ON THE INFORMATIONAL STRUCTURE IN OPTIMAL DYNAMIC
STOCHASTIC CONTROL

MATIJA VIDMAR AND SAUL JACKA

ABSTRACT. We formulate a massively general framework for optimal dynamic stochastic control
problems which allows for a control-dependent informational structure. The issue of informational
consistency is brought to light and investigated. Bellman’s principle is formulated and proved. In
a series of related results, we expound on the informational structure in the context of (completed)

natural filtrations of (stochastic) processes.

1. INTRODUCTION: MOTIVATION — LITERATURE OVERVIEW — STRUCTURE OF PAPER &
INFORMAL SUMMARY OF RESULTS

Optimal dynamic stochastic control, is (i) stochastic, in the sense that the output of the system
is random; it is (ii) optimal control, to the extent that, with the goal of optimizing its expectation,
said output is subject to exogenous influence; and it is (iii) dynamic, in that this control, at any
one instant of time, is adapted to the current and past state of the system. In general, however,
the controller in a dynamic stochastic control problem can observe some part only of all of the
“universal” information which is being accumulated (e.g. he may only be able to observe the
controlled process, or, worse, some (non one-to-one) function thereof). Moreover, this “observed
information” may depend on the chosen control.

It is therefore only reasonable to insist a priori on all the admissible controls (as processes) to be
adapted (or even predictable with respect) to what is thus a control-dependent-informational-flow
that is being acquired by the controller. And while not doing so can emerge as having been (in
some sense) immaterial a posteriori (e.g. since the optimal control turned out to have been only a
function of the present (and past) state of an observable process), then this will, generally speaking,
only happen to have been the case, rather than it needing to have been so, which, presumably, is
the preferred of the two alternatives.

Some (informal) examples follow.
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(o) Job hunting. Consider an academic trying to optimize his choice of current institution.
The decision of whether or not to move, and where to move, will be based (in particular) on the
knowledge of the quality of the research and of the amenities of the various universities/institutes
that he can choose from. This knowledge itself will depend (at least partially) on the chosen
sequence of institutions that he has already affiliated himself with (indeed, since the quality of the
institutions changes over time, it will depend on it in a temporally local way — only once he has
chosen to move and has spent some time at his new location, will he be able to properly judge the
eventual ramifications of his choice). Costs are associated with moving, but also with staying for
too long at an institution, which hinders his academic development; rewards are associated with
the quality of the chosen institution; further, more or less resources can be devoted to determining
the quality of institutions before a (potential) move. (See Section |5| for a toy model reminiscent of
this situation.)

(e) Or consider quality control in a production line of light-bulbs. A fault with the machine
may cause all the bulbs from some time onwards to be faulty. Once this has been detected, the
machine can of course be fixed and the production of functioning bulbs restored. However, only the
condition of those light-bulbs which are taken out of the production line, and tested, can actually
be observed. A cost is associated with this process of testing (but, clearly, also with issuing faulty
light-bulbs). Conversely, rewards accrue from producing functioning bulbs.

(e) From the theory of controlled SDEs, a folklore example of loss of information is Tanaka’s
SDE: let X be a Brownian motion, W; := fot sgn(X;)dXs, t € [0,00). Then the completed natural
filtration of W is strictly included in the completed natural filtration of X [11, p. 302].

() In economics the so-called class of bandit models is well-known (see the excellent literature
overview in [8]). These are “sequential decision problems where, at each stage, a resource like time,
effort or money has to be allocated strategically between several options, referred to as the arms
of the bandit.” And further: “The key idea in this class of models is that agents face a trade-
off between experimentation (gathering information on the returns to each arm) and exploitation
(choosing the arm with the highest expected value).” [8, p. 2].

() Miscellaneous other situations in which the control is non-trivially, and naturally, adapted, or
even previsible, with respect to an informational flow, which it itself influences and helps engender,
abound: controlling the movement of a probe in a stochastic field, only the local values of the field
being observable, and costs/rewards associated with the speed of movement /intensity of the field
(cf. Example; a similar situation for movement on a random graph, being only able to observe
the values attached to the vertices visited; additively controlling a process, but observing the sum
of the process itself and of the control etc.

In short, the phenomenon is ubiquitous; we suggest it is the norm, rather than the exception.
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In particular, then, one should like a general framework for stochastic control (equipped with
a suitable abstract version of Bellman’s principle) which makes such a control-dependent informa-
tional flow explicit and inherent in its machinery. The (seeming) circularity of the controls being
adapted to an informational structure which they themselves help engender, makes this a some-
what delicate point. Indeed, it would seem, this is the one aspect of general (abstract) dynamic
stochastic control which has not yet received due attention in existing literature. Hitherto, only
a single, non-control dependent, observable [5] informational flow [15, [I4] appears to have been
allowed. (This is of course not to say that the phenomenon has not entered and been studied in
the literature in specific situations/problems, see e.g. [0, 8, [7, [16] [I, Chapter 8] and the refer-
ences therein; the focus there having been (for the most part) on reducing (i.e. a priori proving a
suitable equivalence of) the original control problem, which is based on partial control-dependent
observation, to an associated ‘separated’ problem, which is based on complete observation.)

In the present paper we attempt to fill this gap in the literature, by putting forward a general
stochastic control framework which explicitly allows for a control-dependent informational flow — as
it were ‘embracing it’, rather than trying to circumvent it in some or another manner. (Recognizing
that it may not always be advantageous, or indeed possible, to work with an equivalent (but more
complex) ‘separated’ formulation.) In particular, we provide a fully general (modulo the relevant
(technical) condition, see Assumption abstract version of Bellman’s principle in such a setting.
This is the content of Part [1} Specifically, Section [2| formally defines a system of stochastic control
(in which observed information is an explicit function of control); Section [3|discusses its conditional
payoff and ‘Bellman’ system; Section [4] formulates Bellman’s principle — Theorem is our main
result. Lastly, Section [5| contains the solution to a formal (but artificial) example, illustrating some
of the main ideas of this paper; several other (counter)examples are also given along the way.

Now, a crucial requirement for the above programme to be successful is that of informational
consistency over controls (cf. Assumption : if two controls agree up to a certain time, then
what we have observed up to that time should also agree. Especially at the level of random (stop-
ping) times, this becomes a non-trivial statement — for example, when the observed information
is that generated by a (controlled) process, which is often the case. We expound on this issue of
informational consistency in the context of (completed) natural filtrations of processes in Part
Specifically, we consider there, amongst others relevant, the following natural and pertinent ques-
tion, which is interesting in its own right: if X and Y are two processes, and S a stopping time of
one or both of their (possibly completed) natural filtrations, with the stopped processes agreeing,
X% = Y9 (possibly only with probability one), must the two (completed) natural filtrations at
the time S agree also? To answer this question (with proofs) is non-trivial in the temporally non-
discrete case, and several related findings are obtained along the way (see the introductory remarks
to Part |2, on p. for a more detailed account). In essence they are (consequences of/connected
with) a generalization (Theorem of (a part of) Galmarino’s test, available in literature for
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coordinate processes on canonical spaces [4, p. 149, Theorem IV.100] [11 p. 320, Lemma 4.18],

and extended here to a not necessarily canonical setting.

Conventions. Throughout this paper, for a probability measure P on 2 and A C 2, some
property in w € A will be said to hold P-a.s. on A, if the set of w € A for which the property does
not hold is first measurable (i.e. belongs to the domain of P), and second is of P-measure zero.
When A = Q, we shall of course just say that the property holds P-a.s. Finally, for £ c 2 and
ACQ, Lla:={LNA:LeL}is the trace of £ on A.

Part 1. Optimal dynamic stochastic control with control-dependent information

As announced in the Introduction, we provide and analyze in this part, a framework for optimal
dynamic stochastic control, in which information is explicitly control-dependent. The informational
flow itself is modeled using filtrations, and this can be done in one of the following two, essentially

different, ways:

(1) Dealing with events ‘with certainty’, irrespective of the presence of probability.
(2) Dealing with events ‘up to a.s. equality’, insisting that the filtrations be complete relative

to the underlying probability measure(s).
We develop the second ‘probabilistic’ approach — of complete filtrations — in parallel to the default

first — for lack of a better word, ‘measure-theoretic’ — setting. Indeed, the formal differences between
the two approaches are minor. For the most part one has merely to add, in the ‘complete’ setting,
a number of a.s. qualifiers. We will put these, and any other eventual differences of the second
approach as compared to the first, in {} braces. This will enforce a strict separation between the

two settings, while still allowing us to repeat ourselves as little as possible.

2. STOCHASTIC CONTROL SYSTEMS

We begin by specifying the formal ingredients of a system of optimal dynamic stochastic control.

Setting 2.1 (Stochastic control system). A stochastic control system consists of:

(i) A set T with a linear (antisymmetric, transitive & total) ordering <. We will assume (for
simplicity) either T'= Ny, or else T' = [0, 00), with the usual order. T is the time set.

(ii) A set C. The set of admissible controls. (These might be {equivalence classes of} processes
or stopping times, or something different altogether.)

(iii) A set ©Q endowed with a collection of o-algebras (F¢).ec. 2 is the sample space and F¢
is all the information accumulated (but not necessarily acquired by the controller) by the
“end of time” or, possibly, by a “terminal time”, when ¢ is the chosen control. For example,
in the case of optimal stopping, when there is given a process X, and it is stopped, the set

of controls C would be the {equivalence classes of the} stopping times of the {completed}
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natural filtration of X, and for any S € C, F¥ = o(X¥), the o-field generated by the
stopped process {or its completion}. We understand here optimal stopping in the strict
sense: the exogenous act is that of stopping, not sampling; after the process has been
stopped, it ceases to change.

(P)cec, a collection of {complete} probability measures, each P¢ having domain which
includes the {P¢complete} o-field F¢ (for ¢ € C). The controller chooses a probability
measure from the collection (P¢).cc. This allows for incorporation of the Girsanov approach
to control, wherein the controller is seen as affecting the probability measure, rather than
the random payoff. From the point of view of information, being concerned with laws rather
than random elements, it is of course somewhat unnatural. Nevertheless, we will formally
allow for it — it costs us nothing.

A function J : C — [—00, +0c], each J(c) being F¢ measurable (as ¢ runs over C) {and
defined up to P®-a.s. equality}. We further insist EP“.J(¢)™ < oo for all ¢ € C. Given the
control ¢ € C, J(c) is the random payoff. Hence, in general, we allow both the payoff, as
well as the probability law, to vary.

A collection of ﬁltrationsﬂ (G%)cec on Q. It is assumed GS = VierGy C F¢, and (for
simplicity) that G§ is P%trivial (for all ¢ € C) {and contains all the P®null sets}, while
G = G¢ {i.e. the null sets for P¢ and P? are the same} and P¢lge = Pd|gg for all {c,d} C C.
Gy is the information acquired by the controller by time ¢ € T, if the control chosen is
c € C (e.g. G° may be the {completed} natural filtration of an observable process X¢ which

depends on c¢). Perfect recollection is thus assumed.

Definition 2.2 (Optimal expected payoff). We define v := sup,cc E7 J(c) (sup® := —o0), the

optimal expected payoff. Next, ¢ € C is said to be optimal if EP“.J(c) = v. Finally, a C-valued

net is said to be optimizing if its limit is v.

Remark 2.3.

(1)

It is, in some sense, no restriction, to have assumed the integrability of the negative parts
of J in Setting For, allowing any extra controls ¢ for which EP“.J(¢)™ = oo, but
for which EP.J(c) would still be defined, would not change the value of v (albeit it could
change whether or not C is empty, but this is a trivial consideration).

It is not natural a priori to insist on each J(c) being G5 -measurable (for ¢ € C). The
outcome of our controlled experiment need not be known to us (the controller) at all — not
even by the end of time; all we are concerned with is the maximization of its expectation.
In the case C is a collection of processes, the natural requirement is for each such process

¢ € C to be adapted (perhaps even previsible with respect) to G¢. If it is a collection of

LAl filtrations will be assumed to have the parameter set 7.
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random times, then each such ¢ € C should presumably be a (possibly predictable) stopping

time of G¢. But we do not formally insist on this.

We now introduce the concept of a controlled time, a (we would argue, natural) generalization

of the notion of a stopping time to the setting of control-dependent filtrations.

Definition 2.4 (Controlled times). A collection of random times S = (S§¢).cc is called a con-

trolled time, if S¢ is a {defined up to P%a.s. equality} stopping time of G for every ¢ € C.

Example 2.5. A typical situation to have in mind is the following. What is observed is a process
X¢, its values being contingent on the chosen control ¢ (this may, but need not, be the controlled
process, e.g. it might be some non one-to-one function of it). Then G¢ is the {completed} natural
filtration of X¢. Letting, for example, for each ¢ € C, §¢ be the first entrance time of X¢ into some
fixed set, the collection (S¢).cc would constitute a controlled time (as long as one can formally

establish the stopping time property). o

Definition 2.6 (Deterministic and control-constant times). If there is some a € T'U {o0}, such
that S¢(w) = a for {P¢-almost} all w € €2, and every ¢ € C, then S is called a deterministic time.
More generally, if there is a random time S, which is a stopping time of G¢ and §¢ = S {P%a.s}

for each ¢ € C, then § is called a control-constant time.

As yet, C is an entirely abstract set with no dynamic structure attached to it. The following
establishes this structure. The reader should think of D(c, S) as being the controls “agreeing {a.s.}
with ¢ up to time §”. (Example and Section [5| contain definitions of the collections D(c, S) in
the (specific) situations described there.)

Setting 2.7 (Stochastic control system (cont’d) — control dynamics). There is given a collection
G of controlled times. Further, adjoined to the stochastic control system of Setting[2.1} is a family
(D(c,S))(e,s)ecxa of subsets of C for which:
(1) ¢ € D(c,S) for all (¢,S) € C x G.
(2) For all S € G and {c,d} C C, d € D(c,S) implies S¢ = S¢ {P¢ & P?-a.s}.
(3) If {S,7T} C G, ce Cand §° = T¢ {P%a.s}, then D(c,S) =D(c, T).
(4) If {S,T} € G and ¢ € C for which S < T {P%as.} for d € D(c,T), then D(c,T) C
D(c,S).
(5) For each S € G, {D(c,S) : c € C} is a partition of C.
(6) For all (¢,S) € C x G: D(c,S) = {c} (resp. D(¢,S) = C), if §¢ is identically {or P-a.s.}
equal to oo (resp. O)E|

Definition 2.8. Pursuant to Setting [2.7(5)| we write ~g for the equivalence relation induced by
the partition {D(c,S) : ¢ € C}.

2This is not really a restriction; see Remark
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Using this dynamical structure, a natural assumption on the temporal consistency of the filtra-
tions (G°).ec and the measures (P¢).cc — indeed a key condition on whose validity we shall insist

throughout — is as follows:

Assumption 2.9 (Temporal consistency). For all {¢,d} C C and S € G satisfying ¢ ~s d, we
have Gg. = ggd and P|ge, = Pd\ggd.

Several remarks are now in order.

(e) First, when S is a non-control-constant time (e.g. when S€ is the first entrance time into some
fixed set of an observed controlled process X¢, as ¢ runs over C), then already the provisions of
Setting (leaving aside, for the moment, Assumption are far from being entirely innocuous,
viz. condition Setting (which, e.g. would then be saying that controls agreeing with ¢ up
to the first entrance time S¢ of the observed controlled process X¢, will actually leave the latter
invariant). They are thus as much a restriction/consistency requirement on the family D, as they are
on which controlled times we can put into the collection G. Put differently, G is not (necessarily)
a completely arbitrary, if non-specified, collection of controlled times. For, a controlled time is just
any family of G¢stopping times, as ¢ runs over the control set C. The members of G, however,
enjoy the further property of “agreeing between two controls, if the latter coincide prior to them”.
This is of course trivially satisfied for deterministic times (and, more generally, control-constant
stopping times), but may hold of other controlled times as well.

() Second, the choice of the family G is guided by the specific problem at hand: not all con-
trolled times are of interest. For example, sometimes the deterministic times may be relevant, the
others not. On the other hand, it may be possible to effect the act of “controlling” only at some
collection of (possibly non-control-constant) stopping times — then these times may be particularly
worthy of study. The following example illustrates this point already in the control-independent
informational setting (anticipating somewhat certain concepts, like the Bellman system, and con-
ditional optimality, which we have not yet formally introduced; the reader might return to it once
he has studied Sections 3| and .

Ezample 2.10. Given: a probability space (2, F,P); on it an Np-valued cadlag Poisson process
N of unit intensity with arrival times (Sy)nen,, So := 0, S, < oo for all n € N; an independent
independency of random signs (R, )nen, with values in {—1,+1}, P(R, =+1) =1-P(R, = —1) =
2/3.

The “observed process” is
W= N+/ > Ruls, s,,,)dLleb
0 neNy

(so to N is added a drift of R,, during the random time interval [S,,, Sp4+1), n > 0). Let G be the

natural filtration of W. Remark the arrival times of N are stopping times of G.
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The set of controls C, on the other hand, consists of real-valued, measurable processes, starting
at 0, which are adapted to the natural filtration of the bivariate process (W1jan-o}, N) (where
AN is the jump process of N; intuitively, we must decide on the strategy for the whole of [S,, Sp+1)
based on the information available at time S, already, n > 0). For X € C consider the penalty

functional

J(X) = /[O )e—atﬂ(o,m) o | Xy — W;|dt

(continuous penalization with discounting rate a € (0, +00) of any deviation from the process W
by the control X). Let v := infxcc EJ(X) be the optimal expected penalty; clearly an optimal
control is the process X which takes the value of W at the instances which are the arrival times of
N and assumes a drift of +1 in between those instances, so that v = 1/(3«). Next, for X € C, let

Ve = P-essinfy cc ys—xsE[J(Y)|Gs], S a stopping time of G,

be the Bellman system. We shall say Y € C is conditionally admissible at time S for the control
X (resp. conditionally optimal at time S), if Y° = X9 (resp. V& = E[J(Y)|Gs] P-a.s.). Denote
V := VX for short.

(1) We maintain first that the process (V;);cj0,c) (the Bellman process (i.e. system at the
deterministic times) for the optimal control), is not mean nondecreasing (in particular, is not a
submartingale, let alone a martingale with respect to G) and admits no a.s. right-continuous
version.

For, Vo = v; while for ¢t € (0,00), the following control, denoted X*, is, apart from X, also
conditionally admissible at time ¢ for X: It assumes the value of W at the instances of the arrival
times of N, and a drift of +1 in between those intervals, until before (inclusive of) time t; strictly
after time ¢ and until strictly before the first arrival time of N which is > ¢, denoted S, it takes
the values of the process which starts at the value of W at the last arrival time of N strictly
before ¢t and a drift of —1 thereafter; and after (and inclusive of) the instance S, it resumes
to assume the values of W at the arrival times of N and a drift of +1 in between those times.
Notice also that R;1(t is not an arrival time of N) € G;, where Ry = > . Rnljs, s,.,)(t), ie.
R;1(t is not an arrival time of N) is the drift at time ¢, on the (almost certain) event that ¢ is not
an arrival time of NV, zero otherwise. It follows that, since X is conditionally admissible for X at

time t:

V. < E[J(X)|G.
so EVilig,—11y < EJ (X )]1{ R,=+1}; whereas since X* is also conditionally admissible at time ¢ for
X:

Ve < E[J(X7)|G4,

so EVilg,——1y < BJ(X) =1y = EJ(X)r=-1y — E[f,g,)e Vdtlp-—1y =
EJ(X)H{Rt:_I} — ée‘o‘t(l — p%a)% (properties of marked Poisson processes). Summing the two
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inequalities we obtain

1
EV, <p— —— ot
=TT 30t

implying the desired conclusion (for the nonexistence of a right continuous version, assume the
converse, reach a contradiction via uniform integrability).

(2) We maintain second that the process (VSXn Jnen,, however, is a discrete-time submartingale
(and martingale with X = X)) with respect to (Gs, Jnen,, for all X € C.

For X = X, this follows at once from the obvious observation that X is conditionally optimal
at each of the arrival instances of N. On the other hand, for arbitrary X € C, n € Ny, G € Gg,,,
and {Y,Z} C C with Y» = X5» = 7% the control which coincides with Y (hence Z) on [0, S,]
and then with Y (resp. Z) on (resp. the complement of) G strictly after S,, is conditionally
admissible at time S, for X. The desired conclusion then follows through a general argument, see
Theorem Specifically, one finds that the family {E[J(Y)|Gs,] : Y € C,Y " = X} is directed
downwards for each n € Ny (cf. proof of Proposition , hence can apply Lemma (cf. proofs
of Proposition and Theorem [4.6|). o

In light of this example it is important to note that it will not matter to our general analysis,
which controlled times are actually put into G: as long as the explicit provisions that we (will,
viz. Assumption have made, are in fact met. This generality allows to work with/choose, in a
given specific situation, such a family G, as can be/is most informative of the problem.

(e) Finally, as already remarked, a typical example of an observed filtration is that of an observed
process, i.e. for ¢ € C, X¢ is a process whose values (in some measurable space) we can observe,
and Gf = o(Xjpy) = o(X{ : s € [0,#]), t € T, is the natural filtration of X¢ {or possibly
its P¢-completion}. Let ¢ and d be two controls, agreeing up to a controlled time S, ¢ ~g d.
Then, presumably, X¢ and X¢ do, also, i.e. (X = (Xd)sd {P¢a.s. and P%a.s.} (where, a
priori, S¢ = S {P¢-a.s. and P%a.s.}), and hence we should like to have (viz. Assumption
Gée = di. In other words, abstracting only slightly, and formulated without the unnecessary
stochastic control-picture in the background, the following is a natural, and an extremely important,
question. Suppose X and Y are two processes, defined on the same sample, and with values in
the same measurable, space; S a stopping time of both (or possibly just one) of their {completed}
natural filtrations. Suppose furthermore the stopped processes agree, X° = Y {with probability
one}. Must we have Fg = FY {FXg = FYg} for the {completed} natural filtrations FX and F*
{ﬁ and ﬁ} of X and Y7 Intuitively: yes, of course (at least when there are no completions in
play). Formally, in the non-discrete case, it is not so straightforward. We obtain partial answers
in Part 2

We conclude this section with a rather general example illustrating the concepts introduced

thusfar, focusing on the control-dependent informational flows, and with explicit references made

to Settings [2.1] and
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Ezample 2.11. The time set is [0,00) (Setting [2.1J(i); 7" = [0,00)). Given are: a probability space
(Q, F,P) (Settings [2.1{(iii)| and [2.1(iv)j F¢ = F and P¢ = P for each ¢, € is itself); an open subset
O C R? of Euclidean space; and a random (time-dependent) field (R°),co — each R? being an

F-measurable random variable, and the random map ((o,t) — RY) being assumed continuous from
O x [0, 00) into R /so that the map ((w,0,t) — R?(w)) is automatically F @ B(O)®B([0,c0))/B(R)-
measurableﬂ/ . Think of, for example, the local times of a Markov process, the Brownian sheet,
solutions to SPDEs [3] etc.

Now, the idea is to control the movement in such a random field, observing only the values of
the field at the current space-time point determined by the control c¢. Rewards accrue as a function
of the value of the field at the location of the control, penalized is the speed of movement.

To make this formal, fix a discount factor o € (0,00), an initial point oy € O, a measurable
reward function f : O — R and a nondecreasing penalty function g : [0,00) — R.

The controls (members of C of Setting are then specified as being precisely all the
O-valued, F ® B([0,00))/B(O)-measurable, differentiable (from the right at zero), processes c,
starting at oy (i.e. with ¢g = o0p), adapted to the natural filtration (denoted G¢ as in Set-
ting [2.1(vi)) of the process R® and satisfying (cf. definition of J in the paragraph following)
E fooo e” M [f~ o R{* + gT o|é]dt < co. (Clearly the observed information G¢ depends in a highly
non-trivial way on the chosen control.)

Next, the payoff functional J from Setting is given as:

J(c):= /Dooe_o‘t [foR;* —golélldt, ceC.
Finally, with regard to Setting define for any ¢ € C and controlled time S,
D(c,S) :={d e C:d% =5},
and then let
G := {controlled times S such that VcVd(d € D(c,S) = S° = S & G5 = Gi.)}.

We will indeed see (Corollary that G = {controlled times S such that VcVd(d®® = ¢ = S¢ =

S}, as long as (2, F) is Blackwell (which can typically be taken to be the case). Regardless of

whether or not (2, F) is in fact Blackwell, however, all the provisions of Settings and as

well as those of Assumption [2.9] are in fact met. o
3. THE CONDITIONAL PAYOFF AND THE BELLMAN SYSTEM

Definition 3.1 (Conditional payoff & Bellman system). We define for c € C and S € G:

J(c,S) := EP°[J(¢)|GSe], and then V(c,S) := Plge.-esssupep(ces)J (d, S);

3For simplicity (so as not to be preoccupied with technical issues) we make all the processes in this example

continuous.
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and say c € C is conditionally optimal at S € G, if V(c,S) = J(¢,S) P%-as. (J(¢,5))(c,s)eccxa
is called the conditional payoff system and (V(c,S))s)ccxa the Bellman system.

Remark 3.2.

(i) Thanks to Assumption the essential suprema appearing in the definition of the condi-
tional payoff system are well-defined (up to the relevant a.s. equalities).

(ii) Also, thanks to Setting V(e,S) only depends on S through S¢ in the sense that
V(e,S) =V(e,T) as soon as S¢ = T¢ {P%a.s.}. Clearly the same holds true (trivially) of
the system J.

Some further properties of the systems V' and J follow. First,

Proposition 3.3. V(c,S) is G&.-measurable and its negative part is P-integrable for each (c,S) €
C x G. Moreover if c ~s d, then V(c,S) = V(d,S) P-a.s. and P%-a.s.

Proof. The appropriate measurability of V (¢, S) follows from its definition. Moreover, since each
D(c,S) is non-empty, the integrability condition on the negative parts of V' is also immediate (from
the assumed integrability of the negative parts of J). Finally, the last claim follows from the fact
that D(c,S) = D(d,S) (partitioning property) and P¢|ge. = Pd|g§d (consistency), when ¢ ~g d. [

Second, Proposition will (i) establish that in fact (J(c,S))(c.s)ecxa is a (C, G)-system in
the sense of the definition which follows, and (ii) will also give sufficient conditions for the P¢-a.s.
equality J(c,S) = J(d,S) to obtain on an event A € GS., when ¢ ~s d (addressing the situation
when the two controls ¢ and d agree “for all times” on A). Some auxiliary definitions and results

are needed to this end; they precede Proposition 3.9

Definition 3.4 ((C,G)-system). A collection X = (X(¢, 7)) )ecxg of functions from
[—00, +00]? is a (C,G)-system, if (i) X(c,T) is G%.-measurable for all (¢,7) € C x G and
(ii) X(c,8) = X (¢, T) Pé-a.s. on the event {S¢ = T°}, for all c€ C and {S,7} C G.

Definition 3.5 (Times accessing infinity). For a sequence (t)nen of elements of T', we say it

accesses infinity, if for all t € T', there exists an n € N with ¢t < ¢,,.

Lemma 3.6. Suppose H is a {P-complete} filtration on 2 {P being a complete probability measure}
and (Sp)n>1 a sequence of its stopping times {each defined up to P-a.s. equality}, which accesses
infinity pointwise {or P-a.s.} on A C Q, i.e. (Sp(w))nen accesses infinity for {P-almost} every
we A. Then Hoola = VnenHs, |A-

Proof. The inclusion D is manifest. For the reverse inclusion, let t € T' and B € H; (noting that
for any £ C 2% and A C Q, 0q(L)|a = 0a(L]a)). Then {P-as.} BNA=U2,(BN{S, >t})NA
with BN{S, >t} € Hg,. O
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Lemma 3.7. Let {c,d} C C and A C Q. Let furthermore (Sy)nen be a sequence in G accessing
infinity {a.s.} on A for the controls ¢ and d (i.e. (S!'(w))nen accesses infinity for {P"-almost}
every w € A, each h € {c,d}), and for which ¢ ~s, d for each n € N. Then G5 |4 = GL|a.

If further, A € ggﬁ for all n € N, and the sequence (Sp)nen is {a.s.} nondecreasing on A and
for the controls ¢ and d (i.e. (SI'(w))nen is nondecreasing for {P"-almost} every w € A, each
h € {c,d}), then P¢|g. and I:’d|ggo agree when traced on A.

Remark 3.8. We mean to address here abstractly the situation when the two controls ¢ and d agree

for all times on A.

Proof. By the consistency properties, certainly Pc\ggc agrees with Pd|gdd for each n € N, while
n S

(S¢ = 8%),en accesses infinity {P®a.s. and P%a.s.} on A. Then applny Lemma to obtain
G5ola = 0a(UnenGs.[4) = O'A(UnENggg‘A) = G |4. If, moreover A € gs. for all n € N, then
the traces of P¢ and P% on A agree on UnenGse|a. Provided in addition (S7)nen is {P%a.s.}
nondecreasing on A, the latter union is a w-system (as a nondecreasing union of o-fields, so even an
algebra) on A. This, coupled with the fact that two finite measures of the same mass, which agree

on a generating m-system, agree (by a monotone class argument), yields the second claim. O

Proposition 3.9. (J(c,S))(.s)ecxa 5 a (C, G)-system. Moreover, if
(Z) c~s d; Ae gg‘c;
(ii) there exists a sequence (Sp)nen from G {a.s.} nondecreasing and accessing infinity on A for
the controls ¢ and d, and for which ¢ ~s, d and A € ggﬁ for each n € N;
(iii) EP°[J(c)|GS.] = EP'[J(d)|GL] Pe-a.s. and P4-a.s. on A;
then J(c,S) = J(d,S) P¢-a.s. and P¥-a.s. on A.

Proof. By definition, J(c,T) is Gf.-measurable. Next, if ¢ € C, then Gs. = G5 when traced
on {T¢ = S§°% € G& N G, whence J(c,T) = J(c,S) P%a.s. thereon (applying Lemma [A.1]).
Finally, to show that J(c,S) = J(d,S) P®a.s. (or P%a.s., it is the same) on A under the indicated

conditions, we need only establish that:

Pe-a.s. 1TAEP [J(0)|G%] = 1AEP'[J(d)|GL] & (since Gy = Ge, A € G&)
VB € Gs EP[J(c)lalp] = EP[EP'[J(d)141 B|G%4]] & (since P¢lge, = Pd\ggd)
VB € G4 EP[J(c)lalp] = EP'[J(d)141p] < (conditioning)
VB e G5 EVET (005115 = EPETI(d)|G%]1a18]
(since EP°[J(c)|GS.] = EP'[J(d)|G2] P%-a.s. on A)
VB e G5 EVETI(@|0L)1a15] = EP[EP[J(d)|GL]1aTz),

where finally one can apply Lemma [3.7] O
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4. BELLMAN’S PRINCIPLE

Definition 4.1 ((C, G)-super/-/sub-martingale systems). A collection X = (X(c,S))s)e(c,q)
of functions from [—o0, +00] is a (C, G)- (resp. super-, sub-) martingale system, if for each
(¢,8) € Cx G (i) X(c,S) is G&-measurable, (i) X(¢,S) = X(d,S) P%a.s. and P%-a.s., whenever
¢ ~s d, (ili) (resp. the negative, positive part of) X (c,S) is integrable and (iv) for all {S,7} C G
and ¢ € C with S < T4 {PLa.s.} for d € D(c, T),

E'[X (e, T)IGS] = X (c. )
(resp. EP[X(c, T)|G%:] < X(c,S), E™'[X(c, T)|GS] > X (¢, S)) Pe-aus.

In order to be able to conclude the supermartingale property of the Bellman system (Bellman’s
principle), we shall need to make a further assumption (see Assumption below; cf. Lemma [A.3]).

The following proposition gives some guidance as to when it may be valid.

Proposition 4.2. Let c€ C, S € G and € € [0,00), M € (0,00]. Then @M

(1) (i) For all d € D(c,S), P4 =P . AND
(ii) For all {d,d'} C D(c,S) and G € G%, there is a d’ € D(c,S) such that J(d") >
M A [1gJ(d) + 1o\ J(d)] — € P*-a.s.

(2) For all {d,d'} C D(c,S) and G € G%., there is a d’ € D(c,S) such that J(d",S) >
M A[1gJ(d,S)+ Lo/ (d',S)] — € P-a.s.

(3) (J(d,S))aen(c,s) has the “(e, M)-upwards lattice property”:

For all {d,d'} C D(c,S) there exists a d” € D(c,S) such that

J(d,8) > (M AJ(d,S)V (MAJ(d,S)) — e

P¢-a.s.

Proof. Implication |(1)={(2)| follows by conditioning on GS. under P¢. Implication |(2)F{(3)| follows
by taking G = {J(d,S) > J(d',S)} € G.. O

Assumption 4.3 (Upwards lattice property). For all ¢ € C, § € G and {¢, M} C (0,00),
(J(d, S))aep(c,s) enjoys the (€, M )-upwards lattice property (as in Proposition Property .

(We shall make it explicit in the sequel when this assumption will be in effect.)

Remark 4.4.
(i) The upwards lattice property of Assumption represents a direct connection between the

set of controls C on the one hand and the collection of observable filtrations (G¢).cc and set
of controlled times G on the other. It is weaker than insisting that every system (J(c,S))cec
be upwards-directed (Proposition Property with e = 0, M = o0), but still sufficient
to allow one to conclude Bellman’s (super)martingale principle (Theorem . A more
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precise investigation into the relationship between the validity of Bellman’s principle, and
the linking between C, G and the collection (G°).cc remains open to future research.

(ii) It may be assumed without loss of generality (in the precise sense which follows) that
{0,000} C G. Specifically, we can always simply extend the family D, by defining D(c, 00) :=
{c} and D(c,0) := C for each ¢ € C — none of the provisions of Section (Setting [2.1
and Assumption , nor indeed the validity or non-validity of Assumption being
thus affected.

(iii) Assumption is of course trivially verified when the filtrations G all consist of (proba-

bilistically) trivial o-fields alone.

Ezxzample continued. We verify that in Example under the assumption that in fact the
base (2, F) therein is Blackwell, Property from Proposition obtains with M = oo, € = 0.
Let G € G&., {d,d'} € D(c,S). It will suffice to show that d” := dlg +d'lg\¢ € C (for, then, in
fact, we will have J(d") = J(d)1g + J(d')1g\g). Now, 8% =8¢ = S? are all stopping times of G,
and d5° = ¢5° = d'*"; by Theorem Proposition and Proposition [6.9) to follow in Part |2} all
the events {S¢ > t}, {S¢ <t} NG and {S¢ < t} N (Q\G) belong to o((R)S) = o((RY)SN)
o((RY)t) = G¥". Next, for sure, d’ is a F ® B([0,00))/B(0O)-measurable, differentiable O-valued
process with initial value og, satisfying the requisite integrability condition on f~ and ¢g*. So
it remains to check d” is G%-adapted; let ¢ € [0,00). Then di Tsesty = ctlysesy € Gf, hence
di Tsessy € G&"  since G = G¢ on {S¢ > t}. On the other hand, A} Lise<iyng = dilise<pne € G
hence df Ise<png € G since G = G on {S¢ < t} N G; similarly for Q\G in place of G. o

Proposition 4.5. [Cf. [5, p. 94, Lemma 1.14].] Under Assumption[{.3, for anyc € C, T € G
and any sub-o-field A of GF., P¢-a.s.:

EP [V(e, T)|A] = PC|A-eSSSupdE'D(C7T)EPd [J(d)|.A].
In particular, EP°V(c,T) = SUPgGeD(c,T) EP' J(d).
Proof. By Lemma we have, Pa.s.:
E” [V (e, T)|A] = PLaesssupgepe B [E7 [ (d)|6F4][A]
= P9 gesssupgep(e 1) ET [E7 [(d)|G5]| Al since G5 = GF, & PCgs, = Pd\%,
for d ~7 ¢, where from the claim follows at once. a

Theorem 4.6 (Bellman’s principle). We work under the provisions of Assumptz'on and insist
{0,00} € G (recall Remark [4.J(ii)).

(V(e,S))(e,s)ecxa is a (C, G)-supermartingale system. Moreover, if ¢* € C is optimal, then
(V(c*,T))Teq has a constant P¢ -expectation (equal to the optimal value v = P J(c*)). If further
P J(c*) < o0, then (V(c*,T))rec is a G-martingale in the sense that (i) for each T € G,
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V(c*,T) is g;fc* -measurable and P -integrable and (ii) for any {S, T} C G with S* < T {P4-
a.s.} ford € D(c*,T), P -a.s.,

EP [V (e", TGS ] = V(e", S).

Furthermore, if ¢ € C is conditionally optimal at S € G and EPC*J(C*) < 00, then c* is
conditionally optimal at T for any T € G satisfying T¢ > S8 {P?-a.5.} for d € D(c*,T). In
particular, if ¢* is optimal, then it is conditionally optimal at 0, so that if further P J(c*) < o0,
then ¢* must be conditionally optimal at any S € G.

Conversely, and regardless of whether Assumption [{.3 holds true, if G includes a sequence
(Sn)nen, for which (i) So = 0, (i) the family (V(c*,Sn))n>0 has a constant PS -expectation and is
uniformly integrable, and (iii) V (c*,S,) — V(c*,00), P¢ -a.s. (or even just in P -probability), as

n — oo, then c* is optimal.

Proof. Let {S,T} C G and c € C with 8¢ < T¢ {P%-a.s.} for d € D(¢c,T). Then, since S¢ < T¢
{P%a.s.}, G¢ C G-, and D(c, T) C D(c, S), so that we obtain via Proposition Pc-a.s.,

¢ c c d c
EP'[V(c,T)IG5] = Plgs.-esssupgep(e,E" [J(d)|G5e]
c d c
< Pflge,-esssupgep(es)ET [J(d)|G&] = V (¢, S),

since G§. = ggd for s ~s d, which establishes the first claim. The second follows at once from the
final conclusion of Proposition Then let ¢* be optimal and {S,7} C G with S < 79 {P4-
a.s.} for d € D(c¢*, T). Note that by the supermartingale property, v = EPEP” [V (c*, T)|GEx] <
EPC*V(C*,S) = v. So, if furthermore v < oo (remark that then v € R), we conclude that V(c*,T)
is P¢"-integrable, and the martingale property also follows.

Next, if ¢* is conditionally optimal at S, EPC*J(C*) < oo, and 8 < T4 {Pdas.} for
d € D(c*,T), then since V is a (C,G)-supermartingale system, P J(c*) = P J(c*,8) =
EPC*V(C*,S) > EPC*V(C"‘7 7). On the other hand, for sure, V(c*,7) > J(c*,T), P -as., so
EPC*V(C*, T)> EPC*J(C*, T)= EP J(c¢*) hence we must have V(c¢*,T) = J(c*,T), P -as., i.e. c*
is conditionally optimal at 7. The penultimate claim is then also evident.

For the final claim notice that V(c*,S,) — V(c¢*,00) in LY(P¢"), as n — oo, and so v =
sup.cc EF J(c) = EPC*V(C*,O) = EPC*V(C*,Sn) — EPC*V(C*, o0) = EP” J(c*), as n — oo. O

Proposition 4.7. Under Assumption and insisting that oo € G, V is the minimal (C,G)-

supermartingale system W satisfying the terminal condition
W(c,00) > EP°[J(¢)|GS), PC¢-a.s. for each c € C.

Proof. That V is a (C, G)-supermartingale system satisfying the indicated terminal condition is
clear from the definition of V' and Theorem Next, let W be a (C, G)-supermartingale system
satisfying said terminal condition. Then for all (¢,7) € C x G and d € D(c, T), P¢-a.s. and P%-as.
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W(e,T) = W(d,T) > EP[W(d,00)|gd,] > EP[EP[J(d)|GL)|GL,] = J(d,T). Thus W(c,T) >
Ve, T), P¢-aus. O

5. A SOLVED FORMAL EXAMPLE

Recall the notation of Section 2| The time set will be [0, 00) (Setting [2.1(i)} 7" = [0, 00)).

Fix next a discount factor v € (0,00), let (Q,H,P) be a probability space supporting two
independent, sample-path-continuous, Brownian motions B® = (Bf)c(0.00) and B = (B} )se(o,00):
starting at 0 and —x € R, respectively (Setting [2.1}(1ii)| and 2.1(iv)j F¢ = H, P¢ = P for all ¢, §2
is itself). We may assume (€2, H) is Blackwell. By F denote the natural filtration of the bivariate
process (BY, B'). Then for each cadlag, F-adapted, {0, 1}-valued process c, let G be the natural
filtration of B¢, the observed process (Setting the G are themselves); let (J)22, be the

jump times of ¢ (with J§ := 0; Ji = oo, if ¢ has less than k jumps); and define:

C = U {f—adapted, cadlag, {0, 1}-valued, processes ¢, with ¢y =0,
e>0

that are G°-predictable and such that Jg,; — J§ > € on {J§ < oo} for all k € N}

(Setting C is itself). The insistence on the “e-separation” of the jumps of the controls
appears artificial — our intention is to emphasize the salient features of the control-dependent
informational flow, not to be preoccupied with the technical details.

For ¢ € C, define next:

e for each t € [0,00) (with the convention sup() := 0) of := sup{s € [0,¢] : ¢s # ¢} and
7f =1t — of, the last jump time of ¢ before time ¢ and the lag since then, respectively;

e 7°¢:= B®— B¢, the current distance of the observed Brownian motion to the last recorded
value of the unobserved Brownian motion;

o J(c):= [y e_atZtcdt—f(Oyoo) e K (Zf_,1f )|dcy|, where K : Rx[0,00) — R is a measurable
function with polynomial growth, to be specified later (Setting J is itself; remark
|Z¢| < BO 4+ B! (where a line over a process denotes its running supremum), so there are
no integrability issues (due to the ‘e’-separation of the jumps of c)).

Notice that E [ [ e Z¢dt] = E [ [;° e~ (Bf — B} ) dt]. Define V(z) := sup.cc EJ(c).
Finally, with regard to Setting introduce for every ¢ € C and controlled time S,

D(c,S):={deC:d5 =5},
Then let:
G := {controlled times S such that Vevd(d € D(c,S) = S° = S1 & Gée = G2.)};

all the provisions of Section (specifically, those of Setting Setting as
well as Assumption being thus satisfied. Thanks to Corollary G =
{controlled times S such that Vevd(d®® = ¢ = S¢ = S%)}.
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Moreover, Assumption can also be verified, as follows (here, the interplay between the nature
of the controls, and the observed information, will be crucial to the argument). Let {c1,c2} C C,
S € G, assume ¢ ~s ¢z, define P := S8 = §%, take A € Gp = GF. Consider the process
c = c1la + calg\a. We claim ¢ € C (then, since J(c) = J(c1)la + J(c2)Llg\4, the condition
of Proposition will follow). For sure, ¢ is a {0, 1}-valued, cadlag process, vanishing at
zero. Furthermore, if the jumps of ¢; and co are temporally separated by ¢; > 0 and e > 0,
respectively, then the jumps of ¢ are temporally separated by € := €1 A e > 0. Finally, c is G*-
predictable. To see this, note first that for all ¢ € [0,00), Gf|<py = G <Py = G5 ljr<py, whilst
Gflip<tina = Gi'l{p<iyna and Gfl(p<iyn@\a) = Gi°l{p<iyn@\a) (also, by Theorem Proposi-
tionand Proposition from Part {{t < P}, An{P < t},(Q\A)N{P < t}} C o((B)P") =
o((B2)PM) = o((B)PM) C Gf). Then it will suffice to argue that clyy p) = c1lyo p) = c21lpo Py,
Lpoo)la = calipola and clipoo)lona = c2lipoo)laya are all Gpredictable. To see this,
one need only consider the class of G or G2, respectively G°t, G2, predictable processes V, for
which Vg pp, respectively, V1ipoo)la, V1ipoo)laya, are G-predictable. Then one establishes
that this is a monotone class, containing the multiplicative class of all the left continuous, G or
G, respectively G, G2, adapted processes. The Functional Monotone Class Theorem allows to
conclude.

Now, we shall:

(a) Identify an instance of K for which any control in C is optimal. It will emerge that
K(z,t) = —2z/a, (2,t) € R x [0, 00), fits this bill, and then V(z) = z/a.

(b) Provide a class of functions K for which V(z) is a symmetric function of the parameter x.
Here K will have the form:

u—zl — |z e IWtu—zl _ o—7lzl
K(z’t)_/R<\/i a\ | |+ p >N(o,l)(du)+1<0m)(z)L(z,t), (z,t) € R x [0, 00),

with L nonnegative, measurable, bounded in polynomial growth; v := v2a. We will see,
letting ¢ be the control, which waits an € € (0, 00) amount of time each time it has jumped
(also at time zero), and thereafter jumps at the first entrance time of Z¢ into (—o0,0] —
we are witnessing here, finally, an example of a whole sequence of non-control-constant
controlled times, members of G — that for any such K, EJ(c¢) — V(z) = %ﬁ;wm,
€l 0.

Indeed, according to Bellman’s principle (Theorem , and the strong Markov property, for

each ¢ € C, the following process (where V is, by a slight abuse of notation, the would-be value

functionEI) :

t
P [ezds e [ R T el + V(2 ), (5.1)
0 (0.4

4More precisely, for z € R, u € [0,00), V(z,u) is the optimal payoff of the related optimal control problem in

which, ceteris paribus, B' = z 4+ H, ., for a Brownian motion H independent of B°.
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should be a (G, P)-supermartingale (in ¢ € [0,00)). Moreover, if an optimal strategy ¢* exists, then
5S¢ should be a (G, P)-martingale (or, when dealing with a sequence/net of optimizing controls,
it should, in expectation, ‘be increasingly close to being one’).

Guided by - let us now consider the semimartingale decomposition of 5S¢, assuming K is
such that in fact (i) for z € R, s € [0, 00) (again with a slight abuse of notation) V(z,s) = V(2) (i.e.
no explicit lag dependence in the value function); (i) V is of class C!, and also twice differentiable,
with second derivative continuous, except possibly at finitely many points, wherein still the left
and right derivatives exist and remain continuous from the left, respectively right; and (iii) V' and
V' are bounded in polynomial growth.

The semimartingale decomposition (for which we require, in principle, the “usual conditions”)
may then be effected relative to the completed measure P and the usual augmentation G¢, of G€,
with respect to which Z¢ is a semimartingale (indeed, its jump part is clearly of finite variation,
whilst its continuous part is, in fact, a Brownian motion relative to the augmentation of the natural
filtration of (BY, B1)).

We thus obtain, by the It6-Tanaka-Meyer formula [12, p. 214, Theorem IV.70, p. 216, Corol-
lary IV.1], P-a.s. for all t € [0, 00):

t t
S o= Vi)+ [ ezidse [ R EZ e+ [ e CaVzids (52)
0 (0,¢] 0

=:C1 =J; =:C9
(%)

t t 1 f—'(**‘) - X N
+ / e—asV/(Zg_)dZE + / €_aS§V//(ZC Zc cts + Z e a8 AV Zc) V’(zg_)AZE
0 0

0<s<t

=:Cj5
Note that the starred parts combine into:
()

/ eomy (2 )d( 2, (53

=:M;

which is a (G°,,P)-martingale in ¢ € [0,00) (since |Z°| < B9 4+ BI). On the other hand, the

compensator of the double-starred term is:
()

/( |desle™ [/N()l )(du) (V(/Tu— ZE_) = V(ZE2) |, (5.4)

=:Jg
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making:

(%)

/(O,t] |dese™® [AV (Z¢) — /N (0,1)(du) ( \ﬁu_ Z¢ )~ V(ZE )) (5.5)

=:M>

into a (G° P)-martingale (in t € [0,00)). For, if 7 is a predictable stopping time with respect to
some filtration (in continuous time) Z, U is a Z,-measurable random variable, and Q a probability
measure with Q[|U][1}y, o 7] < oo for each t € [0,00), then the compensator of Ul ) (relative
0 (2,Q)) is QIU|Zr-]1[;0)- This fact may be applied to each jump time of the G°-predictable
process ¢ (since |Z¢| < BY + B1), whence linearity allows to conclude (due to the ‘e-separation’ of
the jumps of c).

Remark now that the properties of being a cadlag (super)martingale [I3] p. 173, Lemma I1.67.10]
or predictable process (of finite variation) are preserved when passing to the usual augmentation
of a filtered probability space. Therefore it follows that, relative to (G¢4,P), M := M; + My is
a martingale, whilst J = J; 4+ Ja (respectively C' = C; + Cy + C3) is a pure-jump (respectively
continuous) predictable process of finite variation. On the other hand, the process S¢ is supposed
to be a (G°,,P)-supermartingale. But then, we have obtained in this manner nothing but the
Doob-Meyer decomposition of S¢ = V(z) + M + J + C, so that J and C are both, respectively
continuous and pure-jump, nonincreasing processes of finite variation [9 p. 32, Corollary 3.16] [10}
p. 412, Theorem 22.5].

Now assume furthermore that an optimizing (as € | 0) net of optimal controls is to wait for a
period of € after each jump of ¢ and also at the start, and then each time change the observed Brow-
nian motion precisely at the first entrance time of Z¢ into the set (—oo, —{] /for some prespecified
level [ € [0,00)/. Remark such a control is previsible with respect to G°.

Then we should like to have (the first two conditions follow from the supermartingale property,
the last two from the ‘near martingale’/‘limiting martingale’ condition; the presence of the a.e.

qualifiers being a reflection of the Occupation Time Density Formula [12] p. 216, Corollary IV.1]):
[from C] z—aV(z)+ %V”(z) <0, for ae. z € R; (5.6)
[from J] —K(z,t)+ /R[V(\/iu —2) =V (2)]N(0,1)(du) <0, for all z€ R, ¢t € [0,00); (5.7)
[from C| z—aV(z)+ %V”(z) =0, for a.e. z> —I; (5.8)
[from J] —K(z,t)+ /R[V(\/iu —2) =V (2)]N(0,1)(du) =0, for all z < —I, t € (0,00).(5.9)

This concludes the first part of the analysis, deriving what ought to hold of V. In the second part
we flip, as is usual, the argument upside-down. V will be specified a priori (along with K); S¢
remains defined in terms of this prespecified V', viz. Eq. (5.1)); and then it is shown that V(z) is
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the optimal payoff, via the semimartingale decomposition of S¢ which the latter will continue to
enjoy in the form ———.

Indeed, as regards [(a)] we may take K(z,t) = —2z/a and V(z) = z/a, for z € R, in which case
——— are all satisfied with equality. Taking expectations in —, and passing
to the limit ¢ — oo via dominated convergence, we see that V' (z) is the optimal payoff, and any
control from C realizes it.

For a less degenerate case, let us solve on z € [—l,00) and in the general solution throw
away the exponentially increasing part. Then V(z) = v(z) for z > —I, where 9 (u) := % 4 Ae™ 7"
(u € R, A € R, v:= +/2a). To obtain a symmetric function of V it is natural to take [ = 0 and then
V(z) =9¥(|z|), z € R. For such a V, is in fact satisfied by a strict inequality on z € (—o0,0);
and V is C! for A = 1/(ya) (and then it is even C?). Then and essentially necessitate
taking the form of K as specified in @ on p.

Now, to see that ¢¢ (as described in is in fact an optimizing net of controls (as € | 0), first
take expectations in —, and pass to the limit as t — oo (via dominated and monotone
convergence), in order to see that V(x) > EJ(c) for each ¢ € C; second apply — to ¢ = ¢,
pass to the limit £ — oo, and note that

o0 € € 1 € o0 € €
E /0 e <Z§_ —aV(ZE) 4+ 2v”(zg_)> ds = 2E /0 LN gy 0 28 ds 5 0
as € | 0. To convince the reader of this, it will suffice to check:

s

T
E / €725 U ooy 0 25 ds — 0, as € |0,
0
for each T' € (0, 00). Fix such a T'. Further, it will be sufficient to argue that:
T € €
E/ e 2 1 (—oo,—a) © Zs ds — 0, as € ] 0,
0

for each a € (0,00). Fix such an a. It will now be enough to demonstrate that P-a.s. the Lebesgue
measure of the set of times A := {s € [0,T] : ZS < —a} converges to 0, as € | 0. Call the intervals
of time Ay, := [J¢, J¢ +¢), k € Ny, holding periods for the control ¢¢. Remark the holding periods
constitute a pairwise disjoint cover of A¢. Moreover, if s € A°N Ay for k£ € N, then (denoting
to == J§", jo = ¢, and Ty := J¢" ) —a > Z& = B — By, 7, whilst 0 > Ztcoi = B, ° — BJ, hence
—a > B* - B%;. Thus, if s € A€ belongs to the k-th holding period for ¢¢ (and k > 1), then in the
time interval between the start of the (k — 1)-th holding period and the end of the k-th holding
period, one of the Brownian motions B° and B! must have moved by more than a. However,
thanks to the continuity of the sample paths of B and B!, the infimum over the amounts of time
required for either B® or B! to move by more than a (on the interval [0,7]) is strictly positive
(albeit dependent on the sample point). It follows that the number of k¥ > 1 for which there can
be an s € A€ with s € A is bounded by some number, depending on the sample point, but not on

€, and this establishes the claim.
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Part 2. Stopping times, stopped processes and natural filtrations at stopping times —

informational consistency

Recall from p. [9] the contents of the third, final, bullet point remark following Assumption [2.9
— it is to the questions posed and motivated there, that we now turn our attention. Along the
way, we shall (be forced to) investigate (i) the precise relationship between the sigma-fields of the
stopped processes, on the one hand, and the natural filtrations of the processes at these stopping
times, on the other and (ii) the nature of the stopping times of the processes and of the stopped
processes, themselves. Here is an informal statement of the kind of results that we will /seek to/

formally establish (FX denotes the natural filtration of a process X):

If X is a process, and S a time, then S is a stopping time of F¥, if and only if it is a
stopping time of FX® When so, then .7:3@( = O'(XS). In particular, if X and Y are
two processes, and S is a stopping time of either FX or of F¥, with X% = Y, then
S is a stopping time of FX and FY¥ both, moreover F§ = o(X®) = o(Y") = FY.
Further, if U < V are two stopping times of FX, X again being a process, then
o(XY)=FFf Cc Ff =o(XV).

We will perform this investigation into the nature of information generated by processes in the
two ‘obvious’ settings: first the ‘measure-theoretic’ one, without reference to probability measures
(Section @ and then the ‘probabilistic’ one, involving a complete probability measure, under which
all the filtrations and o-fields are completed (Section [7)). This will also dovetail nicely with the
parallel development of the two frameworks for stochastic control — the ‘measure-theoretic’ and the
‘probabilistic’ one — from Part

Now, the most important findings of this part are as follows:

e Lemma Proposition Theorem Theorem and Proposition in the
‘measure-theoretic’ case;

e Corollaries and (in discrete time) and Proposition Corollaries and

(in continuous time), for the case with completions.

(Indeed, we have already referenced many of these results in Part |1| — which fact further demon-
strates their relevance to this study.) It emerges that everything that intuitively ought to hold,
does hold, if either the time domain is discrete, or else the underlying space is Blackwell (and,
when dealing with completions, the stopping times are predictable; but see the negative results
of Examples and . While we have not been able to drop the “Blackwell assumption”, we
believe many of the results should still hold true under weaker conditions — this remains open to
future research.

Finally, we note that the whole of the remainder of this part is in fact independent from the rest

of the paper (in particular, from Part .
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6. THE ‘MEASURE-THEORETIC’ CASE

We begin by fixing quite a bit of notation and by enunciating a couple of well-known (and some
less well-known) measure-theoretic facts along the way — we ask the reader to bear with us.

(o) T'=Ng or T = [0,00), with the usual linear order, €2 is some set and (E,£) a measurable
space. By a process (on (2, with time domain 7" and values in F), we mean simply a collection
X = (Xy)ter of functions from Q into E. With FX := o(X, : s € [0,t]) (for t € T'), FX = (FX)ier
is then the natural filtration of Xﬂ Remark that for every ¢t € T, FX = o(X|jo,), with
Xljo,(w) = (Xs(w))sepo,g for w € Q; Xy is an FX /€80 measurable mapping. The w-sample
path of X, X (w), is the mapping from 7" into E, given by (¢t — X;(w)), w € Q. In this sense, X
may of course be viewed as an FX /E¥T-measurable mapping, indeed FX = o(X). Then ImX will
denote the range (image) of the mapping X : Q — ET.

(o) If further S : @ — T'U{oo} is a time and G is a filtration on €, then Gs := {A € G :
AN{T <t} € G, for all t € T} is the filtration G at (the time) S, whilst the stopped process
X9 (of a process X) is defined via X;*(w) := Xsnt(w), (w,t) € Q@ xT. Note, that if T = Ny, X is
a G-adapted process and S is a G-stopping time, then X is automatically adapted to the stopped
filtration (Gnas)neno- For, if n € No, Z € &, then (X2)71(2) = (Unyam<n X (Z) N{S =m}) U
(X, 1 (Z)N{n < S}) € Gsrn. On the other hand, in continuous-time, when T = [0,00), if X is
G-progressively measurable and S is a G-stopping time, then X® is also adapted to the stopped
filtration (Gias)ico,00) (and is G-progressively measurable) [I1, p. 9, Proposition 2.18]. Remark
also that every right- or left-continuous Euclidean space-valued G-adapted process is automatically
G-progressively measurable.

() Next, for a o-field F on 2, the measurable space (£2,F) is said to be (i) separable or
countably generated, when it admits a countable generating set; (ii) Hausdorff, or separated,
when its atomsﬂ are the singletons of the members of Q [4, p. 10]; and finally (iii) Blackwell
when its associated Hausdorff space ((§2, F) quotiented out by ~ of Footnote @) (Q, F) is Souslin
[4, p. 50, I11.24]. Furthermore, a Souslin space is a measurable space, which is Borel isomorphic
to a Souslin topological space. The latter in turn is a Hausdorff topological space, which is also a
continuous image of a Polish space (i.e. of a completely metrizable separable topological space).
Every Souslin measurable space is necessarily separable and separated. [4, p. 46, III.16; p. 76,
I11.67] For a measurable space, clearly being Souslin is equivalent to being simultaneously Blackwell
and Hausdorff. The key result for us, however, will be Blackwell’s Theorem [4, p. 51 Theorem I11.26]

(repeated here for the reader’s convenience — we shall use it time and again):

Blackwell’s Theorem. Let (€2, F) be a Blackwell space, G a sub-o-field of F and
S a separable sub-o-field of F. Then G C &, if and only if every atom of G is a

5[0, 1] is to be understood throughout as the set {0, ...,t} when ¢t € T = N.
6Equivalence classes for the equivalence relation ~ on 2, given by (w ~ w’) < (for all A € F,1a(w) = La(w')),
{w,w'} C Q.
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union of atoms of §. In particular, a F-measurable real function g is S-measurable,

if and only if ¢ is constant on every atom of S.

(o) Remark finally that if Y is a mapping from A into some Hausdorff (resp. separable) mea-
surable space (B, B), then Y is constant on the atoms of o(Y) (resp. o(Y) is separable). For, if
{wi,ws} C A, A being an atom of o(Y), with per absurdum (under the hypothesis that (B, B)
is Hausdorff) Y(w1) # Y(we), then there is a W € B with 1y (Y (w1)) # 1w (Y (w2)), hence
Ly-1wy(w1) # Ly-1wy(w2), a contradiction. Conversely, if Y is a surjective mapping from A
onto some measurable space (B, BB), constant on the atoms of o(Y'), then (B, B) is Hausdorff. For,
if {b,0'} C B and Ly (b) = Ly (V') for all W € B, then if {a,a’} C A are such that Y(a) = b
and Y(a') =V, 1z(a) = 1z(d') for all Z € o(Y), so that a and o’ belong to the same atom of
(A,0(Y)) and consequently b = b'. Furthermore, any measurable subspace (with the trace o-field)
of a separable (resp. Hausdorff) space is separable (resp. Hausdorff). Lastly, if f: A — (B, B) is
any map into a measurable space, then the atoms of o(f) always ‘respect’ the equivalence relation
induced by f, i.e., for {w,w'} C A, if f(w) = f(w'), then w and w’ belong to the same atom of o(f):
for all ¥ € B, 115 (w) = Is(f(w)) = I(f(w')) = L-1m) ().

Now, a key result in this section will establish that, for a process X and a stopping time S
thereof, o(X%) = F&, ie. that the initial structure (with respect to £97) of the stopped process
coincides with the filtration of the process at the stopping time — under suitable conditions.

Indeed, our first lemma towards this end tells us that elements of .ng( are functions (albeit not

(as yet) necessarily measurable functions) of the stopped process X*.

Lemma 6.1 (Key lemma). Let X be a process (on 2, with time domain T' and values in E), S an
FX _stopping time, A € FX. Then the following holds for every {w,w'} C Q: If X;(w) = X¢(w')
for allt € T with t < S(w) A S(W), then S(w) = S(w'), X% (w) = X5 () and 14(w) = L(').

Proof. Define t := S(w) A S(w'). If t = oo, for sure S(w) = S(w'). If not, then {S < ¢t} € F¥, so
that there is a U € £20 with {S <t} = X\[B}ﬂ(U). Then at least one of w and w’ must belong to
{S < t}, hence to X|[671ﬂ(U). Consequently, since by assumption X[y (w) = X|j4(w’), both do.
It follows that S(w) = S(w’). In particular, X (w) = X(w’).

Similarly, since A € F§, AN{S < t} € F{, so that there is a U € ¥104 (resp. U € £27),
with AN{S < t} = X|[6’1t](U) (resp. AN{S <t} = X~Y(U)), when t < oo (resp. t = o0).
Then 1a(w) = Langs<pp(w) = Lu(Xpg(w)) = Lu(X|pg(w')) = Langs<y (@) = La(w’) (resp.
La(w) = Langs<p (W) = Ly (X (w)) = Ly(X(w')) = Lans< (W) = La(w')). O

Our second lemma will allow to handle the discrete case.

Lemma 6.2 (Stopping times). Let X be a process (on 2, with time domain Ny and values in E).
For a time S : Q — Ng U {oo} the following are equivalent:

(1) S is an FX-stopping time.

(2) S is an FX° -stopping time.
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Proof. Suppose first S is an FX°-stopping time. Let n € Ng. Then for each m € [0,n], {S <
m} € F, XS, so there is an E,, € £20™ with {S < m} = (XS|[0 m])_l(Em). Then {S = m} C
X\[B}m]( m) C{S <m}. Consequently {S < n} = Upepon X| Om]( m) € FX.

Conversely, suppose S is an FX-stopping time. Let n € Ny. For each m € [0,n], {S < m} € FX
hence there is an E,,, € £20™ with {S < m} = X|[6,1m} (Em). Then {S =m} C (X®|g,)) " (Em) C
{S < m}. Consequently {S < n} = Uyneo.n(X]j0.m) " (Em) € FX2 O

The next step establishes that members of F Lé( are, in fact, measurable functions of the stopped

process X* — at least under certain conditions (but always in the discrete case).

Proposition 6.3. Let X be a process, S an fX—stoppmg time. If any one of the conditions
below is fulfilled, then .7-"5)5 C o(X?) (where X° is viewed as assuming values in (ET,£9T)).
(1) T = Np.
(2) InX® C ImX.
(3) (a) (Q,G) is Blackwell for some o-field G D F&X v o(X9).
o 18 separable (in particular, this obtains if (ImX*, s) is separable).
b X5 bl l his ob f (ImXS, 9T, bl
c 18 constant on the atoms of o , te. (ImX*», s) 18 Hausdorff.
XS h f o (X9 ImX?®, 97|« Hausdorff.

Remark 6.4.

(1) Condition is clearly not very innocuous, but will typically be met when X is the coor-
dinate process on a canonical space.

(2) Condition is verified, if there is a D ¢ ET, with ImX*® C D, such that the trace
o-field €27 |p is separable. For example (when T = [0, 00)) this is the case if E is a second
countable (e.g. separable metrizable) topological space endowed with its (then separable)
Borel o-field, and the sample paths of X are, say, all left- or all right-continuous (take D
to be all the left- or all the right-continuous paths from F [0700)).

(3) Finally, condition follows, if (E,€&) is Hausdorff and so, in particular, when the

singletons of E belong to £.

Proof. Assume first Let A € F& and n € NgU {oo}. Then AN{S =n} e FX s0 AN{S =
n} = (X|pn) H(Z) (resp. AN{S =n} = X1(2)) for some Z € EON (resp. Z € £%M0),
when n < oo (resp. n = oo). But then AN{S = n} = (X%p,))"1(Z) N {S = n} (resp.
AN{S =n} = (X%)"YZ)N{S =n}). Thanks to Lemma {8 =n} € 0(X®), and we are done.

Assume next Let A € F&. Then 14 = F o X for some £%T /B({0, 1})-measurable mapping
F. Since ImX*® C ImX, for any w € Q, there is an ' € Q with X (') = X°(w), and then thanks
to Lemma X5 (w') = X5(w), moreover, F o X%(w) = F o X(w') = 14(w') = 14(w). It follows
that 14 = F o X%,

Assume now . We apply Blackwell’s Theorem. Speciﬁcally, on account of (Q,G) is a
Blackwell space and fg is a sub-o-field of G; on account of (( , o(X%)is a separable sub-o-field
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of G. Finally, thanks to ((3)c)) and Lemma every atom (equivalently, every element) of FZ is
a union of atoms of o(X®). It follows that FX C o(X9). O

The continuous-time analogue of Lemma [6.2] is now as follows:

Proposition 6.5 (Stopping times). Let X be a process (on Q, with time domain [0,00) and values

inE), S:Q —[0,00] atime. Suppose:

(1) o(Xljpy) and o(X5") are separable, (ImX][O’t],é’@[O’t]) and (ImXSMN, 9T\ <sn) Haus-
dorff for each t € [0,00).
(2) X5 and X are both measurable with respect to a Blackwell o-field G on Q.

Then the following are equivalent:

(a) S is an FX-stopping time.
(b) S is an FX* -stopping time.

Proof. Suppose first S is an ]:XS—Stopping time. Let t € [0,00). Then {S < t} € ]:tXS' But
.EXS = J(XS][O,t]) Co(Xljoy) = FiX. This follows from the fact that every atom of U(XS|[0¢]) is a
union of atoms of o(X||g ) (whence one can apply Blackwell’s Theorem). To see this, note that if w
and w’ belong to the same atom of o(X|jg4), then X|j 4(w) = X|jg4(w’) (since (ImX|jo 4, £20:4)y ig
Hausdorff). But then X2 (w) = X2 (') for all s € [0, (S(w) At) A (S(w') At)], and so by Lemma
(applied to the process X and the stopping time S At of FX7), (X5)5M(w) = (X5)SM (W), ie.
XS][O’t] (w) = XS][O’t] (w'). We conclude that w and w’ belong to the same atom of O'(XS|[0¢]).
Conversely, assume S is an F~-stopping time. Let ¢ € [0,00). Then {S <t} € F&,,, SAtis an
FX_stopping time and thanks to Proposition Fin Co(X5M) = a(X 50 4).- O

What finally follows is the main result of this section. As mentioned in the Introduction, it

generalizes canonical-space results already available in literature.

Theorem 6.6 (Generalized Galmarino’s test). Let X be a process, S an FX-stopping time. If
T =Ny, then o(X%) = FX. Moreover, if X5 is F& /€9 -measurable (in particular, if it is adapted
to the stopped filtration (F;X ¢)ier) and either one of the conditions:
(1) ImX*® C ImX.
(2) (a) (2, G) is Blackwell for some o-field G D FX.
(b) o(X5) is separable.
(c) (ImX?3 €97\ vs) is Hausdorff.
is met, then the following statements are equivalent:

(i) Ae FL.
(i4) 14 is constant on every set on which X*° is constant and A € FX.
(i) A € o(X7%).
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Proof. The first claim, which assumes T" = Ny, follows from Proposition and the fact that
automatically X is .Fé( /E®T _measurable in this case.

In general, implication follows from Lemma Implication proceeds as
follows.

Suppose first Let 14 be constant on every set on which X is constant, A € FX. Then
14 = F o X for some £27/B({0,1})-measurable mapping F. Next, from ImX*® C ImX, for any
w € Q, there is an o’ € Q with X («') = X¥(w), and then thanks to Lemma [6.1} X%(«') = X5 (w),
so that by assumption, 1 4(w) = 14(w’), also. Moreover, Fo X% (w) = FoX(w') = 14(w') = 1 4(w).
It follows that 14 = F o X,

Assume now Again apply Blackwell’s Theorem. Specifically, on account of (Q,G) is a
Blackwell space and F§ is a sub-o-field of G; on account of o(X?9) is a separable sub-o-field
of G. Finally, if 14 is constant on every set on which X® is constant and A € FX, then 14 is a

G-measurable function (by [(2){(a)), constant on every atom of o(X*) (by [(2)|(c)). It follows that

14 is o(X®)-measurable.
The implication |(iii)={(i)| is just one of the assumptions. O

As for our original motivation into this investigation, we obtain:

Corollary 6.7 (Observational consistency). Let X andY be two processes (on S, with time domain
T and values in E), S an FX and an FY -stopping time. Suppose furthermore X° =Y. If any
one of the conditions
(1) T = Np.
(2) InX =ImY.
(3) (a) (2,G) (resp. (2,H)) is Blackwell for some o-field G D Fx (resp. H D FL).
(b) o(X5) (resp. o(Y)) is separable and contained in F& (resp. F3 ).
(c) (ImX3 E9T| . vs) (resp. (ImY® E¥T| | +s)) is Hausdorff.

is met, then F& = Fg.

Remark 6.8. If T = Ny, then in place of S being a stopping time of both FX and FY, it is sufficient
(ceteris paribus) to insist on S being a stopping time of just one of them. It is so by Lemma
The same is true when obtains, as long as the conditions of Proposition are met for the
time S and the processes X and Y alike.

Proof. If or hold, then the claim follows immediately from Theorem

If[(2)] holds, let A € F&, t € T U {oo}. Then Ianis<y = F o X|oy (resp. Langs<yy = F o X)
for some £%21%1/B({0,1})-measurable (resp. £%T/B({0,1})-measurable) F, when t < oo (resp.
t = 00). Moreover, if w € Q, there is an w’ € Q with X (w') = Y (w), hence X (w) agrees with Y (w)
and X (w’) on TN [0,S(w)], and thus thanks to Lemma S(w) = S(w') and T4(w) = 14(w').
We obtain F oY (w) = F o X|gg(w) = Langs<i}(w') = Lan(s<e (W), i-e. Tyngs<p = F oYy
(resp. FloY(w) = Fo X (W) = Lan(s<s} (W) = Langs<s (W), i-e. Tangg<yy = FoY). O
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We also have:

Proposition 6.9 (Monotonicity of information). Let Z be a process (on Q, with time domain T
and values in E), U <V two stopping times of FZ. If either T = Ny or else the conditions:

(1) (Q,G) is Blackwell for some o-field G D o(ZV) v o(ZY).

(2) ImZ"V, €97, ,v) is Hausdorff.

(3) o(Z") is separable.
are met, then o(ZY) C a(ZV).

Proof. In the discrete case the result follows at once from Theorem [6.6] In the opposite instance, we
claim that the assumptions imply that every atom of o(ZY) is a union of the atoms of o(Z"): Let
w and w’ belong to the same atom of o(ZV); then since (ImZY,£%7|;,,,v) is Hausdorff ZV(w) =
ZV(w'"), hence by Lemma|6.1| V (w) = V(w') and U(w) = U(w'), and so a fortiori ZY (w) = ZY ('),
which implies that w and w’ belong to the same atom of o(ZY). Apply Blackwell’s Theorem. [

7. THE CASE WITH COMPLETIONS

We have studied in the previous section natural filtrations proper — it is sometimes convenient
to augment the latter by sets of probability Zeroﬂ — we turn our attention to their completions.
Notation-wise, for a filtration G on €2 and a complete probability measure P, whose domain includes
Goo, thereon, we denote by ?P the completed filtration given by (for t € T') ?f = @P =G VN;
N being the collection of precisely all P-null sets; likewise if the domain of P includes a o-field A on
Q, then ZP := AV N. For any other unexplained notation, that we shall use, we refer the reader to
the beginning of Section @ And while /for ease of language/ we will continue to work in the sequel
with processes/stopping times, their equivalence classes (with respect to indistinguishability/a.s.
equality), would of course (as appropriate) suffice.

First, all is well in the discrete case.

Lemma 7.1. Let T = Ny, G a filtration on Q). Let furthermore P be a complete probability measure
on 2, whose domain includes Goo; S a ?P-stopping time. Then S is P-a.s. equal to a stopping time
S’ of G; and for any G-stopping time U, P-a.s. equal to S, @P = ?Z Moreover, if U is another

. L. =P . . =P =P
random time, P-a.s equal to S, then it is a G -stopping time, and Gg = Gy;.

Proof. For each n € Ny, we may find an A, € G,, such that {S = n} = A,, P-as. Then
S" = (Uneng An X {n}) U ((Q\ Umen, Am) x {o0}) is a G-stopping time, P-a.s. equal to S. Let now

7Making them also (in the temporally continuous case, if they are not automatically already) right-continuous, is
less interesting from the point of view of stochastic control, since the stopping times one is really interested in are
(usually) foretellable/predictable, anyway. In general, this is also less of an innocuous operation. For, one might well
concede to being unable to act on a null set; one cannot but feel apprehensive about having to ‘peak infinitesimally
into the future’ before being able to act in the present. Indeed, we will see in the sequel that even the act of completion

alone is less harmless than might seem at first glance.
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U be any time with these two properties of S’. To show %P - ?g, it suffices to note that (i) N,
the collection of all P-null sets, is contained in ?g and (ii) Gy C ?Z, both of which are easy to see.
Conversely, if A € Eg, then for each n € Ny U {00}, AN{S =n} = B,, P-a.s., for some B, € G,,
and hence the event U, enufoo} Bn N {U = n} belongs to Gy, and is P-a.s. equal to A.

Finally, let U be another random time, P-a.s equal to S. For each n € Ny U {c0}, there is then
a Cp, € G, with {U =n} ={S =n} = C,, P-as., whence U is a ?P—stopping time. It follows, by
what we have shown already, that we can find Z, a G-stopping time, P-a.s. equal to S, hence U,
and thus with ?g = @P = ?Z O

Corollary 7.2. Let T = Ny; X andY processes (on ), with time domain Ny and values in E); pX

and PY be complete probability measures on 0 whose domains contain FX and FY, respectively,
X

P
and sharing their null sets. Suppose furthermore S is an FX  and an F 7 stopping time, with
pY 7PY
X% =YY%, PX and PY-a.s. Then .7-"X _U(XS) _O'(YS) =FYgq

Proof. From Lemma we can find stopping times U and V of FX and FY, respectively, both
PX and PY-a.s. equal to S. The event ﬁ( U=YV}is PX and PY—almost certaln It then follows

further frorn Theorem . and Lemma again, that F X = Fi; FX - =o(XV ) =o(X* ) =
(YS) =o(YV) = .7:Y = fYS , as desired. O

Corollary 7.3. Let T = Ny, X a process (on Q, with time domain Ny and values in E), P a
complete probability measure on 2 whose domain contains FX V fo)gs, S:Q — TU{cc} a random
time. Then the following are equivalent:

(1) S is an ﬁp—stoppmg time.

(2) S is an Wp-stopping time.

Proof. That the first implies the second is clear from Lemma Lemma [6.2] and the fact that
two processes, which are versions of each other, generate the same filtration, up to null sets. For
the converse, one resorts to re-doing the relevant part of the proof of Lemma [6.2] adding P-a.s.

qualifiers as appropriate; the details are left to the reader. O

The temporally continuous case is much more involved. Indeed, we have the following significant

negative results.

Ezample 7.4. Let Q = (0,00) x {0, 1}; F be the product of the Lebesgue o-field on (0, c0) and of the
power set on {0,1}; thereon P = Exp(1) x Unif({0,1}) be the product law (which is complete; any
law on the first coordinate with a continuous distribution function would also do); e (respectively
a) be the projection onto the first (respectively second) coordinate. Define the process N, =

a(t —e)ljy(e), t € [0,00) (starting at zero, the process N departs from zero at time e with unit

80f course, all these completions really only depend on the null sets, which the two measures PX and PY share

by assumption.
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positive drift, or remains at zero, for all times, with equal probability, independently of e). Its
completed natural filtration, ﬁp, is already right-continuous.

For, if ¢t € [0,00), ﬁ; = f]i ; so let A € FN, we show A € .7-TNP. (i) An{e =t} is
P-negligible. (ii) For sure A = N~Y(Q), for some G C RI®*) measurable. Then define for each

natural n > 1/t (when ¢ > 0), L,, : RI% — RI9+) by demanding

w(u), foru <t

w(t) + (u— t>W’ for u >t

(u € [0,00), w € R[O’ﬂ), a measurable mapping. It follows that for ¢ > 0, for each natural
n>1/t, N} (G)n{e<t—1/n} = N|[5}t](L,—Ll(G)) N{e <t—1/n} € FN. (iii) For each natural
n, AN{e >t+1/n} = N|[B,1t+1/n}(G”) N{e > t+4 1/n} for some measurable G, C RIOt+1/n]
so An{e > t+1/n}is O or {e > t + 1/n} according as 0 is an element of G, or not (note
this is a “monotone” condition, in the sense that as soon as we once get a non-empty set for
some natural n, we subsequently get {e > ¢+ 1/m} for all natural m > n). It follows that
An{e>t} =Upen(AN{e>t+1/n}) € {0,{e>t}} c FV.

Let further U be the first entrance time of the process N to (0,00). By the Début Theorem, this
is a stopping time of ﬁp, but is P-a.s. equal to no stopping time of FV at all.

For, suppose that it were P-a.s. equal to a stopping time V of F¥. Then there would be a
set €, belonging to F, of full P-measure, and such that V' = U on €. Tracing everything (F,
P, N, a, e, V) onto @, we would obtain (F', P/, N', a, ¢, V'), with (i) V' equal to the first
entrance time of N’ to (0,00) and (ii) V' a stopping time of V', the natural filtration of N’.
Still N} = a'(t — €)1 (e’), t > 0. Take now {w,w'} C Q' with a(w) = 1, a(w’) = 0, denote
t = e(w). Then Hljg(w) = Hljp4(w'), so w and w’ should belong to the same atom of FN': yet
(V' <t} e FN', with Liyr<y(w) = 1 and Tgyi<py(w’) = 0, a contradiction.

Moreover, ﬁ; # mp, since the event A := {U < oo} = {a = 1} that N ever assumes a
positive drift belongs to ﬁ; (which fact is clear), but not to mp = WP, the trivial o-field
(it is also obvious; P(a = 1) ¢ {0,1}). o

Ezample 7.5. It is worse, still. Let Q = (0,00) x {—2,—1,0} be endowed with the law P =
Exp(1) x Unif({—2,—1,0}), defined on the tensor product of the Lebesgue o-field on (0,00) and
the power set of {—2,—1,0}. Denote by e, respectively I, the projection onto the first, respectively
second, coordinate. Define the process X; := I(t —e)ljgy(e) , t € [0,00), and the process V; :=
(=1)(t—e)ljg(e)li—1,—2yol, t € [0,00). The completed natural filtrations of X and Y are already
right-continuous. The first entrance time S of X into (—o0,0) is equal to the first entrance time
of Y into (—00,0), and this is a stopping time of ﬁp as it is of ?P (but not of FX and not of
FY). Moreover, X% =0=Y5.

Consider now the event A := {I = —1}. Then A € ﬁg (it is clear). However, A ¢ ?Z For,

assuming the converse, we should have, P-a.s., 1 4ns<1y = F' o Yo ] for some, measurable, F'. In
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particular, since AN {S < 1} has positive probability, there should be an w € AN {S < 1} with
F(Y|jp,1)(w)) = 1. But also the event {I = —2} N {S < 1} has positive probability and is disjoint
from AN {S < 1}, so there should be an w’ € {I = =2} N {S < 1} having F(Y | (w’)) = 0. A

contradiction, since nevertheless Y 1j(w) = Y'[j.17(w). o

The problem here, as it were, is that in completing the natural filtration the (seemingly innocu-
ous) operation of adding all the events negligible under P is done uncountably many times (once
for every deterministic time). In particular, this cannot be recovered by a single completion of the
sigma-field generated by the stopped process. Completions are not always harmless.

Furthermore, it does not appear immediately clear to us, what a sensible direct ‘probabilistic’
analogue of Lemma should be /nor, indeed, how to go about proving one, and then using it to
produce the relevant counter-parts to the results of Section @/

However, the situation is not so bleak, since positive results can be got at least for fore-
tellable/predictable stopping times: As in the case of discrete time — by an indirect method;
reducing the ‘probabilistic’ to the ‘measure-theoretic’ case. We use here the terminology of [4,
p. 127, Definitions IV.69 & IV.70]; given a filtration G and a probability measure Q on §2, whose

domain includes G:

A random time S : © — [0,00] is predictable relative to G if the stochastic
interval [T, oo[ is predictable. It is Q-foretellable relative to G if there exists a
Q-a.s. nondecreasing sequence (Sy,),>1 of G-stopping times with S, < S, Q-a.s for

all n > 1 and such that, again Q-a.s.,

lim S, = 5,5, < S for all n on {S > 0};

n—oo

foretellable, if the a.s. qualifications can be omitted.

Note that in a P-complete filtration (P itself assumed complete), the notions of predictable, fore-
tellable and P-foretellable stopping times coincide [4, p. 127, IV.70; p. 128, Theorem IV.71 & p.
132, Theorem IV.77].

The following is now a complement to [4, p. 120, Theorem IV.59 & p. 133, Theorem IV.78] [0,
p. 5, Lemma 1.19], and an analogue of the discrete statement of Lemma

Proposition 7.6. Let T = [0,00), G be a filtration on 2. Let furthermore P be a complete
probability measure on 2, whose domain includes Goo; S a predictable stopping time relative to GP.
Then S is P-a.s. equal to a predictable stopping time P of G. Moreover, if U is any G-stopping
time, P-a.s. equal to S, then ?Z = %P. Finally, if S is another random time, P-a.s equal to S,
then it is a gp—stoppmg time, and ?Z = 62,.

Proof. The first claim is contained in [4, p. 133, Theorem IV.78].
Now let U be any G-stopping time, P-a.s. equal to S. The inclusion ?E D %P is obvious. Then
take A € ?; Since A € GEO = @P, there is an A’ € Go, such that A’ = A, P-a.s. Furthermore,
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since S is foretellable,

S onA
S =
oo on Q\A

is foretellable also (if (Sp)n>1 P-foretells S, then ((S,)a A n)p>1 P-foretells S4). Hence, by what
we have already shown, there exists V', a G-stopping time, with V' = Sy, P-a.s. So, P-a.s., A =
(A N{U =00})U{V =U < 0} € Gp.

Finally let S’ be a random time, P-a.s. equal to S. Clearly, it is a ?P—stopping time. Moreover,
we have found P, a G-stopping time, P-a.s. equal to S and (by way of corollary) S’. It follows from
what we have just shown that GE« = @P = ?g,. O

From this we can obtain easily a couple of useful counter-parts to the findings of Section [f]in the
continuous case. They (Corollaries and [7.10|that follow) should be used in conjunction with
(in this order) (i) the fact that a standard Borel spaceﬂ-valued random element measurable with
respect to the completed domain of the probability measure Q, is Q-a.s. equal to a random element
measurable with respect to the uncompleted domain of Q (Q being the completion of Q) [10, p. 13,
Lemma 1.25] and (ii) the existence part of Proposition Loosely speaking one imagines working
on the completion of a nice (Blackwell) space. Then the quantities measurable with respect to
the completed sigma-fields are a.s. equal to quantities measurable with respect to the uncompleted
sigma-fields, and to them the ‘measure-theoretic’ results apply. Taking completions again, we arrive

at the relevant ‘probabilistic’ statements. The formal results follow.

Corollary 7.7. Let T = [0,00), Z a process and P a complete probability measure on 2, whose

domain includes FZ, P an FZ predictable stopping time. If further for some process X P-
indistinguishable from Z and a stopping time S of FX, P-a.s. equal to P:

(1) (R,G) is Blackwell for some o-field G D FX V o(X®).

(2) o(X9) is separable.

(3) (ImXS, £210:2)| 5 is Hausdorff.
then FZ7, © o(ZP)" .
Remark 7.8. The reverse inclusion m C ﬁp is usually trivial (compare the remarks on this
in the second bullet point entry of Section @ p. .

P
T

—P =P P
Proof. According to Proposition F§ C o(X%). Also FX' = FZ and o(X®) = o(ZP) .
Taking completions in F& C (X ), we obtain by Proposition as applied to the stopping time
——P
P of FX' | P-a.s. equal to the stopping time S of FX:

—P —P —P P P

./—'.ZP:JT'.XP:J_':SX CO'(XS) :O'(ZP),
90ne that is Borel isomorphic to a Borel subset of [0,1] [1I0L p. 7], equivalently a Borel subset of a Polish space [2]
p. 12, Definition 6.2.10]. Recall the spaces of Euclidean space-valued cadlag (resp. continuous) paths endowed with
the Skorohod topology [9, Section VI.1] (resp. the topology of locally uniform convergence [I1, p. 60]) are Polish,

hence standard Borel, spaces.
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as desired. ]

Corollary 7.9. Let Z and W be two processes (on Q, with time domain [0,00) and values in
E); PZ and PV probability measures on S, sharing their null sets, and whose domain includes
.FOZO and .FOVX, respectively; P a predictable ﬁpz and WPW -stopping time. Suppose furthermore
ZP = WP, PZ and PW-a.s. If for two processes X and Y, PZ and PV -indistinguishable from
Z and W, respectively, and some stooping times S and U of FX and FY, respectively, P? and

PW_a.s. equal to P:

(1) (2,G) (resp. (2,H)) is Blackwell for some o-field G > FX (resp. H D FL).
(2) o(X%) (resp. o(YY)) is separable and contained in FZ (resp. Fy ).
(3) (ImX 3 €210 <) (resp. (ImYV,E20:0), 1)) is Hausdorff.

7PZ PZ PW PW
then FZ2p =o(ZF) =oc(WP) =FW, .

Proof. The claim follows from Corollary and the fact that again (similarly as in the proof of
PZ _ —_pPZ
Corollary o(X%) c F¥ implies 0(ZP)  C FZp ; likewise for W. O

Corollary 7.10. Let X be a process (on Q, with time domain [0,00) and values in E); P a complete
probability measure on 2, whose domain includes }"gg; S and P two predictable stopping times of
ﬁp with S < P. Let U and V be two stopping times of the natural filtration of a process Z, P-
indistinguishable from X, P-a.s. equal to S and P, respectively, with U <V, and such that: (Q,G)
is Blackwell for some o-field G D o(ZV) Vv o(ZY), ImZV, 9T, ,v) is Hausdorff and o(ZV) is
separable. Then O'(XS)P C a(XP)P.

Remark 7.11. the existence part of Proposition here, is as follows: There are U and V',
stopping times of FX, P-a.s. equal to S and P, respectively. Then, true, U < V' only P-a.s. But
V=V'1I(U < V') +ULU > V') is also a stopping time of 7%, P-a.s. equal to P, and it satisfies
U <V with certainty.

P P
F o

Proof. We find that o(X°) = J(ZU)P and o(XFP) = J(ZV)P. Then apply Proposition O

We are not able to provide a (in conjunction with Proposition useful counter-part to Propo-
sition (True, Proposition says that given a predictable stopping time P of FX PP, there is
a predictable stopping time U of .FXP, P-a.s. equal to P. But this is not to say U is a stopping
time of FX U, so one cannot directly apply Proposition ) This is open to future research.
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APPENDIX A. MISCELLANEOUS TECHNICAL RESULTS

Throughout this appendix (€2, F,P) is a probability space; E denotes expectation with respect
to P.

Lemma A.1 (On conditioning). Let X : Q — [—o0,+00] be a random variable, and G; C F,
i =1,2, two sub-o-fields of F agreeing when traced on A € G NGy. Then, P-a.s. on A, E[X|G] =

E[X|G2], whenever X has a P-integrable positive or negative part.

Proof. 147 is Go-measurable, for any Z Gi-measurable, by an approximation argument. Then,
P-a.s., 14E[X|G1] = E[14X|G2], by the very definition of conditional expectation. O

Lemma A.2 (Generalised conditional Fatou and Beppo Levi). Let G C F be a sub-o-field and
(fr)n>1 a sequence of [—00, +00]-valued random elements, whose negative parts are dominated P-a.s

by a single P-integrable random variable. Then, P-a.s.,
Eflimint f,|0] < lim inf E[/,[3].
If, moreover, (fn)n>1 is P-a.s. nondecreasing, then, P-a.s.,
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Proof. Just apply conditional Fatou (resp. Beppo Levi) to the P-a.s. nonnegative (resp. non-
negative nondecreasing) sequence f,, + g where g is the single P-integrable random variable which
P-a.s. dominates the negative parts of f. Then use linearity and subtract the P-a.s. finite quantity
Elg/G]. O

The following is a slight generalization of [15, Theorem A2].

Lemma A.3 (Essential supremum and the upwards lattice property). Let G C F be a sub-o-field
and X = (X))xea a collection of [—oo, +oo]-valued random variables with integrable negative parts.
Assume furthermore that for each {¢, M} C (0,00), X has the “(e, M)-upwards lattice property”,
i.e. for all {\, N} C A, one can find a \" € A with Xon > (M ANX)\)V (M AXy)—e€ P-a.s. Then,
P-a.s.,

E[P-esssupycpXa|G] = P-esssupycpE[X)|G], (A.1)

where on the right-hand side the essential supremum may of course equally well be taken with respect

to the measure P|g.

Proof. It is assumed without loss of generality that A # (), whence remark that P-esssupyc, X has
an integrable negative part. Then the “>-inequality” in (A.1]) is immediate.
Conversely, we show first that it is sufficient to establish the “<-inequality” in (A.1]) for each

truncated (X A N)jea family, as N runs over N. Indeed, suppose we have P-a.s.
E[P-esssupyep Xa A N|G] < P-esssupycp E[X ) A N|G]
for all N € N. Then a fortiori P-a.s. for all N € N,
E[P-esssupyep Xa A N|G] < P-esssupycp E[X,|F]
and generalised conditional monotone convergence (Lemma allows to pass to the limit:

E[ lim P-esssupycpXx A N|G] < P-esssupycp E[X2|G]

N—00
P-a.s. But clearly, P-a.s., limy_,o P-esssupycp Xa A N > P-esssupycp X, since for all A € A, we
have, P-a.s., X) <limy_00 Xa AN < limpy_;o0 P-esssup,cp X, A N.

Thus it will indeed be sufficient to establish the “<-inequality” in for the truncated families,
and so it is assumed without loss of generality (take M = N) that X enjoys, for each € € (0, c0),
the “e-upwards lattice property”: for all {\, \'} C A, one can find a \” € A with X» > X,V Xy —e¢
P-a.s.

Then take (An)n>1 C A such that, P-a.s., P-esssupycp Xy = sup,>; X, and fix 6 > 0. Recur-
sively define (A},)n>1 C A so that, X, = X, while for n € N, P-a.s., X 2 X VXN — 5/2m.
Prove by induction that P-a.s. for all n € N, Xy, > maxi<p<,(X), — Z;:ll §/2), so that
liminf, ;00 Xy > sup,ey Xy, — d, P-a.s. Note next that the negative parts of (X )nen are
dominated P-a.s. by a single P-integrable random variable. By the generalised conditional Fatou’s
lemma (Lemma we therefore obtain, P-a.s., P-esssupycpE[X2|G] > liminf, .. E[X) |G] >
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Efliminf, oo X |G] > E[P-esssupycp Xa|G] — 6. Finally, let 6 descend to 0 (over some sequence

descending to 0). O
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