, so is t — (P X ) (E}).

(i) If t ¢ S, then E; = (), and P(H; ' (E;)) = 0 = (P x u;)(F;). On the other hand, if
t€ S, then B, = Ax B, so H '(E;) = Ang;'(B) € A. In this case, applying Lemma 1 to
the square-integrable and almost surely uncorrelated random variables 1971( B) (t € T) implies

t

that, for A-a.e. t € S, one has

P(H;YE;)) = P(Ang Y(B)) = /A L-1p)dP = P(A) /91g;1(3)dp
= P(A)u(B) = (PXp)(Ax B) = (Px u)(Ey).
It remains to verify that the family D is a Dynkin (or A-) class in the sense that:
(a) T x Q2 x X € D;
(b) if B, E' € D with E O E', then E\ E' € D;

(c) if E™ is an increasing sequence of sets in D, then US| E™ € D.

Then we can apply Dynkin’s 7—\ theorem to establish that D =& =7 ® A ® B, because the
set of products of measurable sets is a m-system — i.e., closed under finite intersections (see

[7], p. 44 and [13], p. 404). In fact:
(a) T x Q x X € D as a triple product of measurable sets.

(b) If E, E' satisfy properties (i) and (ii) with F D E’, then (F'\ E'); = E; \ E} and so:
(i) the mapping

t (P x ) (E\ E')e = (P x pe)(Br) — (P x ) (BY)

is 7-measurable.
(ii) for A-a.e. t € T, the set H-'((E\ E');) = H; Y (E;) \ H;'(E!) is A-measurable, with

P(HT((ENE")) = PH;(E))— P(H(E;) = (P x u)(By) — (P x ) (Ey)
= (Pxp)(E\E))

Hence, E\ E' € D.

(c) If E™ is an increasing sequence in D, then:



(i) the mapping
E (P ) (U ) = Tim (P x ) ()

is 7-measurable;
(ii) for A-a.e. t € T, the set H; 1(U2, EP) = U, H; ' (E!) is A-measurable, and

P(H; (U2 (B)) = lim P(Hy Y(BY)) = lim (P x ) (Ey)

n=1 n—oo

= (P x ) (Unt, EY)

Hence, Up2E™" € D. O

Proof of Theorem 1: Part (1) was proved as part of Proposition 2.

To prove part (2), note that given any F' € F, there exists at least one E € & such
that F = H-Y(F). Then F; = H; '(E;) € A for M-a.e. t € T, by Proposition 2. The same
result implies that P(F}) = P(H; '(E;)) = (P x u)(E;), and that this is a 7-measurable
function of . So we can define a unique set function v on the measurable space (T x 0, F)
by v(F) := [; P(F;)d\. Note that v(T' x ) = 1, and, whenever F" (n =1,2...) is a disjoint

countable collection of sets in F, then
V(S F™) = / P(U F)dA = / S PENIA =Y / P(F)dA
T Tn:l n=1 T
= Z v(F™)
n=1

So v is a uniquely defined probability measure.
Also, whenever F' € T ® A, then v(F') = [, P(Fy)d\ = (A x P)(F). It follows that A x P
is the restriction to the product o-algebra 7 ® A of the probability measure v on F.

The proof of part (3) is virtually identical to that of the usual Fubini Theorem. For
the sake of completeness, we include a proof adapted from [20] (p. 308). Let V C Li(T x
O, F,v) denote the set of all v-integrable functions f that satisfy the one-way Fubini property
Jrwq fdv = |7 (fq frdP)dA. Then V includes every measurable indicator function 1p (F' € F)

because
u(F):/TXQlez/:/TP(Ft)d)\:/T{/Q(lp)th} d\

Indeed, these equations show that the one-way Fubini property determines v uniquely on
(T'xQ,F). Also, that v(F') = [ P(F;)d\ = (A x P)(F') whenever F' € T ® A, so v does extend
A X P.



Next, V' is obviously closed under linear combinations — i.e., V' is a linear subspace. In
particular, V includes all measurable simple functions, and all differences between members
of V. Also, any v-integrable function is the difference between two non-negative v integrable
functions, and any non-negative v-integrable function f is the limit of an increasing sequence
f™ of non-negative simple functions. So it remains only to show that V' contains the limit of
any increasing sequence f" of functions in V.

Indeed, suppose f € Li(T x Q,F,v) and f* € V (n=1,2,...) with f* 1 f as n — oc.
Then the monotone convergence theorem implies that lim, .o [7,q f"dV = [7, fdv. Since
f™is in V, and so satisfies the one-way Fubini property, we know that f;* is in L1(Q2,.A, P)
for A-a.e. t € T. It is obvious that for M\-a.e. t € T, fi* T f;, and hence f; is A-measurable
with [, fidP = lim,_ [, f{*dP. In fact, one must have have [, f/*dP 1 [ fidP. Hence, the

monotone convergence theorem and the one-way Fubini property for f imply that

/ (/ fth> d\ = lim (/ ft”dP) dA = lim frdv = fdv.
7 \Ja n—oo Jr \Jo n—00 JrxQ TxQ
So f also satisfies the one-way Fubini property. This shows that V = L{(T x Q,F,v). O

4 Some associated measure structures

It has already been shown that, given any set E in the product o-algebra € on T' x Q) x X,
the mapping t — (P x p;)(E:) is 7-measurable. So one can define the set function 7 on £ by
7(E) := [p(Pxpe)(E¢)dA, which must equal the triple integral [ [, ([x 1e(t,w, x)du:) dP] d.
Then (T x Q x X, &, 1) is obviously a probability space. Also, by the usual (two-way) Fubini

property, interchanging the order of integration implies that

= [ (sl |

where 7 is a well-defined probability measure on (7' x X,7 ® B) given by v(J) := [ pue(J)dA

/T ut(Etw)dA] P — /Q ~(E.)dP

for all J € T ® B. So 7 equals the product measure P x v on (T' x Q x X, E).
The following Lemma helps establish later that v is the unique measure satisfying

v(H Y(E)) = 7(E) for every E € &:

Lemma 2 If E,E' € £ satisfy H-Y(E) = HY(E'), then the symmetric difference E A\ E'
satisfies T(E A E') = 0.

Proof. Here H-'(E\ E') = H™Y(E)\ H Y(E’) = (). Because of Proposition 2, this implies
that
(P x pe)(Ee \ Ey) = P(H; (B \ By) =0
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for M-a.e. t € T. Tt follows that 7(E \ E') = [;(P x pu)(E; \ E})d\ = 0. Interchanging E and
E’ in this argument shows that 7(E'\ E) =0 as well. O

Obviously, E C H Y(E) x X for all E € £. The following shows that any F € F is
product measurable in 7 ® A only if FF = H~1(E) where E € £ “fills” F x X.

Corollary 3 Suppose F = H"Y(E) € T ® A, where E € €. Then 7(E) = 7(F x X).

Proof. If F= H Y(E) e T® A, then F x X € £. Because F = H }(E) = H-}(F x X), the

result follows from Lemma 2. O

Proposition 3 The mapping H from (T x Q,F,v) to (T x Q x X,E,T) is measure-preserving
—d.e., v(H YE)) = 7(E) for all E € £; moreover, this equality defines v uniquely.

Proof. For any F € &,

W(HUE)) = [ PUTN (BN = [ (P x po)(Eax = (F)
T T

by definition of 7. Uniqueness of v follows immediately from Lemma 2. O

Define M := H(T x ), which is the graph of g. Then:
Proposition 4 The set M has outer measure 7*(M) = 1.

Proof. Suppose M C E € £. Then the complements satisfy £F¢ C M€ with E¢ € £. So
H-YE®) C H Y(M°) = (). Because H is measure-preserving, 7(E°) = v(H 1 (E°)) = v(0) = 0,
so 7(F) = 1.

It has been proved that 7(E) =1 for any £ D M, so 7*(M)=1. O

Proposition 5 If M € &, then u; is degenerate for A-a.e. t € T.

Proof. If M € &, then 1 = 7*(M) = 7(M) = [ryqxx 1M (t,w,x)dr. Now Fubini’s theorem

implies that
1= /
TxQ

So u(My,) =1 for (A x P)-ae. (t,w) € T x Q. But My, = {g:(w)} for all (t,w) € T x Q. It
follows that for M-a.e. t € T', p; is degenerate, with u;({g:(w)}) =1. O

/X 1M(t,w,x)d,ut] d(\ x P) = /TXQW(MM) d(\ x P)

The next proposition shows how much the outer measure 7" of the graph M can differ

from the inner measure in nontrivial cases.
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Proposition 6 Suppose p; is non-degenerate for A-a.e. t € T. Then the graph M has inner

measure T, (M) = 0.
Proof. Take any F € £. By Theorem 1, H; ' (E;) is A-measurable for A-a.e. t € T, and

PUH (E)) = (Px u)(B) = [ u(Ew)dP

by the usual Fubini theorem. Suppose E C M. Then Ey, C My, = {g(t,w)} for all (t,w) €
T x Q. Thus Ey, = {g(t,w)} or 0. So

Ew#0 < g(t,w) € By < (w,q(w)) € By < we H; '(E)
Hence {w € Q| By, # 0} = H; *(FE;), implying that
P(Ht_l(Et)) = / ,ut(Etw)dP = / . Mt(Etw)dP
Q Ht (Et)

for A-a.e. t € T. Therefore, for A-a.e. ¢ € T one has th_l(Et)[l — u(Ey,)]dP = 0. But
Ei, = {g(t,w)} or 0 for all (t,w) € T x 2. Hence, non-degeneracy implies that for \-a.e. t € T,
pe(Ey,) < 1 for all w € Q, so P(H; *(E;)) = 0. It follows that
r(E) = vt (E) = | PO (B))dA=0
T

whenever £ C M, implying that 7,(M) =0. O

Define M :={ENM : E € £}. Then M is a o-algebra on M, and the outer measure
7* is a measure on M satisfying 7*(EN M) = 7(F) for all E € £. Because 7*(M) = 1, it
follows that (M, M, 7*) is a probability space. But M = H(T xQ),so H *(E) = H-Y(ENM)
for all E € €. Tt follows that v(H-Y(EN M)) = 7(E) = 7*(E N M) for all E € £. Hence,
H :T xQ — M is a measure isomorphism between the probability spaces (1" x 2, F,v) and
(M, M, T*).

Next, define the standard extension R := {(Ey N M) U (E2 \ M) : Ey,Ey € £}. This
is clearly a o-algebra on T x €2 x X that extends £ to include M, and will differ from & iff
M ¢ & — i.e., except in the degenerate case covered by Proposition 5. Also, define the set
function p on R to satisfy p((E1 N M) U (Ey \ M)) = 7(E) for all Eq, By € £. Obviously, p
is a probability measure on (7" x 2 x X, R). Hence, (T x 2 x X, R, p) is another probability
space which extends (7" x 2 x X, &, 7), and whose restriction to M is (M, M, 1).

Proposition 7 Suppose f is real-valued and integrable on (T x Q,F,v). Then there is an
essentially unique integrable function ¢ on (T x Q x X, E,7) such that f(t,w) = ¢(t,w, g(t,w)),
while the conditional expectations E(f|Tea) and E(flirg10.4) are equal almost everywhere to

Jx o(t,w, x)dps and [ ¢(t,w, x)dy respectively.

12



Proof. Let ¥(t,w,x) := 1p(t,w,x) f(t,w). Then 9 is integrable on (7" x 2 x X, R, p). Define
¢ as the conditional expectation F(1|g). Because H is a measure isomorphism and ¢ is &-

measurable, for any F' € F with F = H~1(FE) where E € £, one has

/Fqﬁ(H(t,w))du:/EmM (de*:/E¢dT:/Ei/Jdp:/EmM fdr*:/Ffdy

It follows that ¢(H (t,w)) = f(t,w) v-a.e.
Moreover, for every C € 7 ® A one has C = H-1(C x X), so replacing F by C and E
by C' x X implies that

/Cfdz/:/cquﬁdT:/C(/Xd)dut)d(/\xP):/C</X¢d,ut)dy

by Fubini’s Theorem. This proves that [y ¢ dpu; is one version of E(f|7g.4).
Finally, for any A € A, by putting C = T x A and applying Fubini’s Theorem once
again, we obtain

Jroatte= syt 0 = [ [ (fot) e = [ ([ oar)

This proves that [, x ¢ dy is one version of E(f|(rgpg4). O

Finally, we give a different estimate of the measure of M, the graph of the process g. This
involves yet another measure structure on 7T x 2 x X, this time using the product o-algebra
F ® B. Indeed, consider the set function 7(G) := [, ¢ (Gt )dv, defined on the domain G of
all sets G € F ® B for which the integral exists.

Lemma 3 The domain G of sets G € F & B for which 7(G) is well defined is the whole of
F®B.

Proof. Suppose G is a measurable rectangle F' x B, with F' € F and B € B. Then u(Gy,) =
1p(t,w) pe(B) for all (t,w) € T'xQ. But P(F;) and p(B) must be bounded integrable functions
of t, implying that P(F}) ui(B) is also. Then the one-way Fubini property implies that

| PE @ = [ | [ 1etw) | mBran= [ teto) B a = [ (G

TxQ TxQ

and so F' x B € G. Hence, G includes the family of all measurable rectangles, which is closed
under intersections and so forms a w-system.

As in the proof of Proposition 2, it is easy to show that G is a Dynkin or A-class. So
G must be a o-algebra which includes the w-system of all measurable rectangles. But then

G = F ® B, the product o-algebra generated by the measurable rectangles. O

13



After this preliminary result, it is easy to check that 7 is a probability measure on F ® B.
In fact, it is a natural extension of 7 defined on the triple product £. Obviously, when p; =
for all t € T, independent of ¢, then 7 = v X p.

Suppose the function f: T x Q) — X is 7 ® A-measurable. For each t € T, let ,u{ denote
the distribution of f;. Because (X, B) is a Polish space with its Borel o-algebra, Theorem 8.1.4
in [2] implies that f has a graph I'/ which is measurable w.r.t. the triple product o-algebra &

on T x 2 x X. Then a routine calculation shows that this graph has measure

W%%WMWWWMWF/UMMWWA/Z ({a})Pdx

where A{ is the set of atoms of u,{ (which must be countable). The following shows that the
process g has the same property, provided one uses the extended measure 7 instead of 7, and

then calculates the appropriate integral (w.r.t. v) using the one-way Fubini property.
Proposition 8 The set M is measurable in F ® B and
o0 = [ [ mahdi] dr= [ 3 ulahax
€T

a€A;
where A; is the set of atoms of .

Proof. Because M is the graph of the measurable mapping g from (T x Q,F) to (X, B),
Theorem 8.1.4 in [2] implies that M is measurable w.r.t. F ® B. Then, by definition of 7, the

one-way Fubini property, and the definition of u;, we have
(M) = / me({g(t, w)Hdv = / [/ pe({ge(w dP] d\ = / U Mt({x})dﬂt} dX
TxQ T /X
Evidently, [y pe({z})dps =3 qca,[11¢({a})]?, so the proof is complete. O
The following is now obvious:

Corollary 4 There are the following three possibilities:

(i) T(M) = 1.(M) = 0 iff us is atomless for A-a.e. t € T

(ii) T(M) = (M) = 1 iff for A-a.e. t € T, the measure p; is degenerate — i.e., there exists a
single atom a; such that p({a:}) = 1.

(iii) Otherwise 0 = 1.(M) < 7(M) < (M) = 1.

5 Conditional expectations and distributions

Let (T'xQ, F',v') be a probability space extending the usual product space (T'xQ, 7 @A, Ax P)
such that the one-way Fubini property still holds. Note that (7" x Q,F’,v’) could be a further

14



extension of (T'x, F,v). Let f be a process on (T'xQ, F', /). If f is real-valued and integrable,

then the one-way Fubini property says that Ef = [, .o fdV = [ (Jq [idP)d\ = [ Ef;d\.
The following proposition generalizes part of Theorem 4.6 in [22] to the one-way Fu-

bini framework. It characterizes uncorrelatedness in the almost sure sense via the conditional

expectation with respect to the relatively smaller o-algebra 7 ® A.

Proposition 9 Assume that f is real-valued and square-integrable on (T x Q, F' v'"). Then

the random variables fi (t € T') are almost surely uncorrelated iff E(f|re4) = Efi.

Proof. Suppose the random variables f; (t € T') are a.s. uncorrelated. Given any A € A,
Lemma 1 implies that [, fidP = P(A) Ef; for almost all t € T'. Hence, for any S € T, the
one-way Fubini property for (T" x Q, F', /) implies that

E(flran)d = [ fdv/ = / (/ fth> d\ = / P(A) Ef, d) = / Efids.
SxA SxA S A S SxA
This shows that the two signed measures which are defined on (7' x 2,7 ® A) by integrating

E(f|rga) and E f; respectively on sets in 7 ® A must agree on all measurable rectangles S x A
(S €T, Aec A). Since these rectangles form a m-system that generates 7 ® A, Dynkin’s 7— A
theorem (see [7], p. 44 and [13], p. 404) implies that the two signed measures are equal to each
other on the whole of 7 ® A. Thus, both E(f|rg4) and Ef; are Radon—Nikodym derivatives
of the same signed measure. By uniqueness of the Radon—Nikodym derivative, it follows that
E(flrea) = Eft.

Conversely, suppose E(f|rga) = Efi. Take any fixed r € T such that f,. is square-
integrable on 2. Because f is square-integrable on T x €, it follows that, for A-a.e. t € T,
ft is square-integrable and, by applying the Cauchy—Schwartz inequality, that f,.f; is inte-
grable. Also, f, is trivially measurable w.r.t. 7 ® A, so a standard result on conditional
expectations implies that E(f, flre4) = fr E(f|7e.4) — see, for example, [12] (p. 266). Hence,
E(frflroa) = fr Efi;. By definition of conditional expectation and the one-way Fubini prop-

erty, integrating w.r.t. ¢t over any S € 7 gives

[eGsan = [|[ neirewir|a= [ gra
= frEftd()\><P)Z/erdP/SEftd)\:/SEfrEftd)\.

SxQ
This implies that, for almost all ¢t € T', one has E(f, f;) = Ef, Efi, so f, and f; are uncorrelated.

The result follows because, if f is square-integrable on T x , then f, is square-integrable on

Q for almost allreT. O

Lemma 4 Suppose that f is real-valued and integrable on (T xQ, F', V'), and that E(f|re4) =
Ef;. Then E(f|{T,Q)}®A) =Ef.
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Proof. Given any A € A, one has T'x A € T ® A. So the one-way Fubini property and the
hypotheses together imply that

/ fdy_/ Ef d(\ x P) /Eftd/\ P(AEf = Efd(\ x P)
TxA

TxA

This confirms that E(f|irpea) = Ef. O

The following proposition characterizes almost sure pairwise independence through the

regular conditional distribution with respect to the relatively smaller product o-algebra 7 ® A.

Proposition 10 Let f be a process from (T x Q, F', V') to a Polish space Y. Then the condi-
tional distribution v'(f Y 7g4) = Pft_l if and only if the random variables f; are almost surely

pairwise independent.

Proof. Given any Borel set B in Y, applying Proposition 9 to the F’-measurable process
14-1(p) implies that the random variables 1 £7(B) (t € T') are a.s. uncorrelated iff the conditional
probability v/(f~1(B)|rea)(B) = Pf;'(B). Note that the one-way Fubini property implies
that Pf;'(B) is measurable with respect to 7 and thus with respect to 7 ® A.

Now, if the random variables f; (t € T') are a.s. pairwise independent, then the indi-
cator functions 1 £7(B) (t € T) are a.s. uncorrelated for all Borel sets B in Y, implying that
V(f~Y(B)|rea)(B) = Pf7'(B). This means that the conditional distribution v/(f~!7rea) =
PfL.

On the other hand, suppose /(f~'|ro4) = Pf;'. For every Borel set B in Y, it
follows that E(1;-1(p)|lr94) = Elft‘l(B)' So applying Proposition 9 to the indicator function
1y-1(p) implies that the random variables 1ft_1(B) (t € T) are a.s. uncorrelated. For any
fixed Borel set C' in Y, the one-way Fubini property implies that f1(C) is measurable with
respect to A for A-a.e. r € T; fix any such r. By taking A = f7YC) in Lemma 1, we
obtain, for A-a.e. t € T, that ff ) L1 mydP = P(f7H0)) [o1 s ()@ P, which implies that

P(f-HO)n f71(B)) = P(f714C))P(f7 (B)). This is true for arbltrary Borel sets B, C'in Y.

As in the proof of Theorem 7.6 in [22], take a countable open base By for the topology of

the Polish space Y such that it is closed under finite intersections. By grouping countably many

null sets together, one can find a A-null set Ry such that, for all » ¢ Ry and all Oy, Oy € By,

P(f;71(01) N f71(02)) = P(£71(O0) P(f7(02))

holds for all ¢ ¢ S,, where S, is a A-null set. Fix any r ¢ Ry and ¢t ¢ S,. Then the joint
distribution P(f,, f{)~! on X x X agrees with the product Pf;! x Pf; ! of its marginals on
the m-system {O1 x Oz : 01,02 € Bx}. So by a standard result on the uniqueness of an
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extended measure (see [13], p. 402), the two measures are the same on the whole product o-
algebra. This implies that f, and f; are independent, for all » ¢ Ry and ¢t ¢ S,. This proves

that the random variables f; (¢t € T') are a.s. pairwise independent. O

Corollary 5 Suppose that f is real-valued and integrable on (T x Q,F',v'), and the random
variables f; (t € T) are a.s. pairwise independent. Then E(f|rea) = Efi and E(flirp104) =
Ef.

Proof. By the last proposition, v(f~!7ea) = Pf 1, so

E(flren) = [ wdv(ffren) = [ adPsit) = [ fidP = Efy

The other equality follows from Lemma 4. O

Corollary 6 Suppose v is a real-valued integrable function on (T x X, T ® B,v) such that
ft,w) =9(t, g(t,w)). Then E(flrea) = Efi and E(fli7p04) = Ef.

Proof. Because the variables g; are a.s. pairwise independent, so are the variables f; = ¥(g¢).

The result follows immediately from Corollary 5. O
Corollary 7 If g is real-valued and v-integrable, then E(g|1g.4) = Egi and E(g|(r.n04) = E9g-
Proof. Apply Corollary 6 with ¢(t,2) =x andso f =g. O

Remark 2 As shown in [21] and [22], if the product probability space (T x Q,T & A, X X P)
can be extended to a probability space (T x Q,W,Q) so that the full Fubini property holds
for Q-integrable functions, then one can obtain immediately the exact law of large numbers in
terms of sample means. Indeed, suppose that the process f on T x ) is Q-integrable. Then one
simply observes that for the process f in Proposition 9, given any A € A, Corollary 5 with v/
replaced by @Q implies that

AEfde:/TXAfdQ:/TXAEfd()\xP):/AEfdP

By the uniqueness of Radon—Nikodym derivatives, Ef,, = Ef for P-almost all sample real-
izations w € ). Using exactly the same argument as in the proof of Theorem 5.2 in [22],
MoV = Qf Y. Thus, the other half of the full Fubini property is enough to guarantee the

validity of the exact law of large numbers in terms of means and distributions.
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Remark 3 Let (T,7,)) be any atomless probability space. Let f be an iid process obtained
from the coordinate functions on the sample space A = R endowed with the product o-algebra
G and the product probability measure p (see [5], p. 230). Based on the simple idea used in
[10] (see also [17]), it is pointed out in [24] that, for any given real-valued function h on T, the
collection My, of those sample functions that differ from h at countably many points in T has
p-outer measure one (see Remark 1 in [24]). One can extend the measure u to a new measure
i on the o-algebra G generated by sets in G and M, so that fi(My) = 1. Thus, one establishes
the absurd claim that almost all sample functions are essentially equal to an arbitrarily given
function h. Now assume that the common mean of the random variables f; is m. Take h to be
any function whose mean [ hdX is different from m. Since f,, is h for fi-almost all w € A, it
is not true that the sample mean [, fod\ =m for i-almost all w € A — i.e., the exact law of
large numbers fails. Therefore, Remark 2 implies that (T x A, T ® G,\ x [i) has no extension
(T x A, W, Q) whose full Fubini property is stated with respect to extensions (T,T',\) and
(A, G, i) of (T,T,)\) and (A, G, i) respectively such that f is W-measurable. However, it does

have an extension which satisfies the one-way Fubini property, as shown in Theorem 1.

Remark 4 Fven with only the one-way Fubini property, Corollary 5 implies that the condi-
tional expectation E(f|rea) of a real-valued integrable function f is equal to the expectation
Efi = Jo [i(w)dP of fi, with all uncertainty about w removed. Thus, while the exact law of
large numbers fails for f,, which is generally non-measurable, it does hold (though in a sig-
nificantly weaker sense) for the conditional expectation E(f|rg.a) we have defined through the

one-way Fubini property.
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