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Introduction

A random measure £ on a complete separable metric space (c.s.m.s.) X is

called strictly a-stable (StasS) if
e (1" Be wrelo, 1),

where ¢ and £” are independent copies of £ and 2 denotes the equality in
distribution. This definition cannot be directly extended to point processes
because the scalar multiplication doesn’t preserve the integer-valued nature
of point processes. We need a well-defined “multiplication” acting on point
processes. The simplest way to obtain it is to use a stochastic analogous of
multiplication: independent thinning, which we will denote by o. Thus we

say that a point process ® on a c.s.m.s. X is discrete a-stable (DasS) if
teod +(1-t)/*0d" 20  welo1],

where @ and ®” are independent copies of ®. Davidov, Molchanov and
Zuyev in [3] study DaS point processes and prove that they are Cox pro-
cesses (doubly stochastic point processes) directed by StaS random mea-
sures. Therefore DaS point processes inherit properties from StaS random
measures, like spectral and LePage representations. They also provide a
cluster representation for such processes based on Sibuya point processes. In
the second chapter of the present work, after having provided basic notions
of point process theory in the first chapter, we go through the main results

of their article.



In the third chapter we propose a generalization of discrete stability for point
processes considering a stochastic operation which is more general then thin-
ning. We allow every point to be replaced by a random number of points
rather than just being deleted or retained as in the thinning case. We refer to
this operation as branching. Every branching operation is constructed from

a subcritical Markov branching process (Y(t)) with generator semigroup

t>0
F = (Fi)t>0 and satistying Y (0) = 1. We denote this operation by or as
Steutel and Van Harn did for the integer-valued random variables case in
[4]. In this setting when a point process is “multiplied” by a real number
t € (0,1] every point is replaced by a bunch of points located in the same
position of their progenitor. The number of points in the bunch is stochasti-
cally distributed according to the distribution of Y (—In(¢)). This operation
preserves distributivity and associativity with respect to superposition and
generalize thinning.

Then we characterize stable point processes with respect to branching oper-
ations or, which we call F-stable point processes. Let Y, denote the limit
distribution of the branching process (Y (t)) 1~o conditional to the survival
of the process. We prove that if we replace every point of a DaS point pro-
cess with a stochastic number of points on the same location according to
Y, we obtain an F-stable point process. Vice versa every F-stable point
process can be constructed in this way. Further we deduce some properties
of F-stable point processes.

In order to move to a broader context we asked ourselves which class of oper-
ations is the appropriate one to study stability. Given a stochastic operation

o on point processes the associative and distributive properties are enough

to prove that @ is stable with respect to o if and only if
YneNde, €[0,1] + @2 cpo0 (@D + ... 4+ M),

where &), ... & are independent copies of ®. In such a context stable

point processes arise inevitably in various limiting schemes similar to the



central limit theorem involving superposition of point processes. That’s why
in the fourth chapter we study and characterize this class of stochastic op-
erations. We prove that a stochastic operation on point processes satisfies
associativity and distributivity if and only if it presents a branching struc-
ture: “multiplying” by ¢ a point process is equivalent to let the process evolve
for —In(t) time according to some general Markov branching process (there-

fore including diffusion and general branching of particles).



Chapter 1

Preliminaries

1.1 Definition of a Point Process

Spaces of measures

This first chapter follows Daley and Vere-Jones approach ([1] and [2]).
In the whole chapter X will be a complete separable metric space (c.s.m.s.),

B(X) its Borel o-algebra, and p will denote a measure on B(X).

Definition 1. 1. My is the space of all finite measures on B(X), i.e.

measures j1 such that (X)) < 400;

2. Nx is the space of all finite, integer-valued measures on B(X), i.e.

finite measures p such that p(A) € N for every A € B(X);

3. Mﬁ is the space of all boundedly finite measure on B(X), i.e. measures
w such that p(A) < +oo for every A bounded, A € B(X);

4. /\fj\géé is the space of all boundedly finite, integer-valued measure (count-

ing measures for short) on B(X);

5. Nf* is the space of all simple counting measures on B(X), i.e. count-

ing measure [ such that u(x) = 0 or 1 for every x € X.



Counting measures play a central role in this work, we therefore give the

following results.

Proposition 1. A boundedly finite measure p on B(X) is a counting measure
if
p="> kib, (1.1)

el
where {x;}icr is a set of countable many distinct points indexed by I, with

at most finitely many in every bounded set, k; are positive integers and g,

represents the Dirac measure with center in x;.

Definition 2. Let u be a counting measure written in the form of equation

(T1): =Y ier kidx,. The support counting measure of i is
s
i€l
Proposition 2. Let p be a counting measure on X. p is simple (i.e. p €

/\/j*) iff p=p* a.s..

Topologies and o-alebras

In order to define random elements on Mﬁ and N j we need to define o-

algebras.

Definition 3. (w#-convergence) Let {in}nen, it € Mﬁ Then py, — W
weakly™ if [ fdpn — [ fdp for all f bounded and continuous on X that

vanishes outside a bounded set.

Remark 1. The w#-convergence can be seen as metric convergence thanks

to the Prohorov metric, which is defined as follows. Given u,v € My

d(p,v) =inf{e>0: p(F) <v(F)+e€ and

V(F) < w(F)+e VF CX closed subset}



where F* = {x € X : p(z,F) < €}. The Prohorov metric d, whose conver-
gence is equivalent to the weak convergence, can be extended to a metric d#

on Mﬁ Given p,v € Mﬁ

Foo (r) ()
d#(l% v) = / e d(p'”, v\") dr
o T dE, )

where, having fized a point O € X to be the origin of the space X, u") (and

analogously Z/(T)) 1s defined as

pM(A) = u(ANS(0,r))  VAe B(X)
and S(O,r) denotes the open sphere with radius v and centre O.
Proposition 3. Let {ip fnen, pt € Mﬁ i — p weakly™ iff d7 (pn, 1) — 0.

We call B (Mﬁ) the Borel o-algebra on Mﬁ induced by the w#-topology.

It is a very natural o-algebra, as the next proposition shows.

Proposition 4. B(/\/lﬁ) s the smallest o-algebra such that the mappings
w— (A) from /\/lfé to (R, B(R)) are measurable for every A€ B(X).

Since N ;f is a measurable (indeed closed) subset of Mﬁ, we have an

analogous result for the Borel o-algebra of N ;f : BN ;f ).
Proposition 5. 1. A€ B(Nﬁ) iff Ae B(Mﬁ) and AC Nf;
2. B(J\/}%) is the smallest o-algebra such that the mappings p — p(A)
from /\/’;ﬁé to (R, B(R)) are measurable for every Ac B(X).
Random measures and point processes

We can now define the main notions of this section.

Definition 4. 1. A random measure & with phase space X is a measurable

mapping from a probability space (2, F,P) to (Mﬁ,B(Mﬁ)),



2. A point process (p.p.) © with phase space X is a measurable mapping
from a probability space (2, F,P) to (/\/’#,B(/\/ﬁ)), A point process @
is simple if ® € NT* a.s. (i.e. ® = O* a.5.).

From this definition and Propositions [d] and [f] we obtain the following

result.

Proposition 6. A mapping £ [@} from a probability space (2, F,P) to /\/lfé
[Njf] is a random measure [point process| iff £(A,-) [®(A,-)] is a random
variable for every bounded A € B(X).

We conclude this section by proving that a random measure is uniquely

characterized by its finite dimensional distributions.

Definition 5. Let ® be a point process on X. The finite dimensional distri-
butions (fidi distributions) of ® are the distributions of the random variables
(®(A1), ..., ®(Ay)). For every finite family of bounded Borel sets { Ay, ..., A}

and nonnegative integers {ny,...,ny}
Pi(Ay, ..., Agina, ey ng) = PT(<I)(A1) =ni,.. P(4;) = nk)

Proposition 7. The distribution of a random measure on X is totally deter-
mined by the finite dimensional distributions of all finite families {A1, ..., Ax}
of bounded disjoint Borel sets.

1.2 Intensity Measure and Covariance Measure

We firstly introduce the notion of moment measures.

Lemma 1. Given a point process ®, the map M : B(X') — R defined by
M(A) =E(®(A4)) (1.2)

is a measure on B(X).



Proof. M inherits the finite additivity from the finite additivity of ® and of
the expectation. Moreover M is continuous from below because if A, T A
then ®(A,,) T ®(A) pointwise and for the monotone convergence M (A,,) 1
M(A). O

Definition 6. Given a point process ®, M defined as in equation 1s the

first-order moment measure of ®.
There exist also higher order moment measures.

Definition 7. Let ® be a point process. We denote by ®™ the n-th fold
product measure of ®, i.e. the (random) measure ®™ on B(X x ... x X) =

B(X™) defined by
M (A x ... x Ay) = B(Ay) - ... - B(Ay)
with A; € B(X) for i=1,...,n.

The definition is well-posed and the measure is uniquely determined be-

cause the semiring of the rectangles generates the product o-algebra B(X™).

Definition 8. Let ® be a point process. The k-th order moment measure,

M, is the expected value of Q)
M,(A) =E(@®™(4)  VAe Bxm).

We now turn to the intensity and correlation measures. In order to
introduce the notion of intensity measure we need the definition of dissecting

system.

Definition 9. A dissecting system for X is a sequence {7, }n>1 of partitions

of X, T, = {Anitier,, that satisfies the following properties:

e Nesting property: Ap—1; N Apj =0 or Ay;;

e Separating property: given x,y € X, x # y there exists an n = n(x,y)
and an i € I, such that x € Ay and y ¢ Ay;.

10



Definition 10. The intensity measure of a point process ® is a measure A

on B(X) defined as

A(A)=sup Y P(®(An)>1) VA€ B(X)

nzlier,

where {Tp}n>1 15 a dissecting system for A.

We can give also another characterization of the intensity measure, which
will guarantee the intensity measure to be a well-defined measure, not de-

pending on the choice of the dissecting system.

Theorem 1. (Khinchin’s existence theorem)

Given a point process ® on X, and its intensity measure A it holds
A(A) = M*(A) VA € B(X)
where M* is the first-order moment measure of the support ®*.

The next proposition follows as an immediate consequence of Khinchin’s

existence theorem and Proposition [2]

Proposition 8. Let ® be a simple point process. Then M(A) = A(A) for
every A € B(X).

We now define the notion of covariance measure.

Definition 11. Given a point process ®, ils covariance measure Co is a

measure on B(X x X). For every Borel sets A and B

C3(A x B) = My(A x B) — M(A) - M(B).

1.3 Probability Generating Functional

Dealing with random measures a useful tool is the Laplace functional.

11



Definition 12. Let £ be a random measure. For every f € BM,(X), the
space of positive, bounded and measurable functions with compact support

defined over X, the Laplace functional is defined as

Lelf] = Elexp { /X F(2)e(dn) )],

The distribution of a random measure is uniquely fixed by its Laplace
functional. An analogous instrument that is more appropriate for point

processes is the probability generating functional.

Definition 13. V(X)) denotes the set of all measurable real-valued functions
defined on (X,B(X)) such that 0 < h(x) < 1 for every x € X and 1 — h

vanishes outside a bounded set.

Definition 14. Let ® be a point process on X. The probability generating
functional (p.g.fl.) of ® is the functional

G[h] = E[exp (/Xlog h(:v)d@(x))},

defined for every h € V(X). Since h = 1 outside a bounded set this expression

can be seen as the expectation of a finite product
Gln) = E| [T ha)|,

where the product runs over the points of ® belonging to the support of 1 — h.
In case no point of @ falls into the support of 1 — h the product’s value is

one.

Theorem 2. Let G be a real-valued functional defined on V(X). G is a

p.g.fl. of a point process ® if and only if the following three condition hold.

1. For every h of the form

n

1= h(x) =) (1—2)la,(2),

k=1

where Ax, ..., Ay are disjoint Borel sets and |zi| < 1 for every k, the
p.g.fl. Glh| reduces to the joint p.g.f. Pn(Ai,...,An;21,...,2n) of an

n-dimensional integer-valued random variable;

12



2. if {hn}tnen CV(X) and h, | h € V(X) pointwise then G[h,] — GIh];
3. G[1] = 1, where 1 denotes the function identically equal to unity in X.

Moreover, whether these conditions are satisfied, the p.g.fl. G uniquely de-

termines the distribution of ®.

1.4 Some examples: Poisson, Cluster and Cox pro-

cesses

1.4.1 Poisson Process

Definition 15. Let A be a boundedly finite measure on (X,B(X)), X being
a complete separable metric space (c.s.m.s.). The Poisson point process ®
with parameter measure A is a point process on X such that for every finite

collection of disjoint Borel sets {A;}i=1, .k

no—A(A) A\
Pr(®(4) =ni:i=1,..,n) = H e IAA)™ .

|
i=1 i
We give now a first result about Poisson process characterization.
Theorem 3. Let ® be a point process. ® is a Poisson process iff there

exists a boundedly finite measure A on B(X) such that ®(A) has a Poisson

distribution with parameter A(A) for every bounded Borel set A.

Remark 2. A Poisson process ® can have fized atoms, i.e. points x € X
such that Pr(@({x}) > O) > 0. x 15 a fixred atom for a Poisson process ® if
and only if A({zo}) > 0.

There is another property of p.p. which will be fundamental for the next

results: the orderliness.

Definition 16. A p.p. ® is said to be orderly if for every x € X
Pr(®(S(z,€)) > 1) = o(Pr(®(S(z,€)) > 0)) €—0,

where S(x,€) denotes the open sphere of centre z and radius €.

13



It can be shown that for a Poisson process to be orderly is equivalent to
have no fixed point. Under hypothesis of orderliness we can give two more

results regarding Poisson process characterization.

Theorem 4. Let ® be an orderly p.p.. Then ® is a Poisson process iff there
exists a boundedly finite measure A with no atoms (A({z}) = 0 Vo € X)
such that

Py(A) = Pr(®(A) =0) =2 VA€ B(X).

The Poisson process can also be identified using the complete indepen-

dence property.

Theorem 5. Let ® be a p.p. with no fized atoms. ® is Poisson process iff
the following conditions hold.

(i) @ is orderly;

(i) for every finite collection A, ..., A of disjoint, bounded Borel sets the
random variables ®(Ay), ..., P(Ay) are independent (complete indepen-
dence property).

The p.g.fl. of a Poisson process ¢ with parameter measure A is
Golh] = exp{—/ 1 — h(z)A(dz)}. (1.3)
x

1.4.2 Cox Process

In order to define the Cox process, also called doubly stochastic Poisson

process, we need some instruments.

Definition 17. A family {®(:|y) : y € Y} of p.p. on the c.s.m.s. X, indexed
by the elements of a c.s.m.s. ), is a measurable family of p.p. if P(Aly) =
Pr(®(-ly) € A) is a B(Y)-measurable function of y for every bounded set
AeBWNE).

14



Proposition 9. If we have a measurable family of point processes on X
{®(-|y) : vy € YV}, and a random measure § on the c.s.m.s. Y with distribution
II then

P = [ Py (1.4
defines a probability on Nj‘f and therefore a point process ® on X.

When the relation (1.4) holds, we say that P(-|y) is the distribution of

® conditional to the realization y of £&. We can now define the Cox process.

Definition 18. Given a random measure €, a Cox Process directed by £ is
a point process ® such that the distribution of ® conditional on &, ®(-|€), is

the one of a Poisson point process with intensity measure &.

Proposition [9] may be used to guarantee that the last definition is well
posed if it is ensured that the indexed family of p.p. we’re using is a mea-

surable family.

Lemma 2. A necessary and sufficient condition for a family of p.p. on X in-
dexed by the elements of Y to be a measurable family is that the finite dimen-
sional distributions Py(By, ..., Bg;ni, ..., ng|y) are B(Y)-measurable functions
of y for all the finite collections { B, ..., By} of disjoint sets of B(X), and for

all the choices of the nonnegative integers ny, ..., ng.

In the definition of Cox process we have ) = ./\/';'z£ and the finite dimen-
sional distributions are the ones of a Poisson process directed by &, which are

measurable functions of (f <Bi))i , which themselves are random vari-

=1,..,n

ables. Therefore we can apply the lemma.

Using Proposition [9] we can evaluate the fidi probabilities for a Cox Process.

For example, given B € B(X) and k € N

00 xkef:c
k!

ko—€(B)
P(B,k) = Pr(®(B) = k) — E(f(B)k!) _ /0

Fp(dr)

15



where Fp is the distribution function for £(B).
A Cox point process ® directed by & has p.g.fl.

Golt) =E[exp(~ [

X

(1- h(x))g(dx)}} = Le[l — h). (1.5)

1.4.3 Cluster Process

Definition 19. A point process ® on a c.s.m.s. X is a cluster process with
centre process ®. on the c.s.m.s. Y and component processes (or daughter
processes) the measurable family of point processes {®(-|z) : y € Y} if for
every bounded set A € B(X)
o) = [ el = Y @Al
Y yeP,

The component processes are often required to be independent. In that
case we have an indipendent cluster process and if ®({y;}) > 1 multilpe
indipendent copies of ®(Aly;) are taken.

We give an existence result for indipendent cluster processes.

Proposition 10. An independent cluster process exists iff for any bounded

set A € B(X)
/PA(y)@c(dy) = paly) < +o0 Te—as.,
Y yieq:'c
where pa(y) = Pr(®(Aly) > 0) and Il is the distribution of the centre

process P..

From now on we will deal only with independent cluster processes, and
we will just call them cluster processes. Using the independence property
we obtain that

G[h] = E(G[h|®]) :E(exp{ —/y(—long[h]y])éc(dy)D = o

16



1.5 Campbell Measure and Palm Distribution

Definition 20. Given a p.p. ® on a c.s.m.s. X and the associated distribu-
tion P on B(/\/ﬁ), we can define the Campbell measure Cp as a measure on

B(X)® B(/\/’;f) such that
Cr(Ax U) =E(®(A)1y(®)) VA€ B(X),U e BWNE). (1.7)

Remark 3. The set function defined in equation 1s clearly o-additive,
and it can be shown to be always o-finite. Therefore, being the rectangles
a semiring generating B(X) ® B(N;f), the set function extends to a unique

o-finite measure. Thus Cp is well-defined.

Lemma 3. Let P be a probability measures on B(./\/jf) and O denote the
zero measure on X. Then P is uniquely determined on BINT\{0}) by its

Campbell measure Cp.

Remark 4. There is a strong relationship between Campbell measure and the
first-order moment measure. In fact from the definition of Campbell measure

it follows that M is the marginal distribution of Cp:
Cp(Ax NE)=E(®(A)) = M(A)  VAe B(X).

From this remark it follows that given a point process @, its Campbell
measure Cp and a fixed set U € B(Nf) the measure Cp(- x U) is absolutely
continuous with respect to M(-). Therefore we can define a Radon-Nikodin

derivative, P,(U) : X — R, such that
Cp(AxU):/PJ;(U)dM(x) VA € B(X).
A

For every U € B(N. j ) Px(U) is fixed up to sets which have zero measure
with respect to M. We can chose a family {P,(U) : z € X,U € B(N}f)}
such that the following conditions hold.

1. YU € B(N. ;f ), Px(U) is a measurable real-valued, M-integrable func-
tion defined on (X, B(X));

17



2. Vz € X, P,(+) is a probability measure on B(./\/'jf)

Definition 21. Given a point process ®, a family {PI(U)}%X defined as
above and satisfing condition 1) and 2) is called Palm kernel for ®. For each

point x € X the probability measure Py(-) is called local Palm distribution.

Proposition 11. Let ® be a p.p. with finite first moment measure M. Then
® admitts a Palm kernel {Px(U)}meX‘ Every local Palm distribution P,(-)
1s uniquely fixed up to zero measure sets with respect to M. Moreover for
any function g measurable with respect to B(X) ® B(J\/f), that is positive or

Cp-integrable

E(/Xg(:v,q))fb(d:v)) :/xw# g(x,CD)Cp(d:cxd(I)):/ Eq (g(z, ®)) M (dz),

X

where for every x € X

Be(o(o. ) = [ o(o.®)P.(d9),

1.6 Slivhyak Theorem

Lemma 4. Let ® be a poisson process with first moment measure M finite.
Let L[f] be the Laplace functional associated to ®, and Ly[f] the ones as-

sociated to the Palm kernel {PI(U)}xeX' Then for every f,g € BMy(X)

o LU= LIf + g
€l0 €

~ [ st@)La{r1M(da). (19)
Theorem 6. (Slivnyak, 1962). Let ® be a p.p. with finite first moment
measure M. P denotes the distribution of ® and Py its Palm kernel. Then
® is a Poisson process iff

Pr=Px0, (1.10)
where x denotes the convolution of distributions, which corresponds to the su-

perposition of point processes, and ;. denotes the random measure identically

equal to the Dirac measure with centre .

18



Proof. Let ® be a Poisson process with parameter measure p. The Laplace

functional for a Poisson process has the following form

log LIf) = = [ (1= @)y(do).
Then
_dL[f+€g] +eg dd(/ 1 _ e—f(:v) eg(:v)) (dl‘))

de
f+eg (/ 9<$>M(dx)) (1.11)
9(x)

ﬁu/

Comparing with ((1.9) we notice that the left-hand terms are the same, and

) pu(dz) as € — 0.

using that M(-) = u(-) we deduce

Lo[f] = L[fle 7@ = L[f]Ls,[f] A —a.s..

Thanks to Laplace functional properties this relation is equivalent to (1.10]).

We now prove the converse. Suppose P and P, satisty (1.10). Then, using
equation (|1.9)), we obtain

L ——ten) [ (@I pr(a),

Since log (L[0]) = log(1) =0

—log (L / / F(@)e @ de M (dz) = /X (1 —e 7@\ M (d),

which is the Laplace functional of a Poisson process with parameter measure

equal to M. O

1.7 Infinitely Divisibile Point Processes and KLM

Measures

In the proceding of the work the notion of infinite disibility will be of great

importance.

19



Definition 22. A point process ® is said to be infinitely divisible if for
every positive integer k, there erists k independent and identically distributed
(i.i.d.) point processes {‘I)Ek)}izl,..‘,k such that

k)

o=o" 4+ .+l (1.12)

If we move to p.g.fl. condition (1.12)) becomes

Glh) = (Gyi[n)",

where Gy, denotes the p.g.fl. of one of the i.i.d. point processes @EM. There-
fore being infinitely divisible for a point process means that for every positive
integer k the positive k-th root of the p.g.fl. G, we call it Gy, is a p.gfl.
itself.

We give a characterization for the infinite divisible p.p. in the case of finite

point processes.

Theorem 7. Let ® be a p.p. with p.g.fl. Gg[h]. Then ® is a.s. finite and
mfinitely divisible iff there exist a point process CTJ, a.s. finite and nonnull,

and ¢ > 0 such that
Golh] = exp{—c(1 - Gglh])}, (1.13)
where Gg 1is the p.g.fl. of D,

Remark 5. By Poisson randomization of a p.p. ® we mean the superpo-
sition of a Poisson distributed random number of independent copies of d.
The expression was introduced by Milne in [6]. Representation has
a probabilistic interpretation. It means that every finite and infinitely divis-
ible p.p. ® can be obtained as a Poisson randomization of a finite p.p. E),
and conversely that every Poisson randomization of a finite p.p. disa finite
and infinitely divisible p.p. ®. Using (1.6) and recalling that the p.g.f. of a

Poisson random variable with mean ¢ > 0 is
F(z) =exp{—c(1—2)},
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it 1s immediate to deduce that the p.g.fl. expresses in is exactly the one
of the Poisson randomization of ®. In such a context the infinite divisibility
of ® follows immediately from the infinite divisibility of Poisson distributed

random variables.

This result can be generalized to the case of infinite divisible p.p. (not

necessarily finite) using KLM measures.

Definition 23. A KLM measure Q(-) is a boundedly finite measure on the
space of nonnull counting measures Nj\{@} (see Deﬁm'tion such that

Q({y < ./\/';f\{()} : @(A) > 0}) < +o0 VA measurable and bounded.
(1.14)

Theorem 8. A p.p. ® is infinitely divisible if and only if its p.g.fl. can be

represented as

Golh] = eXp{ — /N;f\{o} [1 — elloe())] Q(dgo)}, (1.15)

where (log(h), ) is a short notation for [ log (h(z))¢(dz) and Q(-) is a
KLM measure. The KLM measure satisfying 1S unique.

Example 1. The Poisson p.p. is infinitely divisible, therefore there must
exist a KLM measure Q(-) such that reduces to (1.3). If we consider

counting measures consisting of one point (p = 6, with x € X ) then
1 —elloshe) — 1 _ p(a).

Let us consider a KLM measure Q(-) which is concentrated only on such

counting measures, which means that
Qr e NT : w(4)#1}) =0,
and such that

Q({QO € Nj :p(A) = 1}) = A(A) VA measurable,



where A is a boundedly finite measure on X. With this KLM measure Q(-)

becomes
Galh] = exp { - /X (1 - h(a))Ada)},

which is exactly the p.g.fl. of a Poisson point process with intensity measure

A.

Using the association with KLM measures it is possible to define regular

and singular infinite divisible point processes.

Definition 24. An infinitely divisible point process ® is called regular if its

KLM measure Q(-) is concentrated on the set
Np ={p e N{\{0}: (&) < +o0},
and singular if it is concentrated on
Noo{io € NEV(0} (%) = +oc}.
Theorem 9. Every infinitely divisible p.p. ® can be written as
® =0, + P,

where @, and Py are independent and infinitely divisible point processes, the

first one being reqular and the second one singular.
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Chapter 2

Stability for random measures

and point processes

2.1 Strict stability

A random vector X is called strictly a-stable (StaS) if
tex' + (1-t/ex"2x  wtelo1],

where X’ and X" are independent copies of X and 2 denotes the equality
in distribution. It is well-known ([I3] Ch 6.1) that non-trivial StaS random
variables exist only for a € (0,2]. Moreover if X is nonnegative o must
belong to (0, 1].

If we provide a definition of sum and multiplication for a scalar in the context
of random measures on complete separable metric spaces, then we can extend

the definition of stability to that context. Let

(i1 + p2) () = g () + pa()  Vpr, po € M,

(2.1)
(tm)() =tp()  VtERYue ME.

Definition 25. A random measure £ on a c.s.m.s. X is said to be strictly

a-stable (StaS) if

tleg L (1—pteg" B¢ we(o,1), (2.2)

23



where & and £" are indipendent copies of &.

Remark 6. implies that £(A) is a StaS random wvariable for every
measurable set A. Since £(A) is always nonnegative, non-trivial Sta.S random

measures exist only for a € (0,1].

Definition 26. A Levy measure A is a boundedly finite measure on M}%\{O}
homogeneous of order —a (i.e. A(tA) =t *A(A) for every A € B(./\/lf(\{()})
and t > 0), such that

/ (1— ™) A(dp) < 400 Vh e BM,(X), (2.3)
ME\{0}

where (h,p) stands for [, h(x)pu(dz).

Theorem 10. A random measure £ is Sta.S if and only if there exists a Levy

measure A such that the Laplace functional of & has the form

Lelh] = exp{ - /Mﬁ\{o}(l - e<h’“>)A(du)} Vh € BM, (X). (24)

Since A is homogeneous we can decompose it into radial and direc-
tional components. To do that we have to define a polar decomposition
for Mﬁ\{O} Let By, Bo, ... be a countable base for the topology of X made
of bounded sets. Put By = X. Then for every p € Mﬁ the sequence
w(Bo), u(Bi), u(B2), ... is finite apart from u(By), which can be finite or in-
finite. Let i(u) be the smallest integer such that 0 < u(Bj(,)) < +oo. We

define now the set
S={ueMhy: By, =1},

which can be easily proved to be measurable. There exists a unique mea-
surable mapping p — fi from Mﬁ\{O} to S such that p = u(B;(,)i. The
measurable mapping p — (f1, (B, )) is a polar decomposition of Mﬁ\{O}
into S x Ry.

The Levy measure A of a StaS random measure £ induces a measure 6 on S
6(A) =A({tp: pe At >1}),
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for every A measurable subset of S. It is useful to define a scaled version of
this measure: 0 = I'(1 — «)d, which is called spectral measure of {. Because
of the homogeneity of A, it holds that A(A X [a,b]) = 6(A)(a~*—b"%), which
means that A = & ® 0,, where 6, is the unique measure on Ry such that

0o ([a, +00)) = a~®. Condition (2.3) becomes
/,u(B)aU(d,u) < 400 VB € B(X) bounded. (2.5)
S
The following Theorem regards the spectral measure o.

Theorem 11. Let & be a StaS random measure with spectral measure o and

Laplace functional L¢. Then

Lelh] = exp{ - /S (h, m%(du)} Vh € BM, (X). (2.6)

We now give a result which provides a LaPage representation of a StaS

random measure.

Theorem 12. A random measure & is StaS if and only if
D
§= 2
Hi €V
where VU is a Poisson point process on /\/lﬁ with intensity measure A being a

Levy measure. The convergence is in the sense of the vague convergence of

measures. In this context A is the same Levy measure of (2.4)).

2.2 Discrete Stability with respect to thinning

2.2.1 Definition and characterization

In trying to extend the definition of stability to point processes we face the
problem of the definition of multiplication: if we define multiplication of a
p-p- for a scalar as the multiplication of its values (see ) it would no
longer be a p.p., because it would no longer be integer-valued. We therefore

define a stochastic multiplication called independent thinning.
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Definition 27. Given a p.p. ® and t € [0,1] the result of an independent
thinning operation on @ is a p.p. to® obtained from ® by retaining every point
with probability t and removing it with probability 1 —t, acting independently

on every point.

The probability generating function of the thinned process is
Gioa|h] = Go[th+ 1 —t] = Go[1 + t(h — 1)], (2.7)

where Gg is the p.gfl. of ® (see Daley and Vere-Jones, 2008, p.155 for
details). From it is easy to deduce that the thinning operation o is
associative, commutative and distributive with respect to the superposition
of point processes. Having such an operation we can give the following

definition.

Definition 28. A p.p. ® is said to be discrete a-stable or a-stable with

respect to thinning (DasS) if
e od +(1-t/* 00" 20  vtelo1], (2.8)

where ® and ®" are indipendent copies of P.

The next result gives a straightforward characterization of DaS point
processes, showing the strong link occuring between DaS point processes

and StaS random measures.

Theorem 13. A point process ® is DaS if and only if it is a Cox process
II¢ directed by a Sta.S intensity measure §.

Starting from Theorem [13| and using (L.5)) and (2.6} we obtain the fol-

lowing result.
Corollary 1. A point process ® with p.g.fl. Go is DaS with o € (0,1] if
and only if

Golh] = exp{ - /S<1 - u,m%(dﬂ)} Vuevx), (29
where o 1s a boundedly finite spectral measure defined on S and satisfying

&3
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Another important consequence of Theorem is that we can use the
LaPage representation for StaS random measures to obtain an analogous

result for DaS point processes.

Corollary 2. A DasS point process ® with Levy measure A can be represented

as

¢ = Z HM?

i €W

where ¥ is a Poisson process on Mﬁ\{()} with intensity measure A.

2.2.2 Cluster representation with Sibuya point processes

Since every DasS p.p. is a Cox process Il¢ directed by a StaS random measure

¢, using (1.5) and (2.4) we obtain

G (] = Le[1 = h] = exp { — /M#\{O}
X

where A is the Levy measure of £. Using (1.3) and (1.6) we conclude that

(1= e~ 0muh) A (dp) |,

every DaS p.p. can be represented as a cluster process with centre process
being a Poisson process on Mﬁ with intensity measure A and daughter
processes being Poisson processes with intensity measure pu € supp(A).

We give now another cluster representation assuming that A is supported by

finite measures.

Definition 29. Let p be a probability measure on X. A Sibuya point process

with exponent o and parameter measure p is a point process Y = Y(u) on
X such that

Grlhl =1— (1 —u, ) Vh e V(X), (2.10)

where Gy is the p.g.fl. of T. We will denote the distribution of such a process
by Sib(a, ).

From this definition and from it follows that given a DaS p.p. @

such that A is supported by finite measure it holds

Galh] = exp { /M (Crgolh]l = Do} Yhev(r), (@1

1
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where Gy (,,) satisfies (2.10), M is the space of probability measure on X
and o is the spectral measure of A. Together with (1.3) and (1.6]) it implies

the following result.

Theorem 14. A DaS point process with Levy measure supported by finite
measure can be represented as a cluster process driven by the spectral measure

o on My and with daughter processes being distributed as Sib(c, ) with

p € supp(o).

Since Sibuya processes are almost surely finite and different from the zero
meagure it follows that whether a DasS p.p. is finite it depends only from the

centre process.
Corollary 3. A DaS p.p. is finite if and only if its spectral measure o is

finite and supported by finite measures.

2.2.3 Regular and singular DaS processes
Iterating [2.8] we obtain
tVaoo® 4 4 Veopm Bg

where ® is a DasS point process and ®1), .. &™) are independent copies of

it. Therefore DaS processes are infinitely divisible.

Remark 7. We can obtain a KLM representation (equation ) for them.
From Theorem every DasS process ® is a Cox process driven by o StaS
random measure &. Therefore using we have that

Golh] = Le[l = h] = exp{ — /

M#\{O}(l - 6<1_h7#>)A(dm}
X

which, using the expression for the p.g.fl. of a Poisson p.p. 11, (equation

{1.3)), becomes

exp { - /Mﬁ\{o}u — G, [W)A(dp) } =
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= exp —/ 1—/ e1osM D (dp))A(dp) t =
{ v U e e}
MEO} IV (0}

= exp —/ 1 — eflos()-@) Q(dy) ¢,
{ N}f\{o}[ } }

where Q(- Pu(-)A(dp). The last expression is the KLM repre-

) = Ity
sentation for DasS processes we were looking for.

Starting from the decomposition for infinitely divisible point processes
given in Theorem [J we can obtain the following decomposition for DaS

point processes.

Definition 30. Given a complete separable metric space (c.s.m.s.) X we
define
My = {ue ME\{0}: u(X) < +oo}

and

My = {p € M%: p(X) = +oo}.

Theorem 15. A DaS p.p. ® with Levy measure A can be represented as the

sum of two independent DaS processes
O =0, + Py,

the first one being reqular and the second one being singular. The first one
is a DaS p.p. with Levy measure being A‘Mf = A('HMf) and the second one

is a DaS p.p. with Levy measure A}M )

Remark 8. With the decomposition given in Theorem weve separated
every DaS process into two components. The reqular one which can be rep-
resented as a Sibuya cluster p.p. with p.g.fl. given by with spectral

measure being O"Ml, and the singular one is not a Sibuya cluster p.p. and

his p.g.fl. is given by with spectral measure being U}S\Ml'
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Chapter 3

F-stability for point processes

In this chapter we extend discrete stability of point processes to an operation
more general than thinning. We will consider an operation defined through
branching processes and we will characterize stable point processes with
respect to this operation. This has already been done in the context of
random variables, see e.g. Steutel and Van Harn [4], and random vectors,
see e.g. Bouzar [5], but not for point processes. Following Steutel and Van
Harn’s notation we will denote the “branching” operation by or and the
related class of stable point processes by F-stable processes (the reason to

use the letter F will become clear in the following).

3.1 Some remarks about branching processes

Before proceeding in this chapter we need to clarify which kind of branching
processes we will use and recall some useful properties (complete proofs for
this section can be found in the literature regarding branching processes).
We will consider a continuous-time Markov branching process {Y (s)}s>0 on
N, with Y (0) = 1 a.s.. Such a branching process is governed by a family
of p.gfs F = (Fs)s>0, where Fj is the p.g.f. of Y(s) for every s > 0. The

transition matrix (pg;(s)) of the Markov process can be obtained from

i,jEN
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F using the following equation:
> pii(s)? = {F())
j=0

It is easy to prove that the family F is a composition semigroup, meaning
that
Foi(1) = Fs(Fi(1)) Vs, t>0. (3.1)

Throughout the whole chapter we will require the branching process {Y (s) }s>0
to be subcritical, which in our case means E[Y'(1)] < 1. We can also suppose
F!(1) = e*® without loss of generality (it can be obtain through a linear
transformation of the time coordinate). Moreover we require the following

conditions to hold:

1561 Fi(z) = Fy(z) = z, (3.2)
Slggo Fy(z) = 1. (3.3)

Some reasons for these requirements will be given in Remark [I2] Equations
(3-1) and (3.2]) implies the continuity Fs(z) with respect to s. It can be also

shown that Fy(z) is differentiable with respect to s and thus we can define

0<z<1.

U(-) is continuous and it can be use to obtain the A-function relative to the

branching process

A(z) = exp [— /O U(lx)da:} 0<z<1, (3.4)

which is a continuous and strictly decreasing function such that A(0) = 1

and A(1) = 0. Since it holds that
U(Fs(2)) =U(2)Fi(z) $s>0,0<z<1,
we obtain the first property of A-functions we’re interested in:
A(Fy(2)) = e *A(z) s>0,0<z<1. (3.5)
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Moreover we define

B(x) =1- A(z) = lim ) —E0)

< z<1. .
s—o+oo 1 — Fy(0) Oszs< (3.6)

From the last expression it can be proved that B(+) is a p.g.f. of a Z-valued
distribution, which is the limit conditional distribution of the branching pro-
cess {Y (s)}s>0 (we condition on the survival of Y(s) and then we let the time
go to infinity). We will call B(-) the B-function of the process {Y(s)}s>0,
and the limit conditional distribution Y. Using B equation becomes

B(Fy(2))=1-€¢"+¢°B(z) 0<z<1. (3.7)

Remark 9. [t is worth noticing that since both A and B are continuous,
strictly monotone, and surjective functions from [0,1] to [0,1] then they are
bijective and they can be inverted obtaining A~' and B~', which will be

continuous, strictly monotone and bijective functions from [0,1] to [0,1].

Moreover using (3.5)) we obtain

G AFRO)]_, =G| =1
But at the same time
2 (aEo)|_ = 2E0) L Eo)| =202 Eo)|
dt t=0 dt t=0 dt =0
Therefore
X0)= - 1 - 1
4 (R (0))| 4 (Prob{y (t) = 0})]

- =0
From the fact that Y (t) is a subcritical Markov branching process and there-
fore that every particle branches after exponentially distributed time with a
non-null probability to die out it follows that
L (Prob{y (1) = 0})‘ € (0, +00).
dt t=0

Thus A'(0) € (0,00).
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We give now two examples of branching processes where A and B have

known and explicit expressions.

Example 2. Let Y(-) be a continuous-time pure-death process starting with

one indwidual, meaning that

1 ifs<r
Y(s) = , (3.8)
0 ifs>7
where T is an exponentially distributed random variable with parameter 1.
The composition semigroup F = (FS)S>0 driving the process {Y (s)}s>0 is
Fs(z)=1—¢e*+e %z 0<z<1. (3.9)

It 1s straightforward to see that F = (Fs)s>0

viously listed (, , and F(1) = e*). The generator U(z) and

the A-function of Y (s) are given by

satisfies the requirements pre-

Ul)=A(x)=1-=% 0<2<1, (3.10)
while the B-function equals the identity function
B(z) ==z 0<z<1. (3.11)

Example 3. Let the semigroup F = (F5)5>0 be defined by

2¢75(1 — 2)
T2+ (1—e)(1-2)

where v5 = 2e5/(3 — e™%), ps = %(1 —vs) and 0 < z < 1. The second ex-

z(1 — ps)
1—pez’

Fy(z) =1 = (1—s) + s (3.12)

pression for Fs can be recognized as the composition of two p.g.f.s, P1(Pa(z)).

The first one is the p.g.f. of a binomial distribution with parameter s
Pi(z) = (1= s) + 752,

and the second one the p.g.f. of a geometric distribution with parameter pg

(number of trials to get the first success)

Po(z) = Zl(l__pfz).
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This implies that Fg(z) is a p.g.f. itself. Using the first and the second ez-

pression for Fy(z) conditions (5.1), (3.9), and Fl(1) = e™* can be
easily proved. The functions U, A and B defined on [0, 1] have the following

eTpressions:

1—2z 2z
B = 3.13
S BG) (313

U(z) = %(1 —2)(3—2), A(z2)=3

where we can notice that B(-) is the p.g.f. of a geometric distribution on N

with parameter %

3.2 F-stability for random variables

We can interpret a Z-valued random variable X as a point process on a
space X reduced to a single point. Given ¢ € [0,1] the thinning operation
works on X as a discrete multiplication. We can express the thinned process

t o X in the following way:

X X
toX 23 Z: 23" vi(—in(t),
=1 i=1

where {Z;};en are independent and identically distributed (i.i.d.) random
variables with Binomial distribution B(1,¢) and Y;(-) are i.i.d. pure-death
processes starting with one individual (see Definition [3.8)). We can now think
of a more general operation which acts on X by replacing every unit with a

more general branching process then the pure-death one.

Definition 31. Let {Y;(-) }ien be a sequence of i.i.d. continuous-time Markov
branching processes driven by a semigroup F = (Fs)s>0 satisfying the condi-

tions listed in the previous section. Given t € (0,1] and a Zy-valued random

variable X (independent of {Y;(-)}ien) we define

X
tor X =Y V;(—In(t). (3.14)
=1
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Let P(z) be the p.g.f. of X and P, x (%) be the p.g.f. of tor X. It follows
from and from the independence of the random variables {Y;(-)}ien
that

Piorx(2) = P(F_1y)(2)) 0<z2<1. (3.15)

Remark 10. The or operation for random variables includes thinning and
is more general. In fact if we consider the branching process driven by the

semigroup defined by (@) (i.e. the pure-death process) we obtain
Pioyx(2) = P(Foin(p(2) = P(1 = "0 4 elt0z) =

=P(l —t+tz) = Pox(z2),

which implies that in this case the F-operation, or, reduces to thinning, o.
Ezample [3 shows that the ox operation involves also different situation from

the thinning.

Remark 11. Lel us recall equation (3.7)) in a slightly different form
B(F_1y)(2)) =1—t+tB(z) 0<z<1, 0<t<1,

where B(+) is the p.g.f. of Yoo, which is the limit conditional distribution of
(Y(t))t>0. It is immediate to see that the left-hand side of the equation is the
p.g.f- of torYs. The right-hand side is the p.g.f. of a random variable which
1s equal to 0 with probability 1—t and takes values according to the distribution
of Yoo (which is a.s. different from 0) with probability t. Therefore we can

provide this equation with the following probabilistic interpretation

0 with prob. 1 —1t

Yoo with prob. t

This property will be very important in order to characterize F-stable point

processes (see section[3.).

Using equation ([3.15) it is easy to verify the following proposition.
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Proposition 12. The branching operation or is associative, commutative

and distributive with respect to sum of random wvariables, i.e.
t1ox (tg or X) L (t1ta) or X £ to or (t1 ox X),
tor (X +X)2tor X +tor X"
fort,t1,t2 € [0,1] and X, X’ independent random variables.

Remark 12. As shown in [{|/, Section V.8, equations and turn

out to be good requirements to have some “multiplication-like” properties of
the operation ox. In particoular implies (besides the continuity of the
semigroup) that limy tor X =1lor X = X and together with F.(1) =
e~*® implies that, in case the expectation of X is finite, B[t or X] = tE[X].

Proceeding in the same way as for strict and discrete stability we can

define the notion of F-stability.

Definition 32. A Z. -valued random wvariable X is said to be F-stable with

exponent o if
teor X +(1-t)/*or X" 2x  vte|0,1], (3.16)
where X' and X" are independent copies of X.

Let P(z) be the p.g.f. of X. Then (3.16) turns into the following condition
on P(z):

P(2) = P(F_m@/a(2) - P(Foma-t/a(2))  0<z2<1 (3.17)
Remark 13. [terating m times we obtain

D

m Yr XU 4 4+mVeor xM = X, (3.18)

where (X(l), e X(m)) are independent copies of X. Thus an F-stable random
variable is infinitely divisible. Equation (3.26|) can be written as

P(2) = [P(Fammy/a(2)]™"  meN0<z<1, (3.19)

36



where P(z) is the p.g.f. of X. As it is shown in []], Section V.5, a p.g.f.
P(z) satisfies if and only if it satisfies

P(z) = [P(Fouw(2)]"~  te[0,1,0<z<1. (3.20)

Moreover equation (or equivalently (3.19)) is not only a necessary

condition for a distribution to be F-stable but also sufficient. In fact using
the associativity of the operation orx it is easy to show that if a p.g.f. P(z)
satisfies condition then it also satisfies condition , and thus is
F-stable. Therefore we can say that o distribution is F-stable if and only if

it satisfies .

The following theorem gives a characterization of F-stable distribution

through their probability generating functions.

Theorem 16. Let X be a Zy-valued random variable and P(z) its p.g.f.,
then X is F-stable with exponent o if and only if 0 < o < 1 and

P(z) = exp{ — cA(2)"} 0<z2<1, (3.21)

where A is the A-function associated to the branching process driven by the

semigroup F and ¢ > 0.

Proof. See [4], Theorem V.8.6. O

3.3 F-stability for point processes

3.3.1 Definition and characterization

Let Y () be a continuous-time Markov branching process driven by a semi-
group F = (Fs)s>0 satisfying conditions described in Section We now
want to extend the branching operation or to point processes. Given a point
process ® and ¢ € (0,1], t or ® will be a point process obtained from ® by

replacing every point with a bunch of points located in the same position,
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where the number of points is given by an independent copy of Y( - ln(t)).
A good way to provide a formal definition of ¢t or ® is through a cluster

structure. We first define the component processes.

Definition 33. Given a continuous-time Markov branching process on N
{Y(8)}s>0 and a point x € X, Y;(s) is the point process having Y (s) points
in x and no points in X\{x}, or equivalently having p.g.fl. defined by

Gy, (9[h] = Elh(2)" ] = Fu(h(x)). (3.22)
We can now define the operation ox for point processes.

Definition 34. Let ® be a p.p. and t € (0,1]. Then t or ® is the (indepen-
dent) cluster point process with center process ® and component processes

{Yo(—In(t)), = € X}.
Equivalently t ox ® can be defined as the p.p. having p.g.fl.
Gto]—‘@[h] = G@[F, In(t) (h’)]7 (323)

where Gg is the p.g.fl. of ®. We are now ready to define the F-stability for

point processes.

Definition 35. A p.p. ® is F-stable with exponent a (a-stable with respect

to ox) if
toord +(1-t)Y0r® 20  vie(0,1], (3.24)
where ® and ®" are independent copies of ®.
Condition can be rewritten in the p.g.fl. form obtaining

Ga[h] = Go[F_m@yja(h)] - Go[Foa—y/a(h)]  Vt€(0,1],Yh € V(X).

(3.25)
Tterating this formula m-times as done in Remark 13| we obtain
m Yo ord® L 4mlVeorpm 2o (3.26)
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where (1) .., &™) are independent copies of ®. Therefore an F-stable point

process is infinitely divisible.

Remark 14. The branching operation ox for point processes is a general-
ization of the thinning operation. In fact if we take as a branching process
the pure-death process with semigroup F = (Fs)s>o defined by equation

we obtain
Gto}.cp[h} = ch [F, ln(t)(h)] = ch[l — €ln(t) + eln(t)h] =

G@[l —t4+ th] = Gtoq)[h] Vh € V(X),

which implies that the process toxr ® has the same distribution as the thinned
process t o ®, meaning that the F-operation reduces to thinning. Therefore
DaS point processes can be seen as a particular case of F-stable point pro-

cesses, obtained by choosing F = (Fs)s>0 as in equation .
We prove the following characterization of F-stable point processes.

Theorem 17. A functional Gg|-] is the p.g.fl. of an F-stable point process ®
with exponent of stability o if and only if there exist a StaS random measure

& such that
Golh] = L [A(h)] =L [1 — B(h)] Vh € V(X), (3.27)

where A(z) and B(z) are the A-function and B-function of the branching

process driven by F.

Proof. Sufficiency: We suppose ([3.27). L [1 — h] as a functional of A is the
p.g.fl. of a Cox point process and B(z) is the p.g.f. of a random variable (the
limit conditional distribution of the branching process Y'(t)). Therefore the
functional Go[h] = L¢[1—B(h)] is the p.g.fl. of a (cluster) point process, say
®. We need to prove that ® is F-stable with exponent a. Given t € (0, 1]
and h € V(X) it holds

Go [F_mwyja(h)] - Go [F_o1na—p/a(h)] =
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= Le [ A(F- /()] - Le [A(F 1 o/a(B) ] -

= Le[tV"A(m)] - Le[(1 =)/ A(h)].

Since £ is StaS we can use its spectral representation:

L [tl/a cA(h)] = exp{ — /

(H1/° - Alh), p) o (dp) } =
S

—exp{ —t- [ (A0t } = (L[Am))"
Therefore

t 1-t

Le[t/A()] - Le[(1 — )/ A()] = Le[A(R)]' - Le[A(n)] ™" =

= L¢[A(h)] = Golhl,

and thus

Ga[F_1n@wyja(h)] - Ga[F_wa—n/a(h)] = Gaolh] Vh e V(X),

meaning that ® is F-stable with exponent a.
Necessity: We now suppose that ® is F-stable with exponent a. Firstly we
need to prove that

Llu] = Go[A™ ()] (3.28)

is the Laplace functional of a StaS random measure. While the functional
L in the left-hand side should be defined on all (bounded) functions with
compact supports, the p.g.fl. Gg in the right-hand side of is well
defined just for functions with values on [0, 1] because A~! : [0,1] — [0,1].

To overcome this difficulty we employ (3.26]) which can be written as
Galh] = (GolFuwm (W]))"  Vh e V(X),

and define

w
Iz

Llu] = (Gl (471 @))]) " %2 (Gola™ m™ow)]) " (329



Since u € BM (X)), for sufficiently large m the function A~'(m~'/%u) does
take values in [0, 1] and equals 1 outside a compact set. Since (3.29) holds

for all m, it is possible to pass to the limit as m — oo to see that

Liu] = exp{ — lim m(1— Gq)[A*l(m*l/au)])}

m—ro0

- exp{ — lim (1 — G¢[A_1(tu)])}.

t—0t

We need the following fact

lim ¢7°(1 = Ga[A™! (tw)]) = lim =1 = Ga[e* ™)),

t—0+ t—0+

which using the p.g.f. B(z) of the limit conditional distribution can be also

written as

lim ¢ %(1 — Go[l — B~ (tw)]) = lim ¢t (1 — Gg[e P '])).  (3.30)

t—0t t—0t

Indeed, for any constant € > 0
I-(1+eatu<e™ <1 —(1—e)tu,

for sufficiently small ¢ > 0. From B~ !(tu) = tu(B~1)'(0) + o(t) as t — 0,
with (B~1)/(0) # 0 (see Remark [9)), it can be obtained that for any constant
e>0

1- B (14 e)tu) <e B0 <1 - B1((1 = e)tu),

for sufficiently small ¢ > 0. Then

L[(1 = e)u] < lim t~%(1 — Gole ™)) < LI(1 + )] ,

t—0+
and the continuity of L yields (3.30). By the Schoenberg theorem (see [7]
Theorem 3.2.2), L is positive definite if lim m(1 — Gg[l — B~1(m~/*u)]) as
m — oo is negative definite, i.e. in view of

n
Z cicj %E}(l] t—oc(l _ Gcb [e—t(ui'i‘uj)]) <0
3,7=1
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for all n > 2, uy,...,u, € BM(X) and c1,...,c, with > ¢; = 0. In view
of the latter condition, the required negative definiteness follows from the
positive definiteness of Go. Thus, L[Zle t;h;] as a function of ¢1,...,t; >0
is the Laplace transform of a random vector. Moreover L[0] = 1, where 0 is
the null function on X. Finally from and the continuity of the p.gfl.
Gg it follows that given {f,}neny € BM(X), fn T f € BM,(X) we have
L[f,] — L[f] as n — oo. Therefore we can use an analogue of Theorem
9.4.11 in [2] to obtain that L is the Laplace functional of a random measure
€.

In order to prove that £ is StaS we consider the case of functions u with
values in [0, 1] to simplify the calculations (the general case can be done

with analogous calculations). Given t € (0, 1] we have
-1 -1 -1 (3-5)
Lelu] = Go[A™ ()] = Go [Fong) ja(A™ (0)]-Go[Fn—4/a(A7(R))] =

Go[ATH(EVOD)] - Ga[ATH (1 =)/ *n)] = L[t/ *h] - Le[(1 — )Y/ ],
which implies that £ is StasS. O
Corollary 4. A p.p. ® is F-stable with exponent o if and only if it is a
cluster process with a DaS centre process W on X and component processes

{171, T € X}. 171 denotes the p.p. having Yo points in x and no points
in X\{x}, where Yoo is the conditional limit distribution of the branching

process Y, with p.g.f. given by (3.6)).

Proof. From Theorem [17|and (3.6)) it follows that ® is F-stable if and only
if its p.g.fl. satisfies
Golh] = L¢[1 — B(h)],

where B(-) is the p.g.f. of Y, and ¢ is a StaS random measure. Then from

Theorem [17] and equation ([1.5)) we obtain

Go[h] = Gy [B(h)],
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where ¥ is a DaS point process. The result follows from the cluster repre-

sentation for p.g.fl. (equation (1.6])). O

Remark 15. This corollary clarifies the relationship between F-stable and
DaS point processes. F-stable processes are an extension of DaS ones where
every point s given an additional multiplicity according to independent copies
of a 7 -valued random variable Y fized by the branching process considered.
We notice that when the branching operation reduces to the thinning operation
the random variable Yoo reduces to a deterministic variable equal to 1 (see
Ezample @) This implies that the cluster process described in Corollary

reduces to the DaS centre process itself.

Corollary 5. Let a € (0,1]. A p.p. ® is F-stable with exponent o if and
only if its p.g.fl. can be written as

Galul = exp{ ~ [ (1 = Blu).p)"o(d)} (3.31)
where o is a locally finite spectral measure on S satysfying

Proof. This result is a straightforward consequence of Theorems [11] and [I7]
In fact if ® is an F-stable point process with stability exponent « thanks to

Theorem [17] there exist a StaS random measure £ such that
Golh] = Le [A(h)] h e V(X).

Then (3.31]) follows from spectral representation (2.6)). Conversely if we have
a locally finite spectral measure o on S satisfying (2.5) and « € (0, 1] then o is

the spectral measure of a StaS random measure &, whose Laplace functional

is given by (2.6). Therefore (3.31]) can be written as
Golh] = L¢[1 — B(h)],

which, by Theorem [I7] implies the F-stability of ®. O
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3.3.2 Sibuya representation for F-stable point processes

Thanks to Theorem [L7] every F-stable p.p. is uniquely associated to a StaS
random measure and thus to a Levy measure A and a spectral measure o.
Corollary [5] enlightens the relationship between an F-stable p.p. ® and the
associated spectral measure o. If we consider the case of F-stable processes

associated to Levy measures A supported by finite measures, representation

becomes
Golh] = exp{ — . (1= B(h), )% (dp)} Vh € V(X), (3.32)

1
where M is the space of probability measures on X. Using the definition of
Sibuya point processes (see equation (2.10))) we can rewrite this equation as
Golt = exp { — [ 1= (1~ (1= B ) dp)} =

(3.33)
—oxp{ - /M (1= Grg B oldm)}  Vhe V().

where Y (i) denotes a point process following a Sibuya distribution with
parameters (o, p). We notice that, since B(-) is the p.g.f. of the distribution
Yo (see ), Gy(w[B(h)] is the p.gfl. of the point processes obtained
from a Sib(a, 1) p.p. by giving to every point a multiplicity according to
independent copies of Yo,. Therefore we can generalize Theorem in the

following way.

Theorem 18. An F-stable point process with Levy measure A supported only
by finite measures can be represented as a cluster process with centre process
being a Poisson process on My driven by the spectral measure o and daughter
processes having p.g.fl. Gv,)[B(h)], where Y(u) are Sib(a, ) distributed
point processes and B(-) is the B-function of the branching process driven by

F.
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3.3.3 Regular and singular F-stable processes

We can extend the decomposition in regular and singular components for

Das processes (see Theorem to F-stable processes.

Theorem 19. An F-stable p.p. ® with Levy measure A can be represented

as the sum of two independent F-stable point processes
=, + (I)sa

where @, is reqular and s singular. @, is an F-stable p.p. with Levy measure

being A‘Mf = A(Iy,) and @5 is a DaS p.p. with Levy measure A‘M .

Remark 16. In an analogous way to the StaS case (see Remark E?l) the

reqular component of ®, that we call ®,, can be represented as a Sibuya

cluster p.p. with p.g.fl. given by

Galt = exp{~ [ (1= Gron[BUNod)}  Vhe V()
1
with spectral measure ¢ = O"Ml, where o is the spectral measure of ®. On

the other hand the singular component @5 is not a Sibuya cluster p.p., and

his p.g.fl. can be represented by with spectral measure being J‘S\Ml.
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Chapter 4

Definition of the general

branching stability

4.1 Markov branching processes on Ng-»

In this section we follow Asmussen and Hering treatment in [8], Chapter V.

4.1.1 Definition

Let (¥f)i>0,0cAmn be a stochastic process on (Ngn,B(Ngn)) where ¢ >
0 is the time parameter and ¢ € Ngn is the starting configuration. We
require (U )i~0,0eApn t0 be a time-homogeneous Markov branching process,
meaning that, if we denote by (P;(¢, ))¢>0,peNpn the probability distribution

of U7, given t,s > 0 we have

Prvs(ip, A) = /N Pu(, A) Py, di).

In this framework it can be shown (see [8], Chapter V, section 1) that the

following two conditions are equivalent.
Condition 1.
No immigration : Py(0,{0}) =1 vVt > 0;
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k
Independent branching : Voo € Nrn, po = Z 0z, with z; € R"
=1

Pt(SDOa{SO € NR" : QO(A]) = njaj = 17 am}) =

k
= Z HPt((SIz" {o € Nrn : 9(4j) =nj,,j =1,...,m}).

{nj, +.4nj, =nj, Vi=1,.m} i=1

Condition 2. Let Gy || be the p.g.fl. of ©7. Then
Giylh] = Gy[Gus,[h]]  Vhe BOR™, ¥t >0, Vo € Ngo.  (4.1)

Definition 36. A Markov branching process on Ngn is a (time-homogeneous)
Markov process on (NRn,B(NRn)) which satisfies the two equivalent condi-

tions above.

4.1.2 Construction

Given the definition of Markov branching processes on Ngn (which are some-
times called branching particle systems) we ask ourselves if such processes
exist and how they can be constructed. For our purposes it’s enough to give
the main ideas on how such processes can be obtained and then provide some
references where details can be found.

We follow the construction given by [§], Chapter V. Firstly we add two points,
{0, A}, to R™ making a two point compactification R™ := R"U{0, A}. The
intuitive meaning of 9 and A will be clear in a few lines. Let (X(t))t>0 be
a strong Markov process on R™, right continuous with left limit. Let its

transition semigroup be denoted by Q(z, B), where t > 0, z € R™ and

B € B(R™). 0 and A work as traps for the process (X(t))t>0, ie.
Q1(0,{0}) =1 and Q;(A,{A}) =1Vt >0.

Let us define a kernel F(z, A)

F:R" x B(Ngn) — [0, 1],
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such that for every & € R" F(z, -) is a probability measure on (Ngn, B(Ngn))
and for every A € B(Ngn) F(-, A) is B(R")-measurable.
A Markov branching process (¥} )i>0,0eNwn can be defined in the following

way:

1. every particle moves independently according to the transition semi-

group of (X<t))t20’ Q:(z, B);
2. if a particle hits 0 it dies out;

3. if a particle hits A it branches: if the hitting time was T the particle
is replaced by an offspring according to F(X(T7),-), where X(T )
represents the left limit of X (¢) as t T 7. Branching operations of

different particle are independent.

Asmussen and Hering in [8] show that such processes are well defined and are
indeed Markov branching processes on Ngn (they work with more general
space then R™). They do not prove that every Markov branching processes on
Ngn can be represented in this way. A result of that type is given in [9],[10]
and [IT]: given a compact metrizable space X every Markov branching pro-
cess on Ny which is an Hunt process with reference-measure admits a rep-
resentation as the one shown above (with diffusion (X (t));>0 and branching
given by the kernel F'(z, A)) Another classical way of constructing Markov
branching processes on NVgn doesn’t use the two-point compactification as
above, and particles’ life-times are distributed according to exponential dis-

tributions (see [12] section 3.2 for details).

4.2 The general branching operation for point pro-

cesses

Let us consider a finite configuration of points in R"™, which we represent

as a finite counting measure on R", ¢ € Ngn. In this section we want
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to define a stochastic “multiplication” of ¢ for a real number. We denote
such an operation with the symbol o and we define it for the couples (¢, p) €
(0,1] x Ngn. Although ¢ is deterministic top is a stochastic point process on
R™. This operation can be viewed as acting on the probability distributions

on Npn so that:
Groalh] = /N GroolhPa(dg)  Vh e BCR™), (4.2)
RM

where @ is any finite p.p. on R", Pg its probability distribution and Gyoe
and Giop the p.gfl.s of t o ® and t o ¢ respectively.

Definition 37. Let o be an operation defined on the couples (t,®), where
t € (0,1] and ® is a finite p.p. on R™, such that the outcome t o ® is a finite
p.p. on R™. Let o satisfy (4.2)). Such an operation is a (general) branching

operation if it satisfies the following three requirements:

1. Associativity with respect to superposition: ¥ ¢ € N(R™) and V t1,t2 €
(0,1]

tho(tgogo) [h] . G(tth)ow[h] = GtQO(tlocp) [h] Vh & BC(RH>, (43)
2. Distributivity with respect to superposition: ¥ @1, 02 € N(R™) and V
t e (0,1]

GtO( )[h] = Giop, [h]Gt0<P2 [A], Vh € BC(R"); (4.4)

P1tp2
3. Continuity: ¥ ¢ € N(R")
top — t11, (4.5)
where — denotes the weak convergence of measure.

The reason to call these operations “branching operation” is that there is
a bijection between them and right-continuous Markov branching processes

on N (R™), as it is proved in Theorem [L3]
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Remark 17. Using (4.2) it is easy to prove that the three conditions that

characterize (general) branching operations are equivalent to the followings:

1’. Associativity with respect to superposition: for every finite p.p. on R"

D and V t1,t2 € (0, 1]

tho(tgoq)) [h] = G(tltz)o‘f‘ [h] = Gtgo(tlo@) [h] Vh € BC(RH)’

2’ Distributivity with respect to superposition: ¥ t € (0,1] and for every
couple of finite independent p.p.s on R™ &1 and Po

Gto(q>1+¢,2)[h] = GtO‘I’l [h’]GtO@Q [h]v Vh € BC(RH)

3. Continuity: for every finite p.p. on R™ ® and for every ty € (0,1]
tod —~ P t 1 to, (4.6)
where — denotes the weak convergence of measure.

Example 4. The simplest non trivial example of such a multiplication is
thinning. Also the F-operation described in chapter 3 satisfies the require-

ments above.

Proposition 13. Let o be an operation acting on point processes and satisfy-
mng . Then o is a general branching operation if and only if there exists a
right continuous Markov branching process on (Ngn, B(N&n)), (¥F)t>0,0eAin
such that

U Lle oy  Wte|0,+00), € N(RY). (4.7)

Proof. Necessity: Give a general branching operation o we denote the prob-
ability distribution of e~ o ¢ by Py(p,-). We want (Pi(¢p, ~))t207weNRn to
be the transition probability functions of a Markov branching process on

Ngn. Therefore we need to prove Chapman-Kolmogorov equations. Since o
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is defined on Ngn» and then extended to point processes (see (4.2))) for every

finite point process ® and ¢ > 0 we have that
Prito®c A} = / Pi(p, A)Pp(dp) VA € B(Ngn), (4.8)
N]Rn

where Pg(-) is the probability distribution of ®. Using this equation we
obtain that given t1,to > 0 and ¢ € Ngn the distribution of e %2 o (e 0 )

is given by
Pr{e’t2 oleMop)e A} = /N P, (¢, A)Py, (p,dp) VA€ B(Ngn).
_n
From the associativity of o we know that
eo(eop) 2 (e )0y,
from which Chapman-Kolmogorov equations follow

N, Ptl (wv A)Pt2 (907 di/)) - Pt1+t2 (907 A) VA e B(NR”)
Rn

We denote the Markov process on Ngn associated to (Pt(cp, '))tzo,goeNRn by
U7 and its p.g.fl. by Gy o[]. The independent branching property of ¥y (see
(4.1)) follows from the distributivity of o. In fact using the definition of

P,(p,-) and the distributivity of o we obtain
Gt#p[h] - Ge*tocp[h] — ch [Ge*to&v [h]] — G@ [Ge*todw [h]] — ch [Gt#;z [hH .

From the left continuity of o it follows immediately that W, is right con-
tinuous in the weak topology.

Sufficiency: Let (U7)i>0,0eAwn be a Markov branching process on Ngn. We
consider the operation o induced by , ie.

top2w? (4.9)

()

We start proving associativity of o, which means that V ¢ € ANgn and V
tla t? € (07 1]
D
ti o (tg ] QD) = (tltg) o . (4.10)
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Using (4.9) and (4.2)) we obtain that the distribution of ¢ o (t3 0 ¢) is

Pr(tio(tyop) € A) = y Py, (0, AYP_ 14, (p,dp) VA € B(Ngn),

where P;(¢p,-) is the distribution of ¥7. Using Chapman-Kolmogorov equa-
tions the right hand side of the equation becomes P4, +,) (¢, A4) and therefore
associativity (i.e. (4.10)) holds. We prove distributivity. Using the definition

of o and the independent branching property of ¥} it follows

&9 -1
Gto(cm—&-goz)[h] g G_ Int,p1+p2 [h} g G<p1+§02 [G— Int,0. [hH Vh € BC(RR)
Since @1 and 9 are deterministic measure they’re independent and so

G501+902 [Gto&c [h]] = Gwl [Gtoéw [h]] Gsoz [Gto&c [h]] = Gtocpl [h] GtOSOQ [h]

From the last two equations distributivity of o follows. Finally the continuity
of o follows immediately from the definition of o (see (4.9))) and the right
continuity of U7 € Ngn. O

4.3 Two simple examples of general branching op-

erations

As shown before every general branching operation for point processes cor-
responds to a general Markov branching process in Ngn. Such processes are
basically made of two components: a diffusion one and a branching one (see
subsection . We present here two examples of these processes and the

induced branching operations on point processes.

4.3.1 Simple diffusion

The first case we consider is the one in which there is only diffusion and no
branching. Let X (¢) be a strong Markov process on R", right continuous

with left limits. We can associate to X a diffusion process (W ,)i>0,peNpn
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starting from a point configuration ¢ every particle moves according to an
independent copy of X (t). We denote by o4 the branching operation asso-
ciated through ([4.7). o4 acts on a finite point process ® by shifting every
point x; by Xi( — ln(t))7 where (X;);en are independent copies of X. We
denote by f; the density function of the distribution of X( — ln(t)). Then,

given a p.p. ® with p.g.fl. Gg[h], the p.g.fl. of t oy ® is

Grogao[h] =E[ [ 7] =E[[] blz: + Xi(—1n(1)))] =

rzetodé T, €D
E[[] hzi+ Xi(=m))|®)) = E[ [ [ Elh(zi + Xi(~(1)))] =
z;€P z;€P
=EB[] fi*h(@:)] = Galfi ).
z, €P

4.3.2 Thinning with diffusion

The second case of general Markov branching process that we consider is the
following: every particle moves independently according to X (t), a strong
Markov process on R” right continuous with left limits, and after exponential
time it dies. We call this operation thinning with diffusion and denote it by
otg. This operation acts on a point process ® as the composition of the
thinning and the diffusion operation (the order in which the operations are

applied is not relevant, see Remark . We give the following definition.

Definition 38. Let X (t) be a strong Markov process on R™ right continuous
with left limits. Let f; denotes the density function of the distribution of
X( — ln(t)). We denote the thinning with diffusion operation associated to
X (t) by otq. Given a finite p.p. on R™ ®, the process toyq® is defined through

its p.g.fl.:
Giroyolh] = Go[l =t +1(fyxh)]  Vh € BC(R"), (4.11)

where Gg 1is the p.g.fl. of ®.
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Remark 18. The density function f; has mass 1, therefore 1 —t+t(fyxh) =
fex (L —t+th). This means that for every finite point process ® on R"

to®Ztoy(tod®) Zto(toy®),

where o denotes thinning and oy the diffusion operation described in subsec-
tion[4.5.1. This means that thinning with diffusion is the composition of the
thinning and the diffusion operation where the order with which these two

operations are applied is not relevant.

4.4 Notion of stability for subcritical general branch-

ing operations

Let o be a general branching operation for point processes associated to a
Markov branching process on Ngn W7. UY is obtained from o as shown in
Theorem We say that the operation o is subcritical in the case it is
associated to a subcritical branching process U7 (meaning that the mean

number of particle is decreasing, i.e. E[¥f(R™)] < o(R™).

Proposition 14. Let o be a subcritical branching operation for point pro-
cesses. Let ® be a finite point process on a c.s.m.s. X and (@(1),...,<I>(”))
independent copies of it. ® is called (strictly) stable with respect to o if it

holds one of the following equivalent conditions:

1. VneN3e, €(0,1] such that

D

®=cpo (@4 . 4 0™),

2.¥YA>03tel0,1] such that
Golh] = (Groa[h])™;
8. da>0 such thatVneN

Yo (@M 4. 4 M), (4.12)



4. 3 a>0 such that ¥V t € [0,1]
Galh] = (Groalh))"
5. 3 a> 0 such that V t € [0, 1]

D

Ve oM 4 (1 -V = . (4.13)

Proof. 4) = 2) = 1) are obvious implications. If we prove 1)=4) then 1),2)
and 4) are equivalent.

1)=/) : Ym,n € N using distributivity and associativity we get

IS
9

® =0 (dM 4.+ M)

2 tno(emo (@D 4. 4 0M) 4 4o (@D prm)y) B
2 (enem) o (@M + .+ &),

which implies that

Cnm = CnCm.- (4.14)

Given n,m € N since we are considering the subcritical case we have
n>m= cp < cp. (4.15)

We then define a function ¢ : [1,4+00) NQ — (0,1]. For every 1 <m <n <

400, m,n € N

c(ﬁ) = (4.16)

m Cm

The function ¢ is well defined because of (4.14]) and has value in (0, 1] because
of (#.15).

Using associativity, distributivity and hypothesis 1)

3z
33

(G emenlh) ™ = (G oo o005 ) 1)

n

B ((Gw@ W)m) " = (Gepoa[h])" = Ga[h].

95



Therefore
Gol[h] = (Gewyoalh])” Vo €[1,+00)NQ. (4.17)

We want to extend this relationship for z € [1,4+00) NR. Firstly we notice
that from (4.15)) and (4.16]) we obtain that ¢ is a strictly decreasing function.

Therefore we can define a function ¢ : [1,4+00) — (0, 1] in the following way

¢(x) :=inf{c(y)| y € [1,2) N Q}.

Since ¢(x) = ¢(x) for every z € [1,4+00) N Q we will call both functions c.
It is easy to see from and , taking limits over rational numbers,
that c(zy) = c(x)c(y) for every z,y € [1,+00). The only monotone functions
¢ from [1,400) to (0, 1] such that ¢(0) = 1 and ¢(zy) = c(z)c(y) for every
x,y € [1,400) have the following form c¢(x) = 2" with » € R. Since our
function is decreasing then r < 0. We fix r := —é with a > 0 exponent of
stability.

Let {xn}nen C [1,+00) N Q be such that x,, | z as n — +o0, and therefore

1

T T 7w asn — +o00. Since o is left-continuous in the weak topology it

holds

1

_1
Tpn*o® =g ao0d n — 400,

where — denotes the weak convergence. From (4.17) we have

8|~

(Golh])* = lim Ge(zpyonlh] = lim G

_1
n—-+00 n—+o0o g, *od

[h].

If we have a sequence of point processes {fy}nen such that their p.gfl.,
Gn[h], converge pointwise to a functional G[h] such that G[h] — 1 for every
h 1 1, then there exist a random measure p such that p, — p and G[h] is
the p.g.fl. of i (see Exercise 5.1 in [14]). Since Gg[h] T 1 as h 1 1 then also
(Galh])7 +1 as h 1 1, and thus (Ga[h])* is the p.gfl. of 2% o ®.

4) = 3) = 1) are obvious implications and so also 3) is equivalent to 1),2)
and 4).
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4)=5): Let z,y € [1,+00). Then because of 4)

(22) Fon T (252) oo

Yy

1 _
(=22) “om (=)
where @ is an independent copy of ®. From the arbitrariness of x,y €

[1,4+00) follows the thesis.

5)=3): (4.12) is obviously true for n = 1. We suppose (4.12)) true for n — 1
and we prove it for n. Putting t = % in (4.13)) we obtain

@gnféoi)l—l—(l—l)éo@”gn*éo@’_F(n_l)éoq)”,
n n
and using (4.12) for n — 1
n—ioq>’+(n — 1)éo¢’” L2 n_éo<1>’+(n7_1)éo((n—l)_%o(<I>(1)+...+<I>("_1))),
n n
which is exactly (4.12)) for n. O

57



Future perspectives

The natural continuation of this work is to study and try to characterize
stable p.p. with respect to the general branching operation described in the
fourth chapter. We are working on this problem and we have already ob-
tained some results in the case of branching operations made by a diffusion
and a thinning components. In this case stable p.p. admit a Cox represen-
tation similar to the one given for DaS p.p. in Chapter 2 (Theorem . We
are now trying to understand how to deal with the case of a general branch-
ing (i.e. when the particle branches it is replaced by particles on different
locations). The first aspect that could be worth exploring is the role of the
limit conditional distribution of the branching process (Y, in the notation

of Chapter 3) in this general case.
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