FLUCTUATION THEORY FOR UPWARDS SKIP-FREE LEVY CHAINS
MATIJA VIDMAR

ABSTRACT. A fluctuation theory and, in particular, a theory of scale functions is developed for
upwards skip-free Lévy chains, i.e. for right-continuous random walks embedded into continuous
time as compound Poisson processes. This is done by analogy to the spectrally negative class of

Lévy processes.

1. INTRODUCTION

It was shown in [22] that precisely two types of Lévy processes exhibit the property of non-
random overshoots: those with no positive jumps a.s., and compound Poisson processes, whose
jump chain is (for some h > 0) a random walk on Zj, := {hk: k € Z}, skip-free to the right. The
latter class was then referred to as “upwards skip-free Lévy chains”. Also in the same paper it
was remarked that this common property which the two classes share results in a more explicit
fluctuation theory (including the Wiener-Hopf factorization) than for a general Lévy process, this
being rarely the case (cf. [14, p. 172, Subsection 6.5.4]).

Now, with reference to existing literature on fluctuation theory, the spectrally negative case
(when there are no positive jumps, a.s.) is dealt with in detail in [3, Chapter VII] [20, Section 9.46]
and especially [14, Chapter 8]. On the other hand no equally exhaustive treatment of the right-
continuous random walk seems to have been presented thus far, but see e.g. [17, [7] [23], Section 4]
[9, Section 7] [10 Section 9.3] [2I], passim]. In particular, no such exposition appears forthcoming
for the continuous-time analogue of such random walks, wherein the connection and analogy to the
spectrally negative class of Lévy processes becomes most transparent and direct.

In the present paper we proceed to do just that, i.e. we develop, by analogy to the spectrally
negative case, a complete fluctuation theory (including theory of scale functions) for upwards skip-
free Lévy chains. Indeed, the transposition of the results from the spectrally negative to the
skip-free setting is essentially straightforward. Over and above this, however, and beyond what is
purely analogous to the exposition of the spectrally negative case, further specifics of the reflected

process (see Theorem [3.1(1)) and of the excursions from the supremum (see Theorem [3.1{(ii1)) are
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identified, and a linear recursion is presented which allows us to directly compute the families of
scale functions (see , , Proposition and Corollary .

Application-wise, note e.g. that the classical continuous-time Bienaymé-Galton-Watson branch-
ing process is associated to upwards skip-free Lévy chains via a suitable time change [14, Sec-
tion 1.3.4].

The organisation of the rest of this paper is as follows. Section [2] introduces the setting and
notation. Then Section [3| develops the relevant fluctuation theory, in particular details of the
Wiener-Hopf factorization. Finally, Section [4] deals with the two-sided exit problem and the ac-

companying families of scale functions.

2. SETTING AND NOTATION

Let (Q,F,F = (Ft)t>0,P) be a filtered probability space supporting a Lévy process [14, p. 2,
Definition 1.1] X (X is assumed to be F-adapted and to have independent increments relative to
F). The Lévy measure [20, p. 38, Definition 8.2] of X is denoted by A. Next, recall from [22]
(with supp(v) denoting the support [12, p. 9] of a measure v defined on the Borel o-field of some

topological space):

Definition 2.1 (Upwards skip-free Lévy chain). X is an upwards skip-free Lévy chain, if it is a
compound Poisson process [20, p. 18, Definition 4.2], and for some h > 0, supp(\) C Zjy, whereas

supp(AlB((0,00))) = {h}-

In the sequel, X will be assumed throughout an upwards skip-free Lévy chain, with A({h}) > 0
(h > 0) and characteristic exponent ¥(p) = [(e* — 1)A(dz) (p € R). In general, we insist on
(i) every sample path of X being cadlag (i.e. right-continuous, admitting left limits) and (ii)
(Q, F,F,P) satisfying the standard assumptions (i.e. the o-field F is P-complete, the filtration F is
right-continuous and Fy contains all P-null sets). Nevertheless, we shall, sometimes and then only
provisionally, relax assumption (ii), by transferring X as the coordinate process onto the canonical
space Dy, == {w € ZE’OO) : w is cadlag} of cadlag paths, mapping [0,00) — Zj, equipping Dy,
with the o-algebra and natural filtration of evaluation maps; this, however, will always be made
explicit. We allow e; to be exponentially distributed, mean one, and independent of X; then define
ep = e1/p (p € (0,00)\{1}).

Further, for x € R, introduce T, := inf{t > 0 : X; > x}, the first entrance time of X into
[z,00). Note that T, is an F-stopping time [12, p. 101, Theorem 6.7]. The supremum or maximum
(respectively infimum or minimum) process of X is denoted X, := sup{ X, : s € [0,t]} (respectively
X, =inf{X;:5€]0,t]}) (t>0). X :=inf{X;:5€[0,00)} is the overall infimum.

With regard to miscellaneous general notation we have:

(1) The nonnegative, nonpositive, positive and negative real numbers are denoted by R :=
{reR:z2>0} R :={zreR:z <0}, RT :=R;\{0} and R := R_\{0}, respectively.
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Then Z, =R, NZ,Z_:=R_NZ,ZT :=RT"NZand Z~ := R~ NZ are the nonnegative,
nonpositive, positive and negative integers, respectively.

(2) Similarly, for h > 0: ZZ =Zr R, ZZ'F =Zp,NRY, Z, :=Z,NR_and Z; ~ :=Zp NR™
are the apposite elements of Zy,.

(3) The following introduces notation for the relevant half-planes of C; the arrow notation is
meant to be suggestive of which half-plane is being considered: C™ := {z € C : ®z > 0},
Ci={2€C:R2<0},Cr:={2€C:32<0}and CT :={z € C: Sz > 0}. C*, C*+,
C' and CT are then the respective closures of these sets.

(4) N =1{1,2,...} and Ny = NU {0} are the positive and nonnegative integers, respectively.
[z] := inf{k € Z : k > 2} (z € R) is the ceiling function. For {a,b} C [—o0,+o0]:
a A'b:=min{a,b} and a V b := max{a, b}.

(5) The Laplace transform of a measure 1 on R, concentrated on [0, 00), is denoted fi: fi(8) =
f[()m) e P2u(dx) (for all B > 0 such that this integral is finite). To a nondecreasing right-
continuous function F': R — R, a measure dF’ may be associated in the Lebesgue-Stieltjes

sense.

The geometric law geom(p) with success parameter p € (0, 1] has geom(p)({k}) = p(1—p)* (k € Np),
1 — p is then the failure parameter. The exponential law Exp(/3) with parameter 8 > 0 is specified
by the density Exp(3)(dt) = Be "1 o) (t)dt. A function f : [0,00) — [0,00) is said to be of ex-
ponential order, if there are {«, A} C R4, such that f(z) < Ae®® (z > 0); f(+00) := limy—y00 f(),
when this limit exists. DCT (respectively MCT) stands for the dominated (respectively monotone)
convergence theorem. Finally, increasing (respectively decreasing) will mean strictly increasing
(respectively strictly decreasing), nondecreasing (respectively nonincreasing) being used for the

weaker alternative; we will understand a/0 = +oo for a € £(0, ).

3. FLUCTUATION THEORY

In the following, to fully appreciate the similarity (and eventual differences) with the spectrally
negative case, the reader is invited to directly compare the exposition of this subsection with that
of [3, Section VII.1] and [I4], Section 8.1].

3.1. Laplace exponent, the reflected process, local times and excursions from the supre-
mum, supremum process and long-term behaviour, exponential change of measure.
Since the Poisson process admits exponential moments of all orders, it follows that E[eﬁyi] < 00
and, in particular, E[ef%¢] < oo for all {3,t} C [0,00). Indeed, it may be seen by a direct com-
putation that for 3 € C7, t > 0, E[e"Xt] = exp{ty)(8)}, where 1(B) := [ (e"® — 1)A\(dz) is the
Laplace exponent of X. Moreover, 1 is continuous (by the DCT) on C~ and analytic in C™ (use
the theorems of Cauchy [19, p. 206, 10.13 Cauchy’s theorem for triangle], Morera [19} p. 209, 10.17

Morera’s theorem| and Fubini).
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Next, note that ¥ (8) tends to +00 as § — oo over the reals, due to the presence of the atom
of A at h. Upon restriction to [0,00), 1 is strictly convex, as follows first on (0,00) by using
differentiation under the integral sign and noting that the second derivative is strictly positive, and
then extends to [0, 00) by continuity.

Denote then by ®(0) the largest root of |y ). Indeed, 0 is always a root, and due to strict
convexity, if ®(0) > 0, then 0 and ®(0) are the only two roots. The two cases occur, according
as to whether ¢/(0+) > 0 or ¢/(0+) < 0, which is clear. It is less obvious, but nevertheless
true, that this right derivative at 0 actually exists, indeed v’ (0+) fR zA(dx) € [—00,00). This
follows from the fact that (e — 1)/ is nonincreasing as 3 | 0 for € R_ and hence monotone
convergence applies. Continuing from this, and with a similar justification, one also gets the equality
V" (0+) = [22A(dz) € (0, +0c] (where we agree 1" (0+) = +oo if 1'(0+) = —00). In any case, ¢ :
[®(0),00) — [0,00) is continuous and increasing, it is a bijection and we let ® : [0, 00) — [®(0), 00)
be the inverse bijection, so that 1) o ® = idg, .

With these preliminaries having been established, our first theorem identifies characteristics of
the reflected process, the local time of X at the maximum (for a definition of which see e.g. [I4, p.
140, Definition 6.1]), its inverse, as well as the expected length of excursions and the probability of
an infinite excursion therefrom (for definitions of these terms see e.g. [14, pp. 140-147]; we agree
that an excursion (from the maximum) starts immediately X leaves its running maximum and ends
immediately it returns to it; by its length we mean the amount of time between these two time

points).

Theorem 3.1 (Reflected process; (inverse) local time; excursions). Let g, := A({—nh})/A(R) for
n € N and p := A({h})/A(R).

(i) The generator matriz Q of the Markov process Y = X — X on Z; is given by (with
{5,8'} C Z;): Qss = \{s — 8'}) — 59 A(R), unless s = s' = 0, in which case we have
Quw = ~M(~00,0)).

(ii) For the reflected process Y, 0 is a holding point. The actual time spent at 0 by Y, which
we shall denote L, is a local time at the mazimum. Its right-continuous inverse L™, given
by L' :=inf{s > 0: Ly >t} (for 0 <t < Loo; L' := 0o otherwise), is then a (possibly
killed) compound Poisson subordinator with unit positive drift.

(iii) Assuming that A((—o00,0)) > 0 to avoid the trivial case, the expected length of an excursion

away from the supremum is equal to (¢’(((){Jf)}\30)/\((( oo)O)); whereas the probability of such an

excursion being infinite is ((({h}))) (eé(o)h —1) =:p*.

(iv) Assume again \((—o0,0)) > 0 to avoid the trivial case. Let N, taking values in NU{+oo},
be the number of jumps the chain makes before returning to its running mazximum, after
it has first left it (it does so with probability 1). Then the law of L' is given by (for
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0 €[0,+)):

o0 k
—logE exp(—é)Lfl)Il{Ll_1<+oo} =60+ A((—00,0)) (1 - 2 P(N =k) <)\()\R()R4)-0) ) .
In particular, L™ has a killing rate of \((—00,0))p*, Lévy mass A\((—00,0))(1—p*) and its
Jumps have the probability law on (0,400) given by the length of a generic excursion from
the supremum, conditional on it being finite, i.e. that of an independent N-fold sum of
independent Exp(A(R))-distributed random variables, conditional on N being finite. More-
over, one has, for k € N, P(N = k) = Zle qp1k, where the coefficients (Pl,k)ﬁcff:l satisfy

the initial conditions:
pi1=pon, leEN;

the recursions:

;

0 ifl=korl>k+1
k—1 .
—1 9mPm+1,k ifl=1
PlLk+1 = Zm Lmfmd ’ {lv k} c Na
pktt ifl=k+1
P11k + oy QP if1 <1<k

and py may be interpreted as the probability of X reaching level 0 starting from level —lh
for the first time on precisely the k-th jump ({l,k} C N).

Proof. is clear, since, e.g. Y transitions away from 0 at the rate at which X makes a negative
jump; and from s € ZZ\{O} to 0 at the rate at which X jumps up by s or more etc.

is standard [14, p. 141, Example 6.3 & p. 149, Theorem 6.10].

We next establish Denote, provisionally, by 8 the expected excursion length. Further, let
the discrete-time Markov chain W (on the state space Ny) be endowed with the initial distribution
w;j 1= mqj for j € N, wg := 0; and transition matrix P, given by FPy; = dp;, whereas for ¢ > 1:
Py =p,if j =i—1; Py = qj—, if j > i; and P;; = 0 otherwise (W jumps down with probability
p, up i steps with probability g;, ¢ > 1, until it reaches 0, where it gets stuck). Let further N be
the first hitting time for W of {0}, so that a typical excursion length of X is equal in distribution
to an independent sum of N (possibly infinite) Exp(A(R))-random variables. It is Wald’s identity
that 8 = (1/A(R))E[N]. Then (in the obvious notation, where oo indicates the sum is inclusive of
o), by Fubini: E[N] =22, nY 72, wP(N = n) = > 72, wk;, where k; is the mean hitting time
of {0} for W, if it starts from [ € Ny, as in [I5, p. 12]. From the skip-free property of the chain W
it is moreover transparent that k; = «i, i € Ny, for some 0 < o < oo (with the usual convention
0-o00 =0). Moreover we know [15, p. 17, Theorem 1.3.5] that (k; : i € Np) is the minimal solution
toko=0and k; =1+ E;‘il P;jk; (i € N). Plugging in k; = o, the last system of linear equations
is equivalent to (provided a@ < o0) 0 = 1 — par + ¢, where ¢ := Z;’il jg;- Thus, if ¢ < p, the
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minimal solution to the system is k; = i/(p — (), @ € Ny, from which 5 = (/(A((—00,0))(p — ())
follows at once. If ¢ > p, clearly we must have oo = +00, hence E[N] = 400 and thus = 4o0.

To establish the probability of an excursion being infinite, i.e. Y ;o ¢i(1 — o)/ > 2y ¢, where
a; := P;(N < o00) > 0, we see that (by the skip-free property) o; = af, i € Ny, and by the strong
Markov property, for i € N, a; = paj—1 + 372, gjai+j. It follows that 1 = payt + P qja{,
i.e. 0 =(log(a;t)/h). Hence, by Theorem
a1 = e PO (since a; < 1, if and only if X drifts to —oo).

Finally, is straightforward. O

whose proof will be independent of this one,

We turn our attention now to the supremum process X. First, using the lack of memory property
of the exponential law and the skip-free nature of X, we deduce from the strong Markov property
applied at the time T,, that for every a,b € Z}, p > 0: P(Tuyp < €p) = P(Ty, < €,)P(T} < ep).
In particular, for any n € No: P(Tn, < €p) = P(T), < €,)". And since for s € Z, {T, <
ep} = {Xe, > s} (P-a.s.) one has (for n € Ny): P(X., > nh) = P(X,, > h)". Therefore
Xe,/h ~ geom(l — P(X, > h)).

Next, to identify P(Yep > h), p > 0, observe that (for 3 >0, t > 0): E[exp{®(8)X;}] = e’ and
hence (exp{®(8)X: — St})i>0 is an (IF, P)-martingale by stationary independent increments of X,
for each 8 > 0. Then apply the Optional Sampling Theorem at the bounded stopping time T, At
(t,z > 0) to get:

Elexp{®(8)X (T A t) — BT At)}] = L.

Note that X(T, At) < hlz/h| and ®(B)X(Ty At) — B(Tx At) converges to ®(B)h[x/h] — BT,
(P-a.s.) ast — oo on {T, < oo}. It converges to —oo on the complement of this event, P-a.s.,
provided 5+ ®(8) > 0. Therefore we deduce by dominated convergence, first for § > 0 and then
also for § = 0, by taking limits:

Elexp{—LT:} 11, <oc}] = exp{=®(B)h[z/h]}. (3.1)

Before we formulate out next theorem, recall also that any non-zero Lévy process either drifts
to 400, oscillates or drifts to —oo [20, pp. 255-256, Proposition 37.10 and Definition 37.11].

Theorem 3.2 (Supremum process and long-term behaviour).

(i) The failure probability for the geometrically distributed X, /h is exp{—®(p)h} (p > 0).
(i1) X drifts to 400, oscillates or drifts to —oo according as to whether ' (0+) is positive, zero,
or negative. In the latter case X oo /h has a geometric distribution with failure probability
exp{—®(0)h}.
(111) (Thn)nen, s a discrete-time increasing stochastic process, vanishing at 0 and having sta-
tionary independent increments up to the explosion time, which is an independent geometric

random variable; it is a killed random walk.
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Remark 3.3. Unlike in the spectrally negative case [3, p. 189], the supremum process cannot be
obtained from the reflected process, since the latter does not discern a point of increase in X when

the latter is at its running maximum.
Proof. We have for every s € ZZ:
P(Xe, = 5) = P(Ts < ¢p) = Elexp{—pTi} L1, <00)] = exp{—®(p)s}. (3.2)

Thus (1) obtains.
For note that letting p | 0 in (3.2), we obtain X, < oo (P-a.s.), if and only if ®(0) > 0,

which is equivalent to 1/(0+) < 0. If so, X o /h is geometrically distributed with failure probability
exp{—®(0)h} and then (and only then) does X drift to —oo.

It remains to consider drifting to 4+o0o (the cases being mutually exclusive and exhaustive).
Indeed, X drifts to 400, if and only if E[Ts] is finite for each s € Z; [3, p. 172, Proposition
VI.17]. Using again the nondecreasingness of (e =77 —1)/8 in 3 € [0, 00), we deduce from (3.1]), by
monotone convergence, that one may differentiate under the integral sign, to get E[Ts1 7, <o0}] =
(B8 — —exp{—®(8)s})'(0+). So the E[T}] are finite, if and only if ®(0) = 0 (so that Ts < oo P-a.s.)
and ®'(0+) < oo. Since @ is the inverse of 9|(g(0),00), this is equivalent to saying '(0+) > 0.

Finally, is clear. g

TABLE 1. Connections between the quantities ¢'(0+), ®(0), ®'(0+). Behaviour of
X at large times and of its excursions away from the running supremum (the latter
if A\((—00,0)) > 0).

' (04) ®(0) ®’(04) | Long-term behaviour Excursion length
€ (0,00) 0 € (0,00) drifts to +o0 finite expectation
0 0 +o00 oscillates a.s. finite with infinite expectation
€ [—00,0) | € (0,00) | € (0,00) drifts to —oo infinite with a positive probability

We conclude this section by offering a way to reduce the general case of an upwards skip-free
Lévy chain to one which necessarily drifts to +oc. This will prove useful in the sequel. First, there
is a pathwise approximation of an oscillating X, by (what is again) an upwards skip-free Lévy

chain, but drifting to infinity.

Remark 3.4. Suppose X oscillates. Let (possibly by enlarging the probability space to accommodate
for it) N be an independent Poisson process with intensity 1 and Nf := Ny (¢ > 0) so that N€ is
a Poisson process with intensity €, independent of X. Define X€ := X 4+ hN¢. Then, as € | 0, X*¢
converges to X, uniformly on bounded time sets, almost surely, and is clearly an upwards skip-free

Lévy chain drifting to +o0.
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The reduction of the case when X drifts to —oo is somewhat more involved and is done by a
change of measure. For this purpose assume until the end of this subsection, that X is already the
coordinate process on the canonical space 2 = Dy, equipped with the o-algebra F and filtration F of
evaluation maps (so that P coincides with the law of X on Dy, and F = o(pr, : s € [0, +00)), whilst
for t > 0, F; = o(pry : s € [0,t]), where pry(w) = w(s), for (s,w) € [0,4+00) x Dp,). We make this
transition in order to be able to apply the Kolmogorov extension theorem in the proposition, which
follows. Note, however, that we are no longer able to assume standard conditions on (2, F,F, P).
Notwithstanding this, (7;).cr remain F-stopping times, since by the nature of the space Dy, for
reR, t>0,{T, <t} ={X; >z} € F.

Proposition 3.5 (Exponential change of measure). Let ¢ > 0. Then, demanding:
P.(A) = E[exp{cX: — ¥(c)t}1A] (A € Fi,t >0) (3.3)

this introduces a unique measure P. on F. Under the new measure, X remains an upwards skip-
free Lévy chain with Laplace exponent . = (- + ¢) — ¢(c), drifting to +o00, if ¢ > ®(0), unless
¢ = '(0+) = 0. Moreover, if \. is the new Lévy measure of X under P., then \. < X and
‘fj’\/\c () = € X-a.e. inxz € R. Finally, for every F-stopping time T, P. < P on restriction to
Fr={AN{T < 0} : A€ Fr}, and:
dPe|z;,
dP|

= exp{cXr — ¢¥(c)T'}.

Proof. That P, is introduced consistently as a probability measure on F follows from the Kol-
mogorov extension theorem [16, p. 143, Theorem 4.2]. Indeed, M := (exp{cX; — ¥ (c)t})t>0 is a
nonnegative martingale (use independence and stationarity of increments of X and the definition
of the Laplace exponent), equal identically to 1 at time 0.

Further, for all 3 € C~, {t,s} C R, and A € Fy:

Eclexp{f(Xis — Xi)}a]l = Elexp{cXiys —9(c)(t + 5)} exp{B(Xits — X¢)} 4]
= Elexp{(c+ B)(Xiys — Xi) — 9(c)s}]E[exp{cX; — ¢(c)t}14]
= exp{s(¢(c+ ) — ¢(c))}Pc(A).

An application of the Functional Monotone Class Theorem then shows that X is indeed a Lévy
process on (2, F,F,P,.) and its Laplace exponent under P, is as stipulated (that Xy = 0 P.-a.s.
follows from the absolute continuity of P, with respect to P on restriction to Fg).

Next, from the expression for 1., the claim regarding \. follows at once. Then clearly X remains
an upwards skip-free Lévy chain under P, drifting to +o0, if ¥'(c+) > 0.

Finally, let A € Fp and t > 0. Then AN {T < t} € Fra, and by the Optional Sampling

Theorem:

Po(AN{T < t}) = E[Mi1anyr<sy] = E[E[MiLangr<iy| Frael] = EIMrailanir<iy) = EIM7 1 ong7<y)-
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Using the MCT, letting ¢ — oo, we obtain the equality P.(AN{T < oo}) = E[Mr1 gnf7<ocy]- O

Proposition 3.6 (Conditioning to drift to +00). Assume ®(0) > 0 and denote P := Pao) (see
(3-3)). We then have as follows.

(1) For every A € A := Up>oF}, limy, 00 P(A|X o > nh) = PE(A).

(2) For everyx > 0, the stopped process X T= = (Xyat, )i>0 s identical in law under the measures

P% and P(-|T, < oo) on the canonical space Dy,.

Proof. With regard to we have as follows. Let ¢t > 0. By the Markov property of X at time ¢,
A
the process X := (Xi4s — X¢)s>0 is identical in law with X on D}, and independent of F; under P.

A A
Thus, letting T’y := inf{t > 0: X; > y} (y € R), one has for A € F; and n € Ny, by conditioning:
P(A N {t < Tnh < OO}) = E[E[]ll\]l{t<Tnh}1{?1 < }“Ft” = E[eq)(O)(Xtinh) 1Aﬂ{t<Tnh}]7
nh—Xy <00

since {A, {t < Tpp}} Uo(Xy) C Fp. Next, noting that {X o > nh} = {T), < oo}
P(A|Xo >nh) = e2Onh(P(AN{T,, <t})+P(AN{t < Tphy < 00}))
= O (P(A N {Top < 1)) + E[®OX 0, 1)
= POMPpA N [Ty, < t}) + PHAN{t < T ).

The second term clearly converges to PI(A) as n — oo. The first converges to 0, because by
P(Xe, > nh) = e (M) = o(e="h®(0)) a5 n — oo, and we have the estimate P(T},;, < t) = P(X; >
nh) = P(X; > nhley > t) < P(Xe, > nhlep > t) < etP(Xe, > nh).

We next show Note first that X is F-progressively measurable (in particular, measurable),
hence the stopped process X '@ is measurable as a mapping into D, [I3, p. 5, Problem 1.16].

Further, by the strong Markov property, conditionally on {7, < oo}, Fr, is independent of the
future increments of X after T, hence also of {7,y < oo} for any 2’ > 2. We deduce that the law
of X7z is the same under P(-|T, < o) as it is under P(:|T,s < oo) for any 2’ > z. then follows
from by letting 2’ tend to +o0, the algebra A being sufficient to determine equality in law by

a m/A-argument. O
3.2. Wiener-Hopf factorization.

Definition 3.7. We define, for t > 0, G, := inf{s € [0,1] : X, = X}, i.e., P-a.s., G} is the last time
in the interval [0, ¢] that X attains a new maximum. Similarly we let G, := sup{s € [0,t¢] : X, = X}

be, P-a.s., the last time on [0, ] of attaining the running infimum (¢ > 0).

While the statements of the next proposition are given for the upwards skip-free Lévy chain
X, they in fact hold true for the Wiener-Hopf factorization of any compound Poisson process.
Moreover, they are (essentially) known [14]. Nevertheless, we begin with these general observations,

in order to (a) introduce further relevant notation and (b) provide the reader with the prerequisites
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needed to understand the remainder of this subsection. Immediately following Proposition |3.8

however, we particularize to our the skip-free setting.

Proposition 3.8. Let p > 0. Then:

*

(i) The pairs (é:p,yep) and (ep — G, X,

ep? <> ep

— Xe,) are independent and infinitely divisible,

yielding the factorisation:

p N _
e —— v
p—in—U() U (n,0)¥, (n,0),

where for {0,n} C R,
F(n,0) = E[exp{inéep + 60X, }] and W (n,0) := Elexp{inG,, +i0X_ }].

Duality: (e, — é:p,yep — Xe,) is equal in distribution to (G, ,~X, ). Vi and U, are the

€p

Wiener-Hopf factors.
(ii) The Wiener-Hopf factors may be identified as follows:

—x% — . ’0
Elexp{—aG,, — X, }] = /m
d
an /%(p, 0>
Elexp{—aG,, +B8X, }] = i(p+ o, B)

for {a, 3} € C—.
(iii) Here, in terms of the law of X,

K*(a, B) :== k™ exp (/0 /(0 )(eft — efatfﬁx)%P(Xt € dx)dt)

(o, B) = kexp (/0 /( O](e_t - e_at"rﬁm)%P(Xt € da:)dt)

for a € C7, 3 € C~ and some constants {k*, l%} CRT.

and

Proof. These claims are contained in the remarks regarding compound Poisson processes in [14]
p. 167] pursuant to the proof of Theorem 6.16 therein. Analytic continuations have been effected
in part using properties of zeros of holomorphic functions [19, p. 209, Theorem 10.18], the
theorems of Cauchy, Morera and Fubini, and finally the finiteness/integrability properties of g-
potential measures [20, p. 203, Theorem 30.10(ii)]. O

Now, thanks to the skip-free nature of X, we can expand on the contents of Proposition [3.8]
by offering further details of the Wiener-Hopf factorization. Indeed, if we let NV; := X;/h and
Ty := Tk (t > 0, k € Nyg) then clearly T' := (T} )x>0 are the arrival times of a renewal process (with
a possibly defective inter-arrival time distribution) and N := (N¢)¢>0 is the ‘number of arrivals’
process. One also has the relation: é: =Tn,, t > 0 (P-a.s.). Thus the random variables entering

the Wiener-Hopf factorization are determined in terms of the renewal process (7', N).
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Moreover, we can proceed to calculate explicitly the Wiener-Hopf factors as well as & and k*.
Let p > 0. First, since Yep /h is a geometrically distributed random variable, we have, for any
B eC:

Ele"Xer] = i Bk by ek L= e TR
B 1 — e—Bh—2()h’

k=0
Note here that ®(p) > 0 for all p > 0. On the other hand, using conditioning (for any a > 0):

(3.4)

E [e_aGep} = E ((Uat) = Z 110,00) (tk)e_atkﬂ[tk,tkﬂ)(u)) o (e, T)
I k=0

- (t - Z Ljo 00) (tk)e ™ (e7P% — eptw)) of

, since e, LT

= E Z ]l{Tk<oo} ( (p+a)Tx 6’_(p+a)Tke_P(Tk+1—Tk)>]

= E ie PrITe] o ooy (1—e P(Tie1= Tk>)].
Lk=0

Now, conditionally on T}, < oo, Ti+1 — T} is independent of T} and has the same distribution as
T). Therefore, by (3.1) and the theorem of Fubini:

s — e~ 2(h
1—e
(p+a) hk —®(p)hy _
kz_%)e —e )= T o0k (3.5)
We identify from (3.4)) for any g € C—: :*8; ’5)) = 1_1;61;,:11(2)(1;% and therefore for any o > 0:
*(p+a,0 e~ ®pta)h o L Rp0) 1 he®)
:*Eg+g,,3)) = 1_167€Bh7§(p+a)h‘ We identify from (3.5)) for any o > 0: Hf(p(jﬁa,)()) = 1;3@(%2),1. Therefore,
multiplying the last two equalities, for « > 0 and § € C, the equality:
* .0 1— —®(p)h
PO c (3.6)

R+ aB) 1 e PhFpralh

obtains. In particular, for & > 0 and 8 € C~, we recognize for some constant k* € (0,00):
K*(a, B) = k*(1 — e~ (B+®(@)h) " Next, observe that by independence and duality (for o > 0 and
6 € R):

E[exp{—a@:p + i@yep}]E[exp{—onep +i0X, } = / dtpe P'Elexp{—at +i0X;}] =
0

> dt —pt—at+¥(0)t _ p _
A pe pta—u)

Therefore:
A(p,0) 1 — cifh—®(pta)h

R(p+ a,if) P T e—atn

(p+ o —(i0))
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Both sides of this equality are continuous in § € C+ and analytic in § € C*. They agree on R, hence

agree on Ct by analytic continuation. Therefore (for all & >0, 3 € C7):
#(p,0) 1 — eBh—2(p+a)h

ip+a,B) T 1_ee@h

i.e. for all 3 € C~ and a > 0 for which p 4+ a # ¥(3) one has:

P 1 — (B=2(pt+a))h
pra—D(B) 10
Moreover, for the unique 3y > 0, for which 1(/5p) = p+«, one can take the limit 5 — Sy in the above
to obtain: Efexp{—aG, +BoX,,}] = o hfq)(p)h) ’1’}1‘1;:(2?3‘2 We also recognize from for
a>0and 8 € C7 with a # 9(3), and some constant ke (0,00): R(a, B) = E%. With
Bo = ®(c) one can take the limit in the latter as 8 — By to obtain: &(«a, 80) = k' (80)/h = %@.

In summary:

(3.7)

(p+a—1(B))

Elexp{—aG, +B8X, }] =

Theorem 3.9 (Wiener-Hopf factorization for upwards skip-free Lévy chains). We have the follow-
ing identities in terms of ¥ and ®:
(i) For every a >0 and 3 € C~:

. o 1 — ¢~ 2R
Elexp{—aG,, — X, }| = 1 — e—(B+(p+a))h

and
p 1— e(ﬁf(b(fH’a))h

[eXp{ OéG + /Biep}] = p+ a — w(/B) 1 _ e,q;,(p)h
(the latter whenever p + o # ¥(B); for the unique By > 0 such that ¥ (5y) = p + «, i.e. for

ph _ phd’ p+a))
(BO)(I—e_q’(P)h) T 1—e— %A

(ii) For some {k*, l}:} C R* and then for every a >0 and f € C:

Bo = ®(p + ), one has the right-hand side given by 7

7 (@, B) = k(1 — e~ (B2l

and

— ()
il B) = k (ﬁ B(a))h

(the latter whenever o # (B); for the unique By > 0 such that ¥(By) = «, i.e. for
Bo = ®(cv), one has the right-hand side given by ky'(Bo)/h = ﬁm))

As a consequence of Theorem [3.9(i), we obtain the formula for the Laplace transform of the
running infimum evaluated at an independent exponentially distributed random time:

P 1 — e(B—2(p)h
p—=9(B) 1-e 2@h
(and E[e(b(p)x%] = %). In particular, if ¢'(0+) > 0, then letting p | 0 in (3.8)), one obtains
by the DCT:

Ele/*er] = (8 € Ry\{®(p)}) (3.8)

1
Fe] = Fomhe)

(8> 0). (3.9)
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4. THEORY OF SCALE FUNCTIONS

Again the reader is invited to compare the exposition of the following section with that of [3,

Section VII.2] and [14, Section 8.2], which deal with the spectrally negative case.

4.1. The scale function W. It will be convenient to consider in this subsection the times at
which X attains a new maximum. We let Dy, D2 and so on, denote the depths (possibly zero, or
infinity) of the excursions below these new maxima. For k € N, it is agreed that Dy = +oo if the
process X never reaches the level (kK — 1)h. Then it is clear that for y € ZZ, x>0 (cf. [8 p. 137,
Paragraph 6.2.4(a)] |10, Section 9.3]):

PXp, > —2)=P(D1<z,Dy<z+h,....Dyp <z +y—h)=

Y% Mpoy < (r—1)h) W)
P s PO e PO s sty ) = Hiﬁ“hp( 11§(r—1)h) T Wty)

where we have introduced (up to a multiplicative constant) the scale function:

/R
z):=1/ [[ P(D1 < (r—1h) (x>0). (4.1)
r=1

(When convenient, we extend W by 0 on (—o0,0).)

Remark 4.1. If needed, we can of course express P(D; < hk), k € Ny, in terms of the usual
excursions away from the maximum. Thus, let D; be the depth of the first excursion away from the
current maximum. By the time the process attains a new maximum (that is to say h), conditionally
on this event, it will make a total of N departures away from the maximum, where (with J; the first
jump time of X, p := A({h})/A(R), p := P(X, = h|T} < o0) = p/P(T}, < o0)) N ~ geom(p). So,

denoting 0y, := P(D; < hk), one has P(D; < hk) = P(T}, < 00) S20°, (1 — p)'6", = Ao
k € Np.

The following theorem characterizes the scale function in terms of its Laplace transform.

Theorem 4.2 (The scale function). For every y € ZZ and x > 0 one has:

Wers) (4.2)

P(KTy > —x) =

and W : [0,00) — [0,00) is (up to a multiplicative constant) the unique right-continuous and

piecewise continuous function of exponential order with Laplace transform:
efh —1
Bhy(B)

Proof. (For uniqueness see e.g. [I1l p. 14, Theorem 10]. It is clear that W is of exponential order,
simply from the definition (4.1)).)

W (3) = /OOO e W (2)dx =

(8 > ©(0)). (4.3)
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Suppose first X tends to +o0o. Then, letting y — oo in above, we obtain P(—X _ < z) =
W (xz)/W (400). Here, since the left-hand side limit exists by the DCT, is finite and non-zero at
least for all large enough z, so does the right-hand side, and W (+o00) € (0, 00).

Therefore W (z) = W (+00)P(—X, < x) and hence the Laplace-Stieltjes transform of W is given
by — here we consider W as being extended by 0 on (—o0,0):

efh—1
o'(0+)hyp(B)
Since (integration by parts [I8, Chapter 0, Proposition 4.5]) f[O,oo) e Praw (z) =
B Jio00) €W (2)da,

/[0 )e_de(x) = W (+o0) (8>0).

ooe_ﬁx e — W(+OO) B’Bh—l
/0 W@ =0y o) 70 (44)

Suppose now that X oscillates. Via Remark approximate X by the processes X¢, ¢ > 0. In
, fix B, carry over everything except for %, divide both sides by W(0), and then apply
this equality to X €. Then on the left-hand side, the quantities pertaining to X€ will converge to the
ones for the process X as € | 0 by the MCT. Indeed, for y € Z;, P(Xr, =0) = W(0)/W(y) and
(in the obvious notation): 1/P(£T§ =0) 1 1/P(Xq, =0) = W(y)/W(0), since X | X, uniformly
on bounded time sets, almost surely as € | 0. (It is enough to have convergence for y € Z;Lr, as
this implies convergence for all y > 0, W being the right-continuous piecewise constant extension
of W|ZZ.) Thus we obtain in the oscillating case, for some a € (0,00) which is the limit of the

Finally, we are left with the case when X drifts to —oo. We treat this case by a change of

measure (see Proposition and the paragraph immediately preceding it). To this end assume,

provisionally, that X is already the coordinate process on the canonical filtered space Dy,. Then we
calculate by Proposition (for y € Z, x > 0):

P(Xp, > —2) =P(I, < 0)P(Xy, > —z|Ty < 00) = e~ *OWP(XTv | > —2|T, < o0) =

e ®Owpi(xTy > _g) = e*¢(0)yph(£T(y) > —z) = e POV () /Wh(z + y),
where the third equality uses the fact that (w +— inf{w(s) : s € [0,00)}) : (Dy,F) —

([=o00, 00), B([—00,00)) is a measurable transformation. Here W¥ is the scale function correspond-

ing to X under the measure P?, with Laplace transform:

00 —,B:cWh J eﬁh -1
e r)dr = ——————
/ D = G + )
Note that the equality P(Xq, > —x) = e~ ®OYWh(2) /W (x + y) remains true if we revert back to

our original X (no longer assumed to be in its canonical guise). This is so because we can always

(6>0).
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go from X to its canonical counter-part by taking an image measure. Then the law of the process,
hence the Laplace exponent and the probability P(X. T, 2= —x) do not change in this transformation.

Now define W (z) := e®OU+2/hlhy/t(3) (x > 0). Then W is the right-continuous piecewise-
constant extension of V~V|Z;. Moreover, for all y € ZZ and x > 0, obtains with W replaced by
W. Plugging in = 0 into , W!Zh and W |z, coincide up to a multiplicative constant, hence
W and W do as well. Moreover, for all 8 > ®(0), by the MCT:

o0 3 0 (k1)
/ e*ﬁmW(az)dx = eq’(o)hZ/ efﬁzeq)(o)kth(kh)da:
0 oo/ kh

_ 2O Z ;e—ﬁkh(l _ B POk S ()
k=0

_ — e Bh 0
_ oopB—20) 1-e —(B-2(0))ayyrt
e 3 [~ o G—30 J, e Wh(x)dx

e<1>(0)h/6 —®(0) 1—ebh =2k _ 1 (fh_ 1)
B 1— e 20Dk (B —0(0))hp(5)  Bh(B)

g

Remark 4.3. Henceforth the normalization of the scale function W will be understood so as to
enforce the validity of (4.3).

Proposition 4.4. W(0) = 1/(hA({Rh})), and W (+o0) = 1/¢/(04) if (0) = 0. If ®(0) > 0, then
W(+00) = +o0.

Proof. Integration by parts and the DCT yield W(0) = limg_, ﬁW(,@). and another ap-
plication of the DCT then show that W(0) = 1/(hA({h})). Similarly, integration by parts and
the MCT give the identity W (+o0) = limgjo SW (8). The conclusion W (+00) = 1/4'(0+) is then
immediate from when ®(0) = 0. If (0) > 0, then the right-hand side of tends to infinity
as | ®(0) and thus, by the MCT, necessarily W (+o00) = 4o0. O

4.2. The scale functions W(’l), q > 0.

Definition 4.5. For ¢ > 0, let W@ () := e®@U+e/hIhyyy o (z) (z > 0), where W, plays the
role of W but for the process (X,P.) (¢ > 0; see Proposition . Note that W(© = W. When

convenient we extend W@ by 0 on (—o0,0).

Theorem 4.6. For each q >0, W@ : [0, 00) — [0,00) is the unique right-continuous and piecewise

continuous function of exponential order with Laplace transform:

— 00 Bh _ 1
(@(B) = By (@) __ e =+
Wa(E) = [ PW O = et (5> 90) (46)
Moreover, for all y € Z,‘f and z > 0:
W@
105, )= )
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Proof. The claim regarding the Laplace transform follows from Proposition [3.5] Theorem and
Definition as it did in the case of the scale function W (cf. final paragraph of the proof of
Theorem [4.2). For the second assertion, let us calculate (moving onto the canonical space Dy, as
usual, using Proposition and noting that X7, =y on {T}; < oo}):

E[e~ 9T Lix, >—u}] = E[e®@XT,—dTy Lix, >iz}]67<1>(q)y —
X,z X,z

—CD(Q)yP X > _ —_ —®(q)y ®(q) _ .
‘ o &y, 2 —¥) = ¢ Wag(+y) W@ (z+y)

Proposition 4.7. For all ¢ > 0: W@ (0) = 1/(hA({h})) and WD (+o00) = +o0.

Proof. As in Proposition W@ (0) = limg s B@(ﬁ) = 1/(hA({h})). Since ®(q) > 0,

W@ (+00) = +oo0 also follows at once from the expression for W (@), g

Moreover:

Proposition 4.8. For g > 0:
(i) If ®(q) > 0 or ¢/ (0+) > 0, then lim,_,oo WD (z)e~®@U+2/hh — 1 19/ (B(q)).
(ii) If ®(q) = ¢'(0+) = 0 (hence g = 0), then W@ (+00) = +o0, but limsup,_,., W (z)/z <
00. Indeed, limy oo W'D (2) /2 = 2/ma, if ma := [y?Ndy) < oo and lim,_,e W@ (z)/2 =

0, if mg = 0.

Proof. The first claim is immediate from Proposition [£.4] Definition and Proposition [3.5] To
handle the second claim, let us calculate, for the Laplace transform dW of the measure dW , the
quantity (using integration by parts, Theorem [4.2| and the fact that (since ¢'(0+) = 0) [yA(dy) =

0):
2

e 2
W AW (B) = I8 5y = my € 10 F0)

For:

Py — By — 1
li BY _ 1\\(d 2 _ e Py
lim (e )A(dy)/B lim 2,2

by the MCT, since (u — e_u:[iffl) is nonincreasing on (0, co) (the latter can be checked by compar-

m
Y Mdy) = =,

ing derivatives). The claim then follows by the Karamata Tauberian Theorem [6, p. 37, Theorem
1.7.1 with p = 1]. O

4.3. The functions Z9, ¢ > 0.

Definition 4.9. For each ¢ > 0, let Z(@(z) := 1 + qfOLz/th W9 (2)dz (x > 0). When convenient

we extend these functions by 1 on (—o0,0).

Definition 4.10. For z > 0, let 7, :=inf{t > 0: X; < —z}.
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Proposition 4.11. In the sense of measures on the real line, for every q > 0:
- qh (@) _ @D _p).
P—Xeq = Sh _ 1dW gW'\ V(- —h) - A,

where A := hy 72| 8k, is the normalized counting measure on ZZ+ CR, P*Keq is the law of -X.,
under P, and (W@ (. — h) - A)(A) = N W@ (y — h)A(dy) for Borel subsets A of R.

Theorem 4.12. For each x > 0,
qh

—qTy @y 9
Ele™ Lig, eyl = 27%(2) @k 1

W@ (z) (4.8)
when g > 0, and P(T; < 0o0) = 1 —W(z)/W (400). The Laplace transform of Z9, ¢ > 0, is given
by:

7)) = / " 20 (g)e e = L (1 + q> (B> 3(q)). (4.9)
0 B Vv(B) —q

Proof of Proposition and Theorem First, with regard to the Laplace transform of Z(@,
we have the following derivation (using integration by parts, for every 8 > ®(q)):

00 oo ,—fBx 1 0
7@ (z)e Prdy = C—dZW() = 2 [1+¢ ) e WO ((k — 1)h)h
/O (z)e™ " dx /0 3 (z) 5( +qk:16 ((k=1)h) )

(1 X e~ 8h i 1- e*ﬁh>6_ﬂ(k_1)hW(q)((k — 1)h)>

_ e—Bh
1—e P 15}

14— w@g)) == (14— ).
(1o 700) = 5 (14 5=
Next, to prove Proposition note that it will be sufficient to check the equality of the Laplace

transforms [4, p. 109, Theorem 8.4]. By what we have just shown, (3.8)), integration by parts, and
Theorem [4.6] we need then only establish, for 8 > ®(q):

q e(B=2(a)h _ 1 qh B(eﬁh —1) q

V(B)—q 1—e®@h P —1((8) - q)Bh  $(B) ¢’

= @

which is clear.
Finally, let x € ZZ. For ¢ > 0, evaluate the measures in Proposition at [0, x|, to obtain:

Ble™™ e co)) = Pleg>Ty) =P(X,, < —2) =1-P(X,, > -2)

= 14+ q/o WD (2)dz — Sh 1 1W(q)(:c),
whence the claim follows. On the other hand, when ¢ = 0, the following calculation is straightfor-
ward: P(T, <o0) =P(X < -2)=1-P(X_ > —z)=1—-W(x)/W(+00) (we have passed to

the limit y — oo in (4.2)) and used the DCT on the left-hand side of this equality). O

Proposition 4.13. Let ¢ >0, 2> 0,y € Z:. Then:

W (D (z)

—qTy — 7@ () - 7@
Ele 1 |=29x)-Z (a:+y)W(q)(x+y).

{Te <Ty}
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Proof. Observe that {T,, =T,} = 0, P-a.s. The case when ¢ = 0 is immediate and indeed contained
in Theorem since, P-a.s., OW\{T, <T,} = {T; > T,} = {Xy, > —a}. For ¢ > 0 we observe
that by the strong Markov property, Theorem |4.6| and Theorem [4.12

—qTy _ —qTy —qTy
E[e ! 1{T5<Ty}] - E[e 1 1{T;<oo}] - E[@ I ]l{Ty<T;<oo}}

@ I @ T, T
= Z'9Y(x) Bh 1W D(x) — E[e™? yIL{Ty<T;}]E[e +yIL{T;+y<OO}]
(9) h
B WO O (7 WO L ) N P __ e
200 = Gan VO T a1 \ZT @Y - GV ety
W (D (%

O

4.4. Calculating scale functions. In this subsection it will be assumed for notational conve-
nience, but without loss of generality, that A = 1 and that X is the canonical process on 2 = Dy,

equipped with the usual o-algebra and filtration. We define:

V= AR), pi= MW/ @ = M—kN k= 1.

Fix ¢ > 0. Then denote, provisionally, e, ; := E[e‘qu]l{XTkZ,m}], and ey, := e, where {m,k} C
Ny and note that, thanks to Theorem em.k = e’:—;’“ for all {m, k} C Ny. Now, ey = 1. Moreover,
by the strong Markov property, for each k € Ny, by conditioning on Fr, and then on F;, where J
is the time of the first jump after Ty (so that, conditionally on Ty < oo, J — T}, ~ Exp(7)):

err1 = E e_qu]l{XT >0}e_Q(J_Tk)(]l(next jump after Tj up) +
Xp >
I(next jump after T 1 down, then up 2 before down more than k — 1) +--- +

1 (next jump after T k down & then up k + 1 before down more than 0))€_Q(Tk+l_°7)]
e e
[p + k+1 k—i—l]'

~
k + qreg—12+ -+ qreok+1] = €k Q1 + -t
7+q[p +1 Y+q €h-1 €o

= e
Upon division by erer1, we obtain:

W@ (k) = ﬁ[pW(Q)(k F D)+ WDk — 1)+ + WD)

Put another way, for all k € Z:

k
pWD(k + 1) = <1 + 3) WD (k) — S qW@ (& —1). (4.10)
=1

Coupled with the initial condition W@ (0) = 1/(yp) (from Propositionand Proposition, this
is an explicit recursion scheme by which the values of W@ obtain (cf. [23, Section 4, Equations (6)
& (7)] [0} Section 7, Equations (7.1) & (7.5)]). We can also see the vector W@ = (W@ (k))rez as
a suitable eigenvector of the transition matrix P associated to the jump chain of X. Namely, we
have for all k € Z,: (1 + g) W@ (k) = 3,0 PaW (1),



FLUCTUATION THEORY FOR UPWARDS SKIP-FREE LEVY CHAINS 19

Now, with regard to the function Z (@) its values can be computed directly from the values of
W@ by a straightforward summation, Z(9(n) = 14+¢ > 7—5 W@ (k) (n € Np). Alternatively, (&.10)
yields immediately its analogue, valid for each n € Z* (make a summation ZZ;(l) and multiply by

q, using Fubini’s theorem for the last sum):

pZD(n+1) —p— pgW'9(0) = <1+3>( Zqz (n—1)-1),

ie. forall k e Z,:

k—1
pZD(k+1) (1 - —Z ql) (1 + 3) Z9D(k) =Y qz Dk —1). (4.11)
=1

Again this can be seen as an eigenvalue problem. Namely, for all &k € Z.: (1 + %) ZD (k) =

Yoiez P Z@(1). In summary:
Proposition 4.14 (Calculation of W@ and Z(q)). Let h = 1 and ¢ > 0. Seen as vectors,

W@ = (WD (k))ez and 29D = (Z9D(k))ez satisfy, entry-by-entry (P being the transition
matriz associated to the jump chain of X; Ay :=14 q/A(R)):

(PWD) |z, =AWV Dz, and (PZD)|z, =129z, , (4.12)

i.e. (&.10) and (E11)) hold true for k € Z, . Additionally, WD |,— = 0 with W@ (0) = 1/A({1}),

whereas Z 9|, = 1.

An alternative form of recursions and (| is as follows:

Corollary 4.15. We have for alln € NU{0}:

- ¢+ A(—00, —K]
WD (n+1)=wWD0)+ Z W@ (n+1— k)Tl})” w@D0) =1/A({1}), (4.13)
k=1
and for 7@ = 7@ _ 1,
2 g+ Moo,k

Z@(n+1) = (n+1)—+ZZQn+1 k)

MO Z@(0) = 0. (4.14)

A{1h
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Proof. Recursion (4.13)) obtains from (4.10]) as follows (cf. also [Il, (proof of) Proposition XVI.1.2]):

pW O (0 +1) + 3 W@ (0~ k) = W@ (n),¥n € No =

k=1
k—1 n
pW D (k+1) + Z oW D (m) = v,W @D (k),Vk € Ny = (making a summation Z)
m=0 k=0
n k-1
pZW(Q) E+D+> > ae-mW P (m) = v, ZW@ ),¥n € No = (Fubini)
k=0 m=0

n

n—1
pW(Q)(n +1) —l—pz W(q)(k) + Z W(q)(m) Z Qh—m = pW(q)(O) + vy Z W(Q)(k:),Vn € No = (relabeling)
k=0 m=0 k=m+1 k=0

n n—1 n—k n
pW D (n+1) + pz W9 (k) + Z WD (k) Z q =pW'P(0) + (14 q/7) Z W9 (k),¥n € Ng = (rearranging)
k=0 k=0 1=1 k=0

+ P
W (n+1)=w9(0)+ Z W@ (k)4 Vs @ ,Vn € Ny = (relabeling)

Py
= g+
W n+1)=wWP0)+> WPnm+1- k)Tl:k,Vn € No.
k=1

Then (4.14) follows from (4.13) by another summation from n =0 to n = w — 1, w € Ny, say, and

an interchange in the order of summation for the final sum. O

For the purposes of the following remark and corollary (cf. [5, Equation (12)] and [2, Remark 5],
respectively, for their spectrally negative analogues), it is no longer assumed that h = 1 or, indeed,
that the underlying filtered probability space is the canonical one, i.e. we revert back to our original

setting.

Remark 4.16. Let L be the infinitesimal generator [20, p. 208, Theorem 31.5] of X. It is seen from
[-12), that for each ¢ >0, (L — @)W D)|g, = (L — q)ZD)[r, = 0.

Corollary 4.17. For each q > 0, the stopped processes Y and Z, defined by Y; := e~ 1o )W (@) o

XtATO‘ and Zy = e~ 1N T ) (@) o Xt/\TO"

natural filtration FX = (FX)s>0 of X.

t > 0, are nonnegative P-martingales with respect to the

Proof. We argue for the case of the process Y, the justification for Z being similar. Let (Hy)r>1,
Hj := 0, be the sequence of jump times of X (where, possibly by discarding a P-negligible set, we
may insist on all of the T, k € Ny, being finite and increasing to +oco as k — 00). Let 0 < s < t,
A € FX. By the MCT it will be sufficient to establish for {I,k} C Ny, I < k, that:

E[]l(Hl <s < Hl+1)]].AY;5]l(Hk <t< H)ﬁq)} = E[]].(Hl <s< Hl+1)]lAYS]l(Hk <t< Hk+1)]. (4.15)

On the left-hand (respectively right-hand) side of we may now replace Y; (respectively Ys)
by Yu, (respectively Yy,) and then harmlessly insist on [ < k. Moreover, up to a completion,
FX Co((Hm A s, X(Hp A 8))m>0). Therefore, by a m/\-argument, we need only verify for
sets A of the form: A =NM_ {H, As € Apn} N {X(Hpn As) € B}, A, Bm Borel subsets of R,
1 <m < M, M € N. Due to the presence of the indicator 1(H; < s < Hj;1), we may also take,
without loss of generality, M = [ and hence A € ]-'I)fl. Further, H := o(Hj11—H;, H,—H;, Hp 11— H))
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independent of .7-"1){([ V o(Yp, ) and then E[YHk\]:ﬁl VH] = E[YHk|]-'§l] = Yy,, P-a.s. (as follows at

once from (4.12)) of Proposition [4.14)), whence (4.15)) obtains. O
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